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ON (¿, Ë)-STABILITY IN BANACH SPACES

VINCENTIU CUC, MIHAIL MEGAN

LetXbe areal or complex Banach space, The norm onxand on space ß(ð
of all bounded linear operators fromxinto itself wiil be denoted uv ll-ll. Let r'be
the set of all pairs (r, to) of positive real numbers satis$ring the inequaii ú t > to.

DBrrutrroN 7. An evolutíon operator (on X) is a mappíng A:f _+ A(X)
wíth thepropertíes:

e1) Õ(1, s)O(s, /6) = <Þ(r, to) .for att (s,h) e T.

e2) @(t,t) = I (th" iclentìty operator. on X) for every t > 0.

e3) For each to> 0 and x, e X thefunction

t -+ @(t,to)xo

is continuous on lto,*).
Furthermore, íf
e4) there are M 2 I and c¡ > 0 such that

llo(r,r,)ll < M . expfo(r -t)] ¡'or au (t,to) er,
then Q is called an evolution operator with exponentíal growth.

Uniform and nonuniform stability concepts are introduced by

DprrNurroNr 2. An evolution operator e:T -+ ß(x) is said to be:

i) stable (and wewrite s.) iffthere exists M:R* _> R.* such that

llo(r,ro)ll < M(tr) for au (t,to) er;
íi) uniformly stable (and wewrite u.s.) iff there is M>0 such that

llo(r, ro)ll < M for ail (t,to) e r;
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äi) exponentially stable (and we write e.s.) iff there are a, b, c> 0 such that

llo(r,rr)ll < c.exp(ato).exp(-år) for att (t,tr) er;
iv) unformly exponentialþ stable (and we wríte u. e.s.) tff there are N, v ) 0

such that

llo(r,r,)ll< N.exp[-"ft - ¿o)] for au (t,to) er.

Let itbe the set of all nondecreasing functions å: R* -+ Rl and ret h e r{.
If we denote

u, = þ. R'::f t(r). exp(-or) . *)
and, respectively,

no = {^ e R:inf å(r) . exp(-or) t 0} ,

then the numbers

Drrn'uuon 3. Let h,k e tt. Theevorutionoperator e:T -+ a(x) ß cailed
(h, k)-stable (and we write (h, h)-s,) iff there exists c > 0 such that

n(t)'lla(t,/0)x0ll < c.k(ts)-lÞrll n, ail (t,t,) er anct xo e x,

Let E bethe set ofall fl¡nctions å : R* -+ R: withthe property that there is
cr>0suchthat

h(t) = exp(crl) for every f e R* ,

If we denote by hrthecorxtant ni.tion n(t¡ :t for all t . R* , then we have

PRopoSITIoN2. The evolution operator e is:

i) stable iffthere Ìs k e lf such that @ is (hr, k)_s,;
ä) uniformly stable iff il ís (hr, hr)_s.;' äi) atponentially stable iffthere are h, k e E such that e is (h, k)-s.;
iv) uniformly exponentiaily stabre iff there are h, k e E with h > k such

that Q is (h, k)-s.

Proof ,It is obvious from Definition2 andDefinition 3, tr
A necessary condition for (h, &)_stability is given by

THEOREM t. lf A:f _> a(X) is (h, k)_stable, thenþr every H e It with

(1) l,,rf,l.llo(r,r,)',llat1c.t(r.).ll',ll

for all lo > 0 and x, e X,

Proof. If O is (h, k)-s., then there exist { c, v } 0 such that

l,irf,¡ llolr, r,¡,,llar < nJ'on(-u,) . n(t).llo(t,ro),ollar <

< N . c. k(tò.1Þ,llJ-*p1-vr)dr < N . c.r(,,) ll,,ll

forall /o > 0 and xs e X. E
A suffrcient condition for (h, É)_stability is

T¡rnoneu 2' Let @:T -+ a(x) be an evorution operator wíth exponentiar
growth. If there exist c> 0 and H e If such that (r) and h(t + /o) < n(¡ nçtr¡
hold þr all t,ts > 0 and xs e. X, then@ ís (h,k)_s.
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@h 4{ inf A¡ ;A¡ * 0

oo ,,4, = 0
supB¡ ;B¡+0
-co iBn = Ø

and @h 4{

are called the upper rcspectively the lower characteristíc number of h.

PRoposITIoN L The evolution operator e ís:

i) with exponentíal growth íff there ¡¡ g . lt such that a , < æ and

llo(r,ro)ll< q(r - tù fo, au (t,ts) er;
ä) øcponentially stable íff there are þ,k e jt with a o > 0 ancJ or ( æ

such that

n(t).lla(t,ro)ll < r(ro) for ail (t,to) e r;

äi)uniformlyøeponentiallystableiffthereís h e!{ with o¿ < 0 suchthat

ll*0,rr)ll < h(t - to) for au (t,to) e r.

Proof.It follows from:

i) ol/, <oo iff there ara M,c¡ > 0 with å(r) < M.exp(ol);

iÐ g¿ > 0 iff there exist n,b) 0 wirh 4r)> ^.exp(tt);
iii) o¿ < 0 iff there are N, V ) 0 such that h(t) < ¡/.exp(_vr). o

oø ( 0 thereisc>0 suchthat
.
n
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Proof.If r¡ > 0 and t 2 to + l,then A characterization of the uniform exponentialpropefy is givenby

coRoI-reRv 2. An evolution operator @:T + ß(x) is uníformly exponen-
tially stable íf and only if there exist a, b > 0 with b > a such that the inequality
(2) is sarisfied.

Proof.It results similarþ to the proof of Corollary 1, tr
= l,'_,ø(") 

.llo(',ro)'ollo' < J*ø(') 'llo1',,r0):rolla' < c'r(16) 'llxrll
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for all t > to + I, trt 2 0 and xo e X, where

C
C1

It follows that <Þ is (å, fr)-s, tr
As a particular case, we obtain acharactenzation of the exponential stability

properby given by

COROTI¡RY l. An evolution operator O : 7 + O(X) ß exponentially stable

if and only if there are a, b, c > 0 such that
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(2) J-'*p(rr) 
. 
ll.(,,r0)xolþr 

< c' exp(at') ll"'ll

for all /o > 0 and xo e X.

Proof. Necessitv: If O is e,s., then there are a, b> 0 such that O is (å, /r)-s',

where

n(t) = exp(zut) and k(t) = exp(at) for all / > 0 '

Then for H(t) : exp(bt) it follows that Ç < 0 and the inequality (2) is

satisfied. h

Suffîciency: It is obvious that from Theorem 2 for

H(t) = h(t) = exp(ar) and k(t) = exp(at)

it follows that O is e.s. E


