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I. INTRODUCTION

one of the difficulties that appear when solving numerically the operatorial
equations by iterative methods having high convergence orders is thát at each
iteration step there must be solved a linear operatorial equation, or, in some cases,
even more than one [2],

- Inaseries ofpapers (16l,17l, [9], [14])therehasbeenproposedtheelimination
of this inconvenienceby the simulúaneous generation of¡vo ,èqorrr.es asequence
approximating the solution, and a sequence of linear operators-approximatùg the
inverses of the operators appearin g at each step in the linear equation.

In the present note we shall study this approach when the solutions of the
equation yield eigenvalues and eigenvectors of a linear operator. It is well known
that all the derivatives of an order higher than three of theãttached operator are the
null multilinear operators, The convergence results may be also applied to
polynomial operator equations of the second degree,

The r convergence order of the sequence approximating the solution is proved
tobe2.

The operatorial equationwhich leads us to the approximation ofthe eigenvalues
and eigenvectors of a linear continuous operator can be constructed in the following
way (see [5]).

Let Vbe aBanach space over the fîeld K (where K: C or K : R); denote by
L(I) the set of linear continuous operators acting from zinto v andrei ,l e t(tti .

The scalar l, e K is an eigenvalue of Aiff the equation

(1.1) 'Av_?,"v=g

has at least a solution v* + 0, called an eigenvector ofl corresponding to À,
where 0 is the null element of V.
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where G:I/ --> K is a polynomiar functional of the second degree (a'orming
firnction) forwhich G(O) * t.

Remark' The function al G may also be taken as a linear continuous functional,but tlren dim Ker G: n-l for the fìiite dimensional.*" unJinnnite otherwise, sothere exist eigenvectors which do not n fãf ,q"uii* O.q* 
"'-

o"Urr.o.roretheBanachspaceX 
=V xK andforx = (;)" eV and,À e K,

llxll = max{ll"ll,l!},

Consideringtheoperator F:X _> X givenby

r, \ (tr_Àul_ ({,n_v)r\Þ'\x) = 
lof"l - t)= [.'o(") -'t ),

and denoting by e = [3) ". 
nu[ elemen t of x,then the operatoriar equation for

which a solution yieldì ín eigenpaft ofl is

(1'3) F('r) =s'
It is known that the Fréchet derivatives of F arc(see [5])

r'(x,)h -('t -xor -%lr'l 
=(ou- 

Àoø-øvo)-fo'(uo) ojl"j=[t G,(vo)u ),
and

Emil Ion Pãvãloiu

For the detemrination of an eigenpair (v, À) we also consider another equation

G(v)- t = o,

F"(x,)hk =(-î,;:),

we shall consider two sequences (rn)oro, (lu)oro havi'g elements from x,
lespectively from L(X),using the following iterative method

(1.5) 
xI'+7 = xo - loF(x)

lk*1 = ro(zt - n'(xo.)ro), k = Q,1,...,

where xo e X, lo e t(X) andl is the identity operator of L(X).

- __ we call (1.5) the combined Newton method. In the following sections we
shall study its convergence when .F'is apolynornial operator of the second degree
and we shall apply it for the approximation of the eigenvalues and eigenvectoÃ of
matrices.

2. THE CONVERGENCE OF TIIE COMBINED NEWTON MtrTHOD

For the study of the convergence of method (1.5) we shall use the following
lemma:

Lpuun, If the sequenc:" (ô /, )o=o ønd (p o) o, o 
of real positive numb ers s atisfy

ô**, I (ao +zp)'
pt *t 3prôr * p?, k = 0,1,,,,

where max{ôo,pr} 
= ; d for some 0<d<1, then thefollowing relations hold:

õo . !dro ,n g.

po <Id'0, k = 0,1,,,.
9

The proof of this Lemma is immediately obtained by induction.
Let ¡o eX,lo e.L',X) and ,S ={r u Xlll._ roll 

= 
r} , r }0. Suppose

that we have the estimation

llo' (r)l < K for alt x e,S.

The following theorem holds :

THEOREM. If xr,lo,r and F satisfy thefollowing conditions

a) thereexists F'(x)-t and Uo =llr,(rr)-tll,
b)q=Kbor<|, r¡
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(r,2)

l

l

i,

I

where 

" 
= (;:), o = (ä), o = (i) - *

It is obvious that f-Ø(xo)h... n, = e-, fo, all i > 3 and x¡,h,,..,h, e X,
and also ttrat_ll,r"'ll = rnax{2,llC"fl},

For such an operator the foÍlowing identity holds

(r.4) F(y) = F(x) + F,(*)(y - *) + F',(*)(y _ *)t, for all x,y e x,
where the bilinear operator,F',' does not depend onx.
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d<t,where ¡o = lll _ r,(ro)roll,o, =

d) --,.d- < ,.
51((t - q)

then the fo I lowíng pr op ertíes h o I d :

Emil

lþ. -'ll=

ll..-.,11 =

4 Approximating the Eigonvalues and Eigonvectors5 23

7)thesequences (xr)r>0, (1,,)oro generatedby(1.5)converge, and xn e Sþrall k > 0;

2) denoting x. = liy xo and lr = nlfo , then F(x-) = 0 atzcl f- = F,(r,)-t;
3) thefoilowíng iìtåfions or" *u!l*

50
Denote ot = fitzxll"(r,)ll and ô, = llr - r'(',)r,ll.e"elemenraryreasoning

shows that

ft<P3+ôoPo
ô, < (ôo +2po)',

whence, by the above Lemma and by relation c), we infer that

Suppose now that the following relations hold:

u) xy.. ,, xo e 8;

Þ)ô¡ = llr-o'(',)lll .To,',0,= # o,rllr(x,)ll=To,',¡ = 0,k;

r)llx,-',-,ll = {,,=W,sbK'

We shall show they also hold for fr+ l.
The inequality

il+il = ï,
is proved similarþ with (2.2). Using also the second relation from (1,5), we get

ll'0., - +ll = llr-llllr('-)l = fi ,

i.e,, the relation y) for i: /r+ L
Further,

ll,o*, -,, il = É il,,., -', ll 
< *änr ., 

*u1, uL-; 
<,.,

whence it follows that xo*, e 
^1.

Denoting pk+t = ffÊxllrç-r,*r)ll 
ano ô/,+r = llt - 

"'(x**,)to*,11, 
tr,en

Pt +t 3 p? + ptõt

õr*rr(ôo*po)t,

o, = lo,
õ, . !d','9

d'

-

,k=0,7,

,k=0,7,

5bK(t - tt 
r)

d2o

z(t - a,r)

Proof' At first we shall show that for any x e ^s there exists tr',(x)-l and

ll.'r¿-'ll = ,
Indeed, under the above assumptions, it easily follows that

il, - r,(xo)-'p,(Ðll 
= 

Kbor = q <1,
Applying the Banach Lemma, we get

ll"r"l-'ll ,fi=u
Taking into account a) andb), it follows that

(2.1) llnll = ll.'f',1-'l(llr,(xo)ro - rll * Ð = 
uo(, + ðo) < ! t, =f; ø,

which, together witþ the first relation from (1.5), for k:0, implies

ll,, -,,11 = llr,llll.f,,il = #m . ffi =,,
i'e., ¡i e J,
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whence, by our Lemma, we get
F,(*) = a,rx!) +. , ,*o,,,-r*('-') * (o,, - "('*t))"(') 

* o,,,*r*(t*') *" '+o,,*(") ,¡ = l,n

For the norming function we can tøke G:Fn*¡, ìilhete

(3,1) 4,,,(,) = +ä(rt'))' - r.

The first- and the second-order derivatives of F are given by

pk+
1

,, g

¡k+l
d"

ô lc+ . ! dto*t
9

i.e., the relation p) for i: lc+1.
It is obvious that x, e 

^S for all i : l, 2, .., and the relations B) and y) hold
forallfteN,

From the inequalities

k t n-l ,2k

ll*o*,,, - *oll< Xllr,., - r,ll < : -¿,, m = r,2,.,.
i=k sKb\l - d" 

)

it follows that the sequence (*)oro converges. Denoting x* = lirn xo , then from
the last relation for m -+ co we get k->ø

llr--"oll = !'r .u,k=0,1,...ll "| SXt(t _. drr)

alt- x

azr

(n+l)
sr2 aln

o?,,

_ 
"r(

*(')

tl)-x"
(z\

--x'
hF)

,\4

h6
¡("+t)

ln+l)
az2 - x'

F'(x)h =
n+1) (n)' -x"anl an2 an,,

ll)x" *(z) 0

and

,-(n+l)
-rt 0 0

0

-/r(Ð
_.kQ)

h0)

,:,

hþ)

¡(n+t)

0 _¡(n+r)

From the second relation of (1.5) it follows that F"(x)hk =
¡-(n+t)

-tL -¡(")
0llfo., - r-ll = lF - F,(xo*,)roll 

= llr - r'(xo)roll*ll.'e)- r'(,0.,)llllr-,ll 
=

( ôr, * llr*ll'rllrlr*)ll < o* + 2po 3 ! ¿zu .

The previous inequality implies that the sequence (I.o )r,ro converges ancl the
relations 2) and the second inequality in 3) hold. ø

0

/r(Ð

0

kQ) ¡(')

3. THE APPROXIM.{TION OF EIGENVALUES AND EIGDNVECTORS
OF MATRICES

where :r = i"(;)1 .n = (n(ù\ ,k = (kU)\ € K"*r.
\* J i=t,r.,.1' 

'- \" /¡=1,ra1' \ J i--l,nt t

Suppose that K ,+1 is equþped with the max-norm, Then, from the above

formula, it follows that lliø"'(t)ll = n, for all x e K'*1.

Another possible choice for the norming function G is

(3.2) F,*r(x) =

<nls
," ?^

,(i)
.2

)
t,

In the following we shall apply the studied method for the approximation of
the eigenvalues and eigenvectors of complex matrices,

Let A = (ou)',,=r,, e tø,,(K)beasquarematrixwiththeelements a, eI{.
Consider V = \{" and X = K'*1. Inthis ease equation(1,3) iswritten

inwhichcaseweget llf"'ll = z.

The Theoret r røt.d'i.r the previous section canbe reformulated according to

this setting.

Remark,In [15] it is proved that for a given eigenpair (v, ]") the operator

F'(v, t") is nonsingular iff l. is simple. Hence our result applies only for such

eigenvalues.where

F,(*) = o,(r"',..,, 
"('*')) =0, i=lrn*1,
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4. A NUMERICAL EXAMPLE

Consider the real matrix
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A
1

I
0,5

1

1

025

0.5
0.25
2

which has the following eigenvalues and eigenvectors

Àr: 298,0.6863492877,0.09372796349),
Lz: 

-0.5621094204,0.6976011330), and
9, 0.46 I 47 33 520, 0.7 103293 09 6).

Taking the initial y3ly.r.ro: \_0..7,0.6,0:09, 
_0.01) and applying the studiedmethod for G given by (3.1), wä oùøinttre iottowing ,;ÁuiË-"

r¡=1'
-0,01

-0.0161 1417648

-0.01663490068

-0.01664727974

-0.01664728361

.Ï3

0.09

0.094069s9984

0.093't32s38s7

0.093?2796420

0.093't2796350

x2

0.6

0.6894343346

0.68637 53479

0.6863492908

0.6863492877

)cr

-0.1

-0.72417 s907 s

-0:t212379t3s

-0:1212011340

-0:1212071298

k
0

1

2

J

4
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*" 
"Oå?lrne 

inirial values Io= (_l .7, 1.6, 0,2, _0,01) and raking G givenby (3 ,2),

xc =)u

-0.01

-0,01695674174

-0.01 664900983

-0.01664128365

xx

0.2

0.2298835780

0.229s865s33

0.2295856852

)c2

1.6

L682966665

1.681210330

1.681205540

xr

-t7
-L768398012

-1í66594350

-1.766s89467

k
0

I

2

J
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