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les points L\,u2, . . . tu¡ potlrÍ ùn h, I < h < n + l, fixé, sont fixés dans X et les

points uh*l, . , . , tr.,t+2 sotrtconsidérés de toutes les manières possibles dans_{ satisfont
l'inégalité

(19) lur,ur,...,ilh,uh*l,...,t4¡+2iflr o,

quels que soient les point uh*l,...,ltr*, dans I'ensemble X,n ) 0 étant fixé.
On peut énoncer le

TgÉonÈue 3. La propriété æpriméepar (19) èst une allure et ceÍte allure
précède I'allure de convexité d'ordre n sur X.

7. Les considérations que nous avons faites dans ce travail en résumé ont eu
comme but de methe en évidence une direction de recherche qui peut êhe développée
en ayant comme point de départ f idée de convexité d'ordre supérieur.
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EXISTENCE AND APPROXIMATION OF POSITIVE FIXED
POINTS OF NONEXPANSIVE MAPS

RADU PRECUP

1. INTRODUCTION

Throughout this paper E will be a real Banach space and K c. E a cone)
i,e,, a closed convex set such that ÌvK c K for all À > 0. Since we do not ¿rssume

Kn(-^K) = {0},the cone Kcanbe, inparticulaq the entire space¿. We shall
denote by Ã^ the dual cone, i.e.,

K E';(*.,r) >o forall xeK]

Also, by U and t/, *e shall denote open bounded subsets of E containing the
origin; we shall assume that

UlcU c. E,

and we shall write K' instead of K [ì U.
The following two fixed point theorems have been established in [8] by

means of the continuation method, but without using the index theory. In the'
particular case when U and U, are two balls, U : B RQ) and U, : B,(0), 0 < r < .R,

these results have been first obtained by K. Deimhng t4l (seealso [3] and [5] for
related topics) by means of a different method. Although in [8] we havesupposed
thatKn(-rK) = {0},the reader can easily see that such an assumption is not
necessary.

TsroReu 1.1 [8]. Let f :Eu --> E be u-condensing and suppose that the

following conditíons hold:

(1,1) (*.,f(r))20foraIIxef¡ìaf and x* eK'wíth (x-,r) =O
(w e a k inw ar dnes s con dit i on);
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(r,2) f(r) + ?lx for all x e KìõU and À > 1'

Then f has a fixed Point x e Ku '

Theorem 1.1 is a simple conseqlrence of Theorem 3'1 in [8]'

In particular, f*?: E, condition (1'1) triviatttllg:^?'d Theorem 1'1

,"0rr".. to the weli-known continuationprinciple for a-condensrng maps'

Thenexttheoremisusefulwhen/(0)=0andfixedpointsinK\{0}areof
interest.

THEOREM 1'2 t8l' Let f : Ku + E be anu-conrlensingmap satísfying (l't)
and (1.2). In addition, suPPose

(1,3) *- f(*) + Xe J'or all x eKÀôU' and l' > Û

þr some e e k \ {o}. fhenf has afixed potnt in f t-t(u t ut)'

ForanexampleillustratingTheoreml'2wereferto[3,Exanrple20,ll'
The aim of trri, paps. i, io obtain similar results for nonexpansive naps,

Moreover, we shall g.igå".r¿izations of the following continuation theorems for

nonexpansive maps recentlyproved in [9]:

Tmoneul.3t9]'SupposeEísunifurmlyconvexandthat,inaddítion,Uis
convex. Let f :U -+ E be a nonexpansive map such that

(1'4) f(*) + \x for att x e ô(I and î' > 1'

Thenf has a.fixed Point in U '

TneoReN4 1'4 tgl' Suppose E is a Hilbert space and f :U -+ E is ø

nonexpansive map satisfying Q .a) (where (J is not necessarily convex) ' Thenf has

afixed Point in U .

2,POSITIVEFIXEÐPOTNTSOFWEÀKI'YINWARDNONEXPANSIVEMAPS

Tneonelvr 2,1' Suppose E that' ín addítion' U is

convex.- Let .f tKu -+ E beano g(1'1) and(l'2)' Then

f has af'xed Point in Ku,

Proof' For each n e N, n 2 2, define the nap

since / is is a conhaction and, consequently, u-condensing,

Moreover, 1'1)and (1.2),iteasilyfollows that:f"{t-::itTli:Ì
these cond by Theorem 1'1, there exists a (unique) fixed pomt

x,, . Ku off, that is,

['-1)r{',)=aQ.2)

Since any uniformly convex space is reflexive and Ru is convex bounded closed,

thçre is a subsequence of (x,) (also denoted by (x,) weakly convergent to some

x e Ku, Further, f (Kr) being bounded, from Q'z)we obtain that

*^ - f(*,) -+ 0 stronglY'

Now the conclusion follows bY

LBvlue 2'2 lll. Suppose E is uniþrmly convex' LetJ':D -> E be a

nonexpansiye map, where D c. E is a convex bounded closed set' If for a

,"qr"i". (r,) - D onehas xn -+ x wealcly and xn - fQ") --> y strongþ' then

"-f(*)=Y.r" 
t" gitU..t spaces, by Q.2) and the identity

2(arx n - d,nx,n, x n - x,r) = (o, * o,n)l*, - *,rl' + (o, - o 

^)(l"l' - l' *l')'

with an: ll(n- 1), we c entire sequence (x')

is strongly convergent, U' Thus' in Hilbert

.pur.., î! additio-nalþ r a fixed point of/
More exactlY, we have

TseoRBtr¡ 2.3. Suppose E is a Hil Let f :Ku -+ E be a nonex-

pansive map satisfyi;g?i \ and (l '2 not necessaríly convex)' Then

'rh:," r"qu"ri. (t,,j'-k) gíu." øy Q. onverges to a fixed poínt of f'

Remarlc,ForK:E,Theorems2.land2.3reducetoTheoremsl'3and1.4,
respectivelY.

fniKu --> E, f,(x) - f(Il--
n

x)

3. NONZETìO FIXED POINTS

This section deals with the existence and approximation of fixed points in

K \ {0} of weakly inwarcl nonexpansive maps which may have 0 as a fixed point'

THBoREN4 3'I' Suppose E is un.¡formly CTnyex. In additioll, assume that

(2,r)
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(3,1) o øconr,(KnôBr(o))

ancl that U is convex. Let f '. Ku -> E be a nonexpansive map satisfying (LI) and

(1,2). Al,so, ,rltppo,te tlrut there is e e,K \ {0} such that

(3.2) {x- f(x);x €KnôUl}nR*e = Ø.

Then f has a Jìxed point in k, t {o}

Proof. For each n e I'{, n ) 2, the mapf,,given by (2.1) satisfies (1.1), (1.2)

and also ( 1 .3) for n large enough, say n > no , Indeed, otherwise it would exist the

sequences ("à - N,(rr) c K[ì ôU, and (fo) . Ri such that no -+ æ and

(r-u,r_ I)*>0for aIl x.yeD(A), ueA(x) and veA(y),

(,t+t)(n)=n,

where (r, y) , = lyl tinq ,-'(l y n r, | - lyl)
For a hyperu"'Ci3tiu. map A one considers the nonexpansive tnap

(4.f) f :E -+ n,f(r)=(A+¡)-t(r).

In this section we deal with the solvability of the inclusion 0 e A(x), ot,

equivalentþ, of the equation (,1 + t)-t(x) = x, where A is uhyperaccretive map,

The results are direct consequences of the theorems of Sections 2 and3,

TgBoneu 4.1, Suppose E is uníþrmly convex rtnd A:E -+28 is a
lryperaccretivemap. In addition, assume that

(4.2) .,t(,t + I)1(ôK) C -K,

(4,3) (u,*)*>-0 for all x eK with lxl> R and u eA(x)

(coerciveness with respect to ze.ro),

forsomeR>0. Thenthereexists x eK with lxl<n ana 0 eA(x)'

proof, Take LI: B"(0) andlgiven by (4,1). Then check that @.2) inrplies

(1.1), while (4.3) implies-(t.Z¡. Thus the conclusion follows by Theorem 2. 1. e

Remark.If instead of (a.3) we require that/is coercíve on K, i.e,,

(4.4) (u,*)* llxl-+ oo as .r e K and lxl -+ *

for each selection u e A(x), and instead of (4.2) that

(4.5) t(.a + /r'(K) C -K,

thenforeach It. e K thereexists x e K withh e A(x)(applyTheorem4'ltoA-h),

TneonBu 4.2. Suppose E is uniþrmly convex und K satisfies (3,1)' Let

A: E -+ 2E be a lryperacøetive map satísfying (4.2), (4.3) and

(4.6) ,t(a+ r)1(KìAB,(o))[ìR*" = Ø

þrsome e e K\{0} and r e ]0, nl.fhenthereexists x e K\{0} with |tl = 
n

and 0 e A(x).

Proof, Apply Theorem 3.1to U = Bo(0), U, = B,(0)and/given by (a.1)' r
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x¡- 1
1

x¡r) = Ìr¡e for all k,
n¡

Clearly, (l"o) is bounded and so we may suppose Lt + Ào for some l"o e f{.*. It
follows

x¡ - f(xt) -+ Xse,

which contradicts (3,2),

Therefore,accordingtoTheorcml.2,foreach n) fl0,ürereexists'x,, e f[ì(7\U,)
a fixed point of fn. Further, as in the proof of The otem2.l, there is a subsequence

of (xr) weakly convergent to some x e Ku, Since x, É(Jr, by (3.1), we see that

¡ * 0. Finally, by Lemma 2.2,we obtzinf(x): x. ø

Remarlc. Condition (3.1) implies thatKis normal, i.e.,

inf{lx + tl;x,t € Kf'ì ô4(o)} > o,

In Hilbert spaces we have a more precise result.

Tgeonnu 3.2, Suppose E is a Hilbert space, Let f : Ku -+ E be a nonex-

p ans ive map s atßfying (1.1 ), (1 .2) and Q.2)' Then the s equence (x u),,>,,, c f [ì( U \ Ut')

given by (2.2) strongly converges to afi'xed point x e K)(U \Ur) of f.

4. OPERATOR. INCLUSIONS WITH HYPDRÄCCRETIVE MAPS

A map A: E -+ 2Ð is said tobe hyperaccretiveprovided that the following

two conditions hold:
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THEoREM 4.3. Suppose E is a Hilbert space. Let Ai E -> 2E be a hyper-

accretíve map satisfying (4.2), (4.3) and (4.6). Then the sequenc. (*,),r,,0 - K,

' <l"l< n'

1- I

n
A GENERAL FLNCTIONAL INEQUALITY

AND ITS APPLICATIONS
stronglyconyergestoasolution x eK of 0 e A(x), and r < lrl < n.

For other applications of the continuation principles to the theory of nonlinear
maps of monotone type we refer to [6] and [7].

IOAN A. RUS
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In [10] we studiecl the inequalities involving Picard operators, The main
result in that paper is the following abstract Gronwall theorem:

THEonEM L Let (X,¿,<) be aru ordered metric space. Let A',X -+ X be
such th,at:

(í) A is monotonícalþ increasing,
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(ii) A ß a Pí.card operator (O^ = {.r^})

Then:

(o) x<A(x) impties x3x*n;
(b) * > A(x) impties x2x*n.

Frorn this abstract theie resülts alargeclass of integral inequalities (Gronwtrll,
Bellmnnn, Giuliano,Ifarlamorr, Willet, Wong, Beesack, Wenclorfl etc.) and somo -

abstract inequalities (see, for instance, [j] and [10]) follow.
The present paper rleals with a now abstract functionai inequality, Somo

applications to tl-re intogral inequalitv, whicb rlo not involvc Picard operators, arc given.

2. IIUISC'i'IO¡{AI, IFIE(}T]AI-I'I'IÐS

Our main result is thc lbllowing
'lFrEORnu 2, LeÍ F:la,b)x C(¡a,b),R*) + I. be afunctional

(i) I(.,x) eCl(¡a,bl,R,), fo,'all x eC(la,b),R*);

I4/e suppose

f,hat
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