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A CERTAIN CLASS OF LINEAR OPERATORS

EMIL C. POPA

1. TNTRODUCTION

In this paper we define for each rx e N, n ) l, the operator

R,': L,(_aD),

wlrere ¿ e C \ {0} and L,,(t)= L\YØare simple Laguene polynomials, For these
linear operators with the indicator f(t): L,(-at) it is given a theorem of representa-
tion using the Pincherle derivative of n-order, it is found the differential operator
equation verifred by Rn,o, and it is given the generating function.

Finally, we study the indieator of the delta operator en': Ru,o- I, n) I,
givirrg a formula fo'.. Q' n!o.

2. PRELIMINARIES AND RESULTS

" Let tlî) G)= 9,P, 4(r;1 + cr;.r) utd 1,,(,) = í,1) (*\tn(x) = çr¡,1f,j) ç,¡
be the Laguerre poþomials. Let lI be the linear space of polynomials with com-
plex coefficients and let rI- be the space of linear operators T:lr-->ll For each
¡¿ eN' we define the operator

(1) R,,," = L,(-aD),

r,vherc a e C\{O} and Ð is the derivative operator.

THEoREM l. 4,,, is given by

(2) k - = !(n' uolo) u-"adn!\--/-,
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where Ea is the shíft operator and (o, t')''' ís the píncherle derivatíve oJ
n-order.

Proof. We have

Rn,o = 
ätUf{'o)o = *å 

þ)oî)'-ooooo,

where (tl o = i(i- r)... (; - k + t),

We can prove by complete induction that the Pincherle derivative of n-order
of the composition I^gis given by

(A,,,.rÉXo) =(,¡)ou
and

I(&,,"X0)=(t+a)"
k=0

(ts)(') = É
k=0

(t )r(,-r)g(*t

we prove by calculus that Rn,overifies the differential operator equation

(3) DY"+(I + aD)y,-any = o,

where Y' andY" aÍe the Pincherle derivatives, noticing the analogywith the differ-
ential equation

xy"+(l- x)y'+ny = 0

verified by the Laguerrepotynomials trr(x).and hence

(o'u")''' =t 0,)Ø,-oak Dk Eo ,

't=0
3. THE GENERATING FT]NCTION

(D'EO )' E-a É
k=0

(n)rþ),,-r
ooDr,

fet (n')il be the ring of formal series with the element s (To,Tr,Tr,,.) and

the operations

(To,Tr,Tr,,..)+ (^go, q, 
^sr,.,.) = (r, * so, ?j + sr,Tr+ sr,.,.)

(To,Tr,Tr,,, .) . (so, s,, sr,., .) = (u o,(J t,(J 2, . ..),

n

where U, =lTosr_k, fl = 0,I,2,,., ,

k=0

tet now <p:lI* + (n-)t be the injective unit morphism of rings given by

q(r)= (r,0,0,.;,).
This injective morphism allows us to match the operator z e lI'

with its image rp(?) from (t-)", If we note X=(0,1,0,..,), then we have

Xn = (9,0,..,, 9, 1,0, ..,), where 1is the identity operator,-;;;-

With this notation, the element f = (To,Tr,Tr,,.) of (t-)" can be expressed

@

by f =}foXo,whereXo:.L
t=0

kt
SO

+"=j@'E"¡î),-"
THEoREM 2. I|re have

il

I(4,"'oXo)= (r+a)"
k=0

Proof. We consider the following

4,"=*ä (,) (") ok

kl

and, using the first expansion theorem (see [5]), we find

Hence

(&,"'o){o) = \ þ) oþ) n_kok .
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Let us consider now The indicator of Q'r,o is

o'"=äffiþD)r'
f '(t) = *,1{r 

*'¡''+t) u-at - o(t'"ot¡Ø) u*f ,
hence

hence

I
n=0

2s,4ox'= ùò (t, u" 
¡(' 

*r) 
- a(t, 

"ot ¡Ø)¿=0
nl f'(t) =

Using the identity eot

ææ æil

à(" ;t)1,' ¡('.'-o 
) 
ok "o' -'i0)þ'7Ø 

- k) 
o* 

"otI I A(k,n) =ZZ¿;4n - k),
n=0 k=0 n=0 k=0

we find
uot

@@n

ZgnR^oxn = IIg,
r=0 ¿=0 /r=0

nl
aD)k x' = Because (r'¡('*tl = o,wehave

ntr'(t)= 
ri'("i')lr¡þ.'-o) 

oo -ä(;)p't'-k) ok+t -

= 
älf,î l)(,. ¡r'-*''o 

uf- 
ä(;)w ¡b 

- k) 
on 

*, 
=

= ¿10,î N 
- G)]ç'|"-k) 

ok+t =
k=0

(r r) (n- k)t

=åår"*ffirr)ox'*o
and hence

i s,n,,,x' = ä#l^r * rffi þDX)k

Taking ,^ = 1, we have

Ð^,tto'*'=i,"#>"W
n-l

T
k=0Ç:ìn"r+l'k - T

k='1,

n

h

nt (o,)o

and so
(fr-Ð! t

nln(at).
t

tà*Rn,ox" 
= exoFt(-.r;l; øDX).

L
t i

k=1
i)ffiø'r=

4, THE DELTÀ OPERATOR Qn,o = Rn,o - I

/,,(x) is the sequence of basic polynomials for the Laguerre delta operator

y = -2- , and 1,,(x) = xex Dtte-xer-1, where €r-t = x"-1 .

D-I' tt\ /

SoLet us consider the delta operator er,o = Rn,o - I for n> l. Its indicatoq is

"t(t) = j;ç*U')þ) e--ot -l (because of the Leibnitz formula)
1 (n-t)l

f'(t) a(e'D'e-* er-r)?or)
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-/r-'i'"'(t)'
we have

ø,;: -,p,,(D) SUR LIT{E NOTION ABSTRAITE DE QUASI-CONVEXITE
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Nous nous propbsons ici d'étendre la notion classique de quasi-convexité
dans un cadre très général en considérant les fonctions définies sur un ensemble ¿l
muni d'une structure abstraite de convexité et qui prennent leurs valeurs dans un
ensemble Ermvni d'une relation binaire, qui remplace l'ordre induit par un cône
convexe lorsque la structure est vectorielle.

L'outil essentiel pour construire des notions de quasi-convexité généralisées

est fournipar lavariété riche des concepts d'ensembles convexes qu'onpeut houver
par ailleun. Lapþart d'enhe eux se retrouvent dans la définition suivante, proposée

parnous dans [4],
Considérons d'abord un ensemble non vide E, et une application multivoque

l:Erx q3q.
DÉrwuo¡¡ 1.1. Nous dirons qu'une pafüeXde E, est:

i) f-convexe, si f(rr, *') . X, Vxl, xz e X ;

ii)f-convexeparrapportà x0 e X, si f(xo,t) c X, Vx <X .

Remarquons qu'une partie non videXde E, estf-convexe si et seulemeht si

elle est f-convexe par rapport à tous ses points,
Considérons maintenant un ensemble non vide E, et une relation binaire

Ç2 c. E, x E, , Dans ce qui suit nous adopterons la convention suivante:

Pour O : Er3 E, alors,

ay = {t' . Erl\,y') . o}, Yy e E2

OI= UO/, YYcE,
yeY

1991 AMS Subject Classihcation: 52A30,26825


