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ON TIIE CONVERGENCE OF A CLASS
OF NUMERICAL DIFFERENTIATION FORMULAS

ALEXANDRUI. MITREA

I. PRELIMINARIES

Given a strictly increasing sequence of natural numbers (/,),,r, , let us
consider a node matrix

{xf:n>t, r=¡<i,,}
with -1 < ,j < ,] < ...< x/^ 1l,n) 1, andamatrixofrealcoeffrcients

{"i:n2t, r< k < j,}.

Denote by Ç the linear space of all functions/: [-1, 1] -+ R which are
continuous together with their derivative of the first order. For each functionf in
C, put

llrll, = llrll* lr(o)1,

where ll 
. 
ll mea¡s 

¡tre 
uniform norïn, and remark that e linear space C, endor¡æd

with the norm ll 
. 
ll, becomes a Banach sp¿rce.

Now, define the linear functionals D,:C, -) R, n > 1, by

jn

(r) Dn.f =\"!,t(-|;), f ect.
k=t

Let us prove that Dnis a continuous functional, too, for each n > 1. Using the
classical Lagrange mean value theorem, for each nod e x!,t < k < 7,, , there exists
a point r,f between 0 and xf so that

fþÐ=.r(o) +*f7'(t[),
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r26

whichimplies

Further, usirig (1), we get

(3)

fin C

therefore
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(4) ln,,r -r'(r)f .[¿frt) ilr-rll+ll/'-io'll, vr e(p¡.-,

Given a continuous function g i l-I,1] -+ R and a natural nunrber m)- l,
tlenote by E,,(S) the degree of approximatton of gby algebraic polynomitrls of the

degree at most m, that is,

lr('r)l < lr(o)l .llr ll = llrll,

D,,.f tX"Í f(-!,) ,(i'*
k=l \/r=l

llrll,,

which proves the continuity of D,,.
Let us cons ider the following numerícal dffir entiation formulas

(2) /'(o) = Drf + Rnf , f ec1, n> r,

where Rnf, n)- l, are the rests of the formulas (2),
Denote, usually, by rP^the space of all polynomials which have the ilegree at

most ru.

In what follows, we suppose that the nrmerical differentiation formulas (2)
are of interpolatory type, thal is, R,,,f: 0 for all polynomialsf in 8,,,,77: i ,,- L In
this case, putting

,,,(*) =(r - rj). ..(r- *!:) and /,f(x) = #@,
by the equalities

n,(tl)= (¿Í)'(o), n ) r, r < k < iu,
we obtain

8,,,(s)= inr{lls - rll : r .a^} .

Let o(g;.):lO,Z]-+R be the modulus of continuity of g, namely,

a(g;h) = -u*{ls('+r)- g(x)l , I'l< l,lx+\< t, l,l= n}, 0 <h<2

It follows from [3] that, tbr all g in C,, the inequalities

(s) E^uG) 
= 
4 

^(r ,|) ^u

(6) E^(s)< ,B . o (r',;)

hold, where A and B are reaL constants, which do not depend on n and g.

Now, by (4), (5) and (6) we deduce

lo,r -/'(o)l < (Ð,t'fl) ",,-,,r, 
+ E¡.-z(r') <

. 
[å l.r l)#' I 

r,, ;-) * n^(r,' ;=)
According to the properties of the modulus of continuity, we obtain

lo,r-l,(o)l < ,(r.+àl"f 
Ù,[r,*),

oI=

_ ,; (oÞf + r,,(o) . ir x! + o
(-Í)'*, (,f,) '

,'; (0) if x! =o
2w', (o)'

2. EVALUATING THE RESTS OF FORMULAS (2)

Since D,(P) : P'(0) for each polynomial P in Q¡,-r, we get for all functions

for each n ) ns, where M andno do not depend on n andf'

3. THE CONVERGENCE OF NUMERICAL DIFFERENTIATION FORMULA,S (2)

(7)

Õ

ln,,f -f,(o)l=1o,,(f -r)+r,(o)-¡'10¡¡.fþfl lr("r)-r('Í)l*lr'(o)-i"'(o)1, THEoREM , U +äl4l 
e o(r), then the numerícal dffirentiation

formulas (2) are 
"onv.igärtior 

eachf in C, i.e., I:ïr,f = ,f'(0) .
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Proof. The eonclusinn follows from the borurdeclness of the sequence
If -"! I 6¿ < 1, we harre22

[2], [3]) so that frona (9) wc get

11.

n- lt

1

--G 1'

, fr2 < ,¿ aficl xo * 1"- (see
t1

[;ãr"*t),,,
, using the inequality (7) and the equality iim o f 1 - 0.

'J,

4. A SPECIAL CASD INVOLVING JACOBI NODES

t i"
lra

:"L a;
Jt k=r

3 fu[,
1--+
n

r-1
Tî.\ _,_____

fi *'zfu - n)

Let o(")rn n ) l, a > -1, be Jacobi ultraspheric polynomials and = ''lïi.ät6iÐl= ''[Mr+L
n a;(+.*)l=w,(x) = *(t - *'){Pr(r), j,, = 2tt +1. In this case, the nodes of the zth row of

the node matrix are

= rvra *? ,ri,ls Mq * Mrlnn . Mu,n EiK n

which leads to relation (10), too.

THEoREM 2 . If a >- - | , th"n the numerical dilþrentíationþrmulas (2) are

convergentfor allf in Cr. 
2'

Froof. Use Theorem I and relation (10).

Remarlæ. (Ð R. A. Lorenz [] showed, using anotherproof; that D,f -+ f'(0)

for each/ in C1,if o = 1.
2

(ii) Also using other arguments, A, I. Mitrea proved in [2] that D,,.f -+ f'(O)

îor arrfin C, if ", + and D,f -+ f'(o) ir -+ = " . 
!, for eachf in C,, whose

derivative/'satisfies theDini-Lipschitz condition ItSr(/';ö) 
.ln ô = 0,

-L = xr,a*,, a...< xi < *I*t - 0a4*'.....t" <x:,o*t = r.

We put xofor ,n+t+k,0 < k ( n, and deduce that ,n+t-* - -rn+r+k = -xk,
I < k < fl, xo = O,tr, = l. Similarþ,weputaofot oI"*, 0 < & < ¿;using(3),
we obtain ao:0 and on+l+k = -dk, I < k < n,

By [2) we get

t"ot-: ïr(+)*' I<k<n-l;

(8) lo,l - ,r-o-i

f,4 - *,
k=l xt

and

where üu - bu, bn# 0, means that there exist two real constants a, Þ which do

notdepend on/rsothat 0 < ct < la, I b,,ll p for all n> l.
In what follows M,, s21, are real numbers which do not depend on n.
So we have

l år çt u,l !-, 4 t (n-kl"j'l(e) ;>r.l'il=l1"' *zo=,i?,t , .l 
]
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insk
La,
k=L

o(r).(10)


