REVUE D’ANALYSE NUMERIQUE ET DE THEORIE DE L’APPROXIMATION
Tome XXVI, N* 1-2, 1997, pp. 185-190

A CERTAIN CLASS OF LINEAR OPERATORS

EMIL C. POPA

1. INTRODUCTION

In this paper we define for each n € N, n > 1, the operator
R =L (-aD),

n,

where o € C\ {0} and L(t)= L(no)(z) are simple Laguerre polynomials. For these

linear operators with the indicator {#) = L (—at) it is given a theorem of representa-
tion using the Pincherle derivative of n-order, it is found the differential operator
equation verified by R, and it is given the generating function.

Finally, we study the indicator of the delta operator Q.,=R _ ~-Lnxl,

giving a formula for Q';}a :

2. PRELIMINARIES AND RESULTS

(1+a)

Let £(x) = S Bl og w)and 1, (x) = 9 (x) () = (1), 557 ()

be the Laguerre polynoinials. Let IT be the linear space of polynomials with com-
plex coefficients and let IT* be the space of linear operators 7:TT— IT. For each

neN" we define the operator
(1) ‘ R,,= Ln(_aD)’

n,a

where a € C\{0} and D is the derivative operator.

THEOREM 1. R is given by

@ R, ==(DE*)" 5,

n!
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where E°® is the shift operator and (D"E“)(") Is the Pincherle derivative of
n-order.

Proof. We have

n

Rn,a : Z(Z);l—'(aD)k = _1_ i <n>k<n>n—k ka,

=0 nl o k!

where (i) =i(i~1)... (i—k+1).
We can prove by complete induction that the Pincherle derivative of n-order
of the composition TS is given by

(Ts)") 5’_’:(2 Jré-Rst)

k=0
and hence
(DnEa>(”) i ZO(;)<”>n_kakaEa’
k=
na ("} -~a = (7 n -
(DE) E =§<>k1<€!> kaka,
SO
1 n
R, :n—!(D”E”)( ‘B,

THEOREM 2. We have
n

> (Rn.ax")(O) =(1+a)".

k=0
Proof. We consider the following

L (), (), @
=— —f XD
B’"“ n! Z(; k!
and, using the first expansion theorem (see [5]), we find

(R,,’axk)(O) = —nl!-<n>k<n>n_kak.

Hence
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(R".axk)(O) e (’,L)ak

and
(R, x*)0) = (1+a).
k=0
We prove by calculus that R, , verifies the differential operator equation
?3) DY"+(I + aD)Y’—anY =0,

where Y' and Y are the Pincherle derivatives, noticing the analo gy with the differ-
ential equation

xy"+(l & x) y'+ny =0
verified by the Laguerre polynomials L,(x).

3. THE GENERATING FUNCTION

Let (H')N be the ring of formal series with the elements (7,,T;,7;,...) and
the operations

(TO>TI:T2’-")+(SOaSl,S2"--) = (TO +SOsTi +S1’T2 +S2,.,.)

(TO’Tl,TZ’--') '(SO’SI’SZ,"') = (UO’UI’UQJ"'))

n .
where Un:ZTkSn_k,nzo,l,z,.,._ ;
k=0

N
Let now (p:l'I* - (H*) be the injective unit morphism of rings given by
o(T) = (T,0,0,...). ‘
This injective morphism allows us to match the operator T eIl
with its image ¢(7) from (I‘I*)N. If we note X =(0,1,0,..), then we have
X" =(0,0,...,0,1,0, ...), where [ is the identity operator.
h ZEeros

_ .
With this notation, the element f =(T,,T;,T;,...) of (H ) can be expressed

by f =D T X* where X0=1.
k=0
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Let us consider now

ol
R, =Y ———(aD),
s (k!)z(n—k)!( )
hence
igan,aX"=ig,. i—_—i—m—(aD)k X"
n=0 =0\ k=0 (k1) (n—k)!
Using the identity
[+ o] o0 o0 n
>3 dlln) =33 Ak )
n=0k=0 n=0k=0
we find
gan,aXn . y 1 aD an S
g . ' ru:zo; (k!)z(n— ) ( )
Sh S (n+k)" k y-ntk
= 8+ aD) X"
Z?g = (k!)zn'( )
and hence
= =X & n+k)!
ZgnR,,’aX" = Z : Zgn+k ( 2) (aDX)k.
n=0 n=0 ™ k20 (k1)
Taking g, = —  we have
21, 0 X" & (aDx)
—R, X" =
§n!R" 20 ! kz(; (k1)
and so

4. THE DELTA OPERATOR ©Q,,=R,, -1

Let us consider the delta operator Ona =Ry g —1 for n>1. Its indicator is

1) = i'(t"ea')(")e""' ~1 (because of the Leibnitz formula),
ni

The indicator of 0", , is

()= ni![(t"eat)(nﬂ)e_at - a(tneat)(n)e_at} ,
hence

neat (n+1) —a neat (n)
n!f‘(t)z(t ) o (t ) "

e

n

ntl n p (n+l—k) 3 Ny (n—k) 7
2 () (oM y (3 oM

k=0 k=0

(n+1)
Because (t”) = 0, we have

o (nj (n-1)! () = nl,(-at)

¢ k) (k1)1 F o

I (x) is the sequence of basic polynomials for the Laguerre delta operator

K = Dil—’ and l”(x) =xe'D"e "e, |, where e, = Py

So
1 (n-1)!

1) a(exD"e_xen_l)(—at) |
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If
s t
/“(l') (prl( )’
‘we have
o =¢,(D).
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