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CAUCHY STRUCTURES AND CONTIGUITIES

,{ros csÁsz,Ân

A screen (: filter merotopy) on a set X + Ø is a collection 
^g 

of filters in,y
such that

,S1 xex impliesi€[,

S2 J € J, J C s'e Fil X imply J'e f.
J is a Cauchy structure jff fixther

^S3 .{, {'e f, .{ Â^{' imply g llJ' . S

(øtÞ nìeans AIA + Ø for A u g, B . þ)
It is well-known that a c ontiguityonxmay be defined as a family f c O(X)(: the collection of all finite subsets of expX) such that

,Rr ØuL implies Le ßþ.e o(x)),

R2 Le B implies|¡L=Ø,

,R3 ! € B, L << L, e o(x) imply¿'e B,

R4 {&, &,..., 4}, {no,^,,.,., q} e À irnply{Rs U.R6, &,. , ,, aJ . ¡
Q .. ,' iff R e ¿ implies the existence of Jl e r, ith 1ì : R,) .

For 21m e N, the definition of anm-contiguity is obtained if o(x) is
replacedby @,, (x) = {r . o(x) :ltlf m},Form:2,weobtaintheconceprofa
ð ech proximity.
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Let 2Ím <n e N. If I is a contiguity or an n-contiguity, then
"8 = 3nO,,(X) is the z-contiguity induced by g, Conversely, if M is an
m-contiguity, there exist a coarsest (: smallest) contiguity ßo (M) and a coarsest
n-contiguity No (M) inducing M.

If ,s is a screen, then the systems ¿ e a(x)Q e a,(x)) .""r, rhat ¿ Âg
does not hold for any j e ,s constitute the contigvity (m-contiguity) ,s(,0)
induced by ,s. conversely, if i? is a contiguity or anm-contiguity, there exists a

coarsest (: largest) screen fo(g) inducing g.
we look for conditions on 4 implying that J'(g) is a cauchy structure.
If 8 is a contiguity or anm-contiguity onxand L e ß,then an g -swellíng

of ¿ isamapping 6iL -+ expx suchthat {nx -"(À)} e g for 1r e r,we
say that o isfree iff 0o Q) = Ø, and it is (g-) loose iff ok) e 4.The (m_)

contiguity ¡R is said to be Efremovich iff each ¿ € 3 admits a free R -swelling; it
is untform iff the same holds with a loose g -swelling, For m: 2, Efremovich
m-contigaities coincide with Efremovich proximities, and in the case of a conti-

c) { is uniþrm.

Ð M='N is uniform and, [ =No (M).
e) !o(ry) isunform.

ÐIf ut,...,L, (z:t: n) and u areultraJilterssuchthat U .a,,V ey
imply {tl,f/} eN (i = 1,,,,r),then (J, eA. implies {Ur,...,U,,} eN.

For ¿ = 2, a) + b) <+ f)iscontiainedin[1]and b) <+ f) in[2].Adetailed
version of this paper is inprint inActa Math. Hung.
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guity 4, it is uniform iff
coverings in a uniformity,

{{" - .R:.¡R e r}:y .n} i, tr', coilection of all finire

THEOREM l. For a contiguily g, theþilowing statements are equivalent:

a) üo(3) is a Cauclty structure.
b) 8 ,r Efremovích.
c) I ,r uniform,

d) For each 2Sn e 
-N, {=rg ß uniJ'orm ancl ß = gO(ry).

e) The statement in d) holds for a single n.

ÐIf Ut,,..,þ, and y areultra/ìltersinXsuchthat e €A,,V ey ímply

{u,lr} e B (i = L .. ., s),then Ui e U¡ implies {U,,. ..,U,} e B.

Tneonru 2. For an n-contíguiry N(zs n e N), thefoilowing statements
are equivalent:

a) So(ry) is a Cauchy structure.

b) ry ," Efremovich.


