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1. INTRODUCTION
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ItisknownthatbystartingfromtwocombinatorialidentitiesofAbel-Jensen

(1 1) (u+v'rmþ)' = 
ã(î) 

u(ut hþ)k-'lv +(m-k)þ)"'-o'

(t,z) (u+ v)(ø + v + htþ)"-' =ä(î)^"+ /tp)k-1v[v + (^ - k)p]"-'-o '

Cheneyarrdsharma[lstigatedtwolinearpolynornial
positive operators, of ,,,'tefine¿ - fbr any function

/:[0, t] -+ R - bY th 
,n

(1.3) e,Ð(';F) = i'"'ol*tÐ'(Ð

(1.4)

where

(2,,,f)(r;Þ) = Ë, n,,,u(t 
' 
P)/(*),

k=0

p,n,r(x'p) = [î)
r(x + /cP)o '[1- x'r (* - t)þ7"' 

o

(1.5) (t + inP)''

(1.fi) q,,,*(';P) = 
[

fn :r(x r tP)k'1( 1- r)[ 1-xt-(,n_ k)1ti)"''n

k (t + rirP)"
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It is obvious that for þ 
: 0 these ope,rutors reduce to the classical opetatorll,,

of Bernstein.
In this papcr we pfove that the sçcond operatol Q^ preserves the linoar

functions and we establish several expressions for the remainder ienn in the

corresponding approxinration fonnula.

2. TIIE VALUE OF TIIE OPERATOR 0, nOR TIIE MONOMIAL et

In [1] it was pointed out that the operator Ç preserves only the constant

functions, after calculation of some integrals involved. But we shall prove that Q^
preserves the linear functions.

It is easy to see that the following theorem is tnre'

THEOREM 2.1. The ap. roximatingpoþnomíal f ís interpolatory at both

sides of the interval 10, Il, for any nonnegative value of the parameter þ ,

Proof trn order to prove this ræulÇ we have only to observe that we can write

(8*Ð(*;O) = ffi {{r - Ð{t - x + mþ)'-'f(o) -

-x(x -ut[;),'+ rp)fr-r[r - x +(m- /,)p]'-'-o ,(*)+ x(r + 'p)'-'l(')]

Let us consider next the monomials ",(t) = r'(i > 0) for any r e [o,t]'
We shall now state and prove

THeoREN,f 2.2. The op erator Q 
^ 

reproduces the línear functi ons.

proof. as it has been observed in [1], if we replace in the identity (l,2) u: x
and v : 1 - ¿ we find that Q^eo: eo, that is, the operator Qn reproduces the

constants.
We shall prove that we also have Q,^er: er'
Indeed, one can see that we can write

(2.r) (t + nrp)"-1(Q,"r)(*;þ) =

A Linoar Positivo Ope,rator 22-3

because

(r-:)
If we change lc- 7 : j and then denote againthe index of surnmationby lc,

we have

32

(22)

('; 
t) xþ + þ+ rB)e-l(t -,)[1 - )c + (^ - t - k)þf"-' o -

(^ ; 
t).x(.r 

+ B + rcB)r-'(t -')[1 - )c + (* - r - k)þf"-' 
o,

(2.3)

=(1 +^Ðz

= 
ã(';')

(t + mB)'-t(Q,,"r)(*;þ) =

m-l

k=0

n-1

È=0
srnce

x + B + ÆP = (1 * *F)- [t - x + (m- t - r)B],

In order to find the first sum, we replace in the identity (1.2) mby m - 1 and
u: x+þ, v: I -x.

Weget

(r + B)(r + ntþ)''-2 = (x + trã(
)r

.r+p+¿p)o-t(r-r).

.[t -' +(^ -t- t)þ]*-'-0.

If we multiply by.r and divide byx + p, we obtain

m-L
k

m-lI
k=0

m-l
k

x(.r + B + frp)o-'(t - r)[1 - x + (m -r- k)p]"-2-k =

= (t + PXI + *9)^-' *F,

=ä*(î).,

=ä(i--l),,, * kp)o-'(l- 
')[r - 

x +(nt - k)þ]^-' 
r,

.r + tp)t-t(t - r)[t - x + (m - k)P]^-t 
o 

=

which represents the first sum.
For finding the second sum we shall use the identity (1,2). We replace mby

m-I andu: x+ Þ, v: 1 -x andwe find

(r+mB)*-'= (, .rà(^;t)f'+B + kB)ft-'[,-' +(*-r- t)þ]*-' o.

It follows thatwe canwrite
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m-l
k )r,' 

*p + tp)*-1(t -')[1 - x + (m- 1 - k)p]'-l-k =
(/ì,,.p,Xr) = (x - t). - å n,,,06,þ)(

lc

--tm +

k=0
In order to find explicit expressions of this kernel, we assume that

r . [t - t .1-.| un¿ we can write
I m 'm)

Q.4)

= (t+ ^þ)''-'+#
Consequentþ, we have

(e.",)(,;o) = 
,, .þ[r +,rn)(r + p)(r + nrþ)'-' ;*

-(t+ mþ)"-''(t 
-l)l - - r-.lt+p - (1 - *)f= *'

x+Þ I .r+PL

(3.4) G,,(t ; x) = x - t - lø,,¡Q ;Þ)
k
--tm

forte j -r j
k>j

wherel<7<s-1,,rn nx

Therefore we have

Q.5) Qreo = e6, Qrel = e1,

as in the case of the classical B ernstein operator 8,, '

If we assum e that t. 
[# , "], 

.n.n we obtain

G,,(t ; x) = x - t -lø,,,0Q ;Þ )(
k

t(3 ,5)
mk2s

3. TIIE REMÀINDER
while for , . 

[r,*] 
*. t"

SincetheoperatorQ^reproducesthelinearfunctions,itisclearthatthe
approximation formula

(3.1) f(r)=(g,f)(*;P)+(n,/)(x;P)

has the degree ofexactness N: 1'

Firsiwe shall give an integral representation of the remainder.

TrrBonnu 3,1' If the function f has a continuous second deriyatiye on the

interval [0, 1 ] , then w-e 
"ion"r"pro "it 

the remqinder of the approximalion formula

(3 .l) under the following integral form

(3.2) (4,fX') = lo'o,,(t' 
x)|'þ)at'

where

(3,3) G,,(t;x)= (n,,q,)(r), tp"(l) - x-t +-lx- tl 
= (;r -r),

anc) R.r,roperates on rp *(t) as a function of x'

Proof'Therepresentation(3'2,)canbeobtainedatonceifweapplythewell-
known theorem of Peano,

For the Peano kernel associated to the operator p,, we have

(3.6) G,, (t;x) z q^ lr( ''Ð(*-')/ç)¡

For¿ 6
j -r

'*)rt > s) we have
m

(3.7) G,,,(t;x) = -I q,,,,(x;þ)(
k
--tmk>j

Because the degree of exactness of fcrrnrula (3.1) is one, by replacing

f (x): x - t, the corresponding remainder vanishes and we obtain

,n

)(*') =än.,,nþ,Ð(
k
--tm T

k=j
,(

k

--lm
x-t =lø,,¡Q;Þ + q. *(x;þ

k=0

Therefore we can write

t-t =\ø,,,0Q;Þ
k=j

)(* ,) = -å n,,ol,Ð(
kt--
m

Consequently, the representation (3.4) canbe replacedby



(3.9) G,,(t; x) = -f u,n,ol.;Þ)[r - *),
k=0

[s - I I
when r .l; ,r 

)
TnnoRnvr 3 ,2. If J', e CzlO,lf, then the remainder of the cheney-sharma

ap pr oxim ati o n J ormui a þ . ¡ 
" "it 

b i r ep r es ented un d er the fo I low in g for m

(3.10) (t\,,f)(*;B) =;(l?,,,u,)(*;P)/"(€), 0 <6 <1'

Proof,From(3'6){3.9)itiseasytoseethatonthesquareD:[0,1]x[0,1]
tne nmciion y: G^(t)': c^{t; *)reprãsents a polygonal continuous li'e situated

beneath the x-axis'--' 
By applying the first law of the mean to the integral (3'Z)'we get

(n*t)Q ;þ) = f"(e)lj c'1' ;'¡ at

and formula (3.1) becomes

(3.1 1) f (*) = (Q,^f)(,; Þ) + 
"f " 

(e)fc,,1' ; x) at'

If we replace here/(x) : uz@) : f , we obtain

,' = (e,n"r)(r;Þ)+ z['Q;òar.

ConsequentlY, we can write

(3,rz) fio,,(, ;*)ü =;1"

Formulas (3'11) and (3,|2) lead us to the desired approxirnation formula

with the expression (3'10) for the remainder term'

In thô special case'B : 0, when Q,nl.B^' the.formulas'corresponding to

(3.2){3.3) u"O tg.10) were first established in our old paper 13l'

Remark. Sinoe the polynomial Qnf is interpolatory at both sides of the

interval [0, 1], it is clear that(R,,,er)(x; þ) conúains the factorx(x - i)'
Since ii,,eo :0, R_,4,: O"ana n,¡+ 0 for any convex function of the first

order, no. rurr"ä1ipry a óiiderion of t.'topoviciu l2l and we can find that the

remainder is of a simPle form.
ConsequentlY, we can state

Tneoneu 3 .3. If the second-order divided dffirences of the functíon f are

bounded on the interial 10, l), then the t exisl three poinls t,n.t, tnr 
.2 

and t,,, ,, from

10, ll whích might depend on f, such that thc remainder of the approxímation

forrnula (3 . I) can b e r epres ented un der the form

(3.13) (n,,/Xt ;þ) = (R,,urXt;Þ)[r,,,, t,,,2,t,,3) ff '

It is clear that, if J' e C2lO,1] and we apply the mean-value theorem of

divided differences, we can obtain formula (3.10) from formula (3,13).
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G,,(t;x) = -ä q,,,,u(*;þ ,(
j-l

lct--
m(3.8)

,t=0

l 1
.'l

Z I utto I s i < s -- 1, while (3 5) can be replaced by
m)

if ¡ e
n1.
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",)(ù)=:((e^ R-",)(r; Þ)


