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THEoREM 4.3. Suppose E is a Hilbert space. Let Ai E -> 2E be a hyper-

accretíve map satisfying (4.2), (4.3) and (4.6). Then the sequenc. (*,),r,,0 - K,

' <l"l< n'

1- I

n
A GENERAL FLNCTIONAL INEQUALITY

AND ITS APPLICATIONS
stronglyconyergestoasolution x eK of 0 e A(x), and r < lrl < n.

For other applications of the continuation principles to the theory of nonlinear
maps of monotone type we refer to [6] and [7].
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In [10] we studiecl the inequalities involving Picard operators, The main
result in that paper is the following abstract Gronwall theorem:

THEonEM L Let (X,¿,<) be aru ordered metric space. Let A',X -+ X be
such th,at:

(í) A is monotonícalþ increasing,
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(ii) A ß a Pí.card operator (O^ = {.r^})

Then:

(o) x<A(x) impties x3x*n;
(b) * > A(x) impties x2x*n.

Frorn this abstract theie resülts alargeclass of integral inequalities (Gronwtrll,
Bellmnnn, Giuliano,Ifarlamorr, Willet, Wong, Beesack, Wenclorfl etc.) and somo -

abstract inequalities (see, for instance, [j] and [10]) follow.
The present paper rleals with a now abstract functionai inequality, Somo

applications to tl-re intogral inequalitv, whicb rlo not involvc Picard operators, arc given.

2. IIUISC'i'IO¡{AI, IFIE(}T]AI-I'I'IÐS

Our main result is thc lbllowing
'lFrEORnu 2, LeÍ F:la,b)x C(¡a,b),R*) + I. be afunctional

(i) I(.,x) eCl(¡a,bl,R,), fo,'all x eC(la,b),R*);

I4/e suppose

f,hat
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(ä) there axr.srs g € C(la,ól * &) such. that

(r(',x))'(r)1"=", r¡ == 0(l

for all t ela,b'l;

(äi) thefunction þ(t,.) is monotonically increasing for all t ela,b);

(iv) (r(.,r))'(l) . ö(/,x(t)) for all tela,b], and all monotonicallv

increasing x e C(la,¿1, &);
(v) there exists a e R*, such that F(a, x) = a, for aII x e C(lo,bl, n.).

Let'.

(a) x e C(la,bl, R.) be a solution of the inequality

*(t) < F(t,x), for atl t elo,b);

(b) y be the maximal solution of thefollowing Cauclty problem

y'(t)= ö(r,y(r¡), vt ela,bf,

Y(o) = o'
Then

x<y.

Proof,Lat u(t) = F(t,r), From (iii) we have

u'(t):(r(.,x))'(r) . (r(. ,"))'Q)1"=,r,) < (r(', ,))'U)1"=,r,1.

FIence

u'(t) < 0(r, r(r¡¡,

u(a) = ç1'

By the theorern of differential inequaiities ([3], [9], [11]) it follows that

tt. 1!,i.e.,x1v.

Remarlc 1. We can lake la,bl or la,+ *1, instead of [a, b], in Theorem 2'

RemarkZ,If

(r(','))'(t)1,=,r,1 < Þ(t,x(t)), t > n,

then the conclusion of Theorom 2 follows

Remarlc3.If

(r'(., x))'(r) < ö(r, ^1r¡, 
,(s(t)), t > o

for the solutions x of x . F(t,x), where g(r) > a, for all t )- ct, an:d for the

fo llowing Cauchy problem

y'(t) = 0(¿, .y)

.Y(') = o

we have a theorem of differential inequalities, then the conclusion of Theorem 2

follows,

3. SOME INTEGRAI, INEQUALITIES

From Theorem2 and Remarks I-,2 and 3 on this theorem, we have

THBoRBIT¡ 3 (see t6l, t8l). Let a eR*,P and q eC(1a,.+"o['n.). 4
x e C(la,+ *[,&) is such that

,(t) < o2 + zl"lz(')'(")* a(')nf'þ)]o',

for all t ) a, then

üC . [" . fut'lu,],*n fir(,)o'

Proof. We have

r(t,x)..= d.2 , zl,lt!)r(')+ a(')n1'[]]a',

J

x( ),t

and

The Cauchy problem

has aunique solution

0(¿, y) = zp(t)y(t) + zq\rÇo

y' (t) = zp(t)y(t) + zqorÇo, t ) a

t(a) = oz

;(r) = {[" 
. J"n(,f,]"*n J'r1,¡4,]

2
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- TuBoREv_ 4 (see [7]). Let u,Þ e À, antl p,q eC(la,+-['n,)' ry

x e C(la,* -1, 4) is a solution of the inequality

Functional Inoquality 273

F(r, x)= c( * fr(')'(')a, + fø(s)r(g('))¿'
and

0(r, y(r¡) = p(t)y(t) + q(t)y(g(t))

The proof follows from Remark 3,

Remarlc4' Theolem l and rheorem 2 irnprove' unif,i and extend the results

of Gronwall (1919), Chaplighin(1919),Be1lmam(1943), Giuliano(1946),Harlamov

( 1 g 5 5), Willet-Wong ( 1 9 6 5), B eesack (19 69, I97 5),'Wendorff, Li, Bìhari, 1'urinici,

Lungu, Lakshrnikantham, Leela, Young, Bainov, ou-lang, Defermos, Pachpatte,

and of many others (see [2], [3], U0l, [12])'
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Proof. 
'We have

F(t, x) =

+ fz(,)'(,þ']þ + J'ø(,),(,)0,1,þ

for all t ela,+ *1, then

x3y,
wherey is a unique solution of theþllowing Cauchy problem

y' (t) = I'q (,)+ pp(r )] /r ) *loØ f,n.),rs 
+ q(r 

) f p1 
"¡c"lr' 

( r )

Y(o) = o'

0(r,y(r¡)= (r( ,x))'(r)1"=rr,l = f.',q(r)+ 
pp(¡)]y(¿)+ 

[r(,)1,ø(,)0 
, * qùf,pþto,]r'(r)

It is easy to observe that F and þ satisff the conditions of Theorem 2. Applyrng

Theorem 2with the above F and 0, we obtain the conclusion of Theorem 4'

THEoREM 5 (see lI)). Let ct,cx e R.,P,Q eC(la,+ *[,&) andg e

e C(la,+ *[, [4, + *l). Let x e C(la,+ ""[, &) be a solution of the inequalilt

'(¿) 
< o * l,nß),(s)ds 

+ fø(f"(s(,))a,
(

If g ís monolonically i.ncreasíng and g(t) < t, for o\t t =la, + *l-, therr
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c(+ Jn('),("r'l[o Jø(,)'(,)4,]+

and

. x3y,

wlterey is a unique solution of the"following Cauclty probletn

y' (t) = p(t)y(t) + q(t)y(g(t)),,' o

Y(o) = o'

Proof. 
'We 

have
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