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ON (h, k)-STABILITY IN BANACH SPACES

VINCENTIU CUC, MIHAIL MEGAN

Let X'be areal or complex Banach space. The norm on X and on space B(X)
of all bounded linear operators from X into itself will be denoted by | Let Tbe
the set of all pairs (2, #;) of positive real numbers satisfying the inequality ¢ > ¢,.

DEFINITION 1. An evolution operator (on X) is a mapping O :T - (13( X)
with the properties:

el) O, s)D(s, 1)) = (s, ty) for all (s,ty) eT.
e2) @t l‘) = I (the identity operator on X) for every t > 0.
e3) For each 1,2 0 and x, € X the function

t — (1, £,)x,

is continuous on [t,, ).
Furthermore, if
ed) thereare M > 1 and o > 0 such that

[t 1)< M - explo(r —1,)] for all (1,,) €T,

then @ is called an evolution operator with exponential growth.

Uniform and nonuniform stability concepts are introduced by
DEFINITION 2. An evolution operator @ :T — ®(X) is said to be:

i) stable (and we write s.) iff there exists M :R, — R, such that
“(D(t, to)“ < M(ty) for all (t,ty) e T;
i) uniformly stable (and we write u.s.) iff there is M> 0 such that

”<I)(t, zo)“S M for all (t,1,) e T;
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iii) exponentially stable (and we write e.s.) iff there are a, b, ¢>0 such that
”CD(t,tO)”s c - exp(aty) - exp(~bt) for all (t,t,) € T;

iv) uniformly exponentially stable (and we write u. e.s.) zﬁ” there are N, v >0
such that

“(D(t‘, to)”S N- exp[—v(t - to)] for all (t,1,) eT.

Let 7 be the set of all nondecreasing functions #:R, — R, andlet 4 € %,
If we denote

Ao {co € R:sup A(r) - exp(~ot) < oo}
20
and, respectively,
IR {0) € R:inf h(t) - exp(-ot) > 0},
then the numbers

“—1ianh ;A # 0 . gsuth ;B #0
" o Ay =0 — - ;B =0

are called the upper respectively the lower characteristic number of h.
PROPOSITION 1. The evolution operator ® is:
i) with exponential growth iff there is ¢ € H such that Eo_(p < o0 and
”(D(t, to)”S o(t — ty) for all (t,1,) € T;

ii) exponentially stable iff there are h k € H with ®; >0 and co_k < 0
such that

W) - |t 1) < k(o) for all (t,1,) e T

iii) uniformly exponentially stable iff thereis h € 3 with a < 0 such that
|G t)| < Wt - 15) for all (1,1) eT.

Proof. 1t follows from:
1) @) <o iff there are M, o > 0 with h(t) < M - exp(o?);

i) @, > 0 iff there exist m,b > 0 with h(t) > m - exp(bt),

iif) @4 < 0 iff there are N, v > 0 such that A(f) < N - exp(—vt). O
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DEFINITION 3. Let h, k € H. The evolution operator ®:T — B(X ) is called
(h, k)-stable (and we write (h, k)-s.) iff there exists ¢ > 0 such that

ht) - ”CD(t, to)x(,” < ¢ k(1) - ”xoll Sor all (t,t,) € T and x, € X.

Let & be the set of all functions 4 : R, - R} withthe property that there is
o > 0 such that

h(t) = exp(at) for every t e R, .

If we denote by 4, the constant function hl'(t) =1 forall € R,, then we have
PROPOSITION 2. The evolution operator @ is:

i) stable iff there is k e 3 such that @ is (hy, B)-s.;

il) uniformly stable iff it is (hy, hy)-s.;

iii) exponentially stable iff there are h, k € & such that ® is A k)-s.;

iv) uniformly exponentially stable iff there are hk < & with h2k such
that @ is (h, k)-s.

Proof. 1t is obvious from Definition 2 and Definition 3. O
A necessary condition for (4, k)-stability is given by

THEOREM 1. If @ :T — B(X) is (b, k)-stable, then for every H € H with

®y4 <0 thereis c>0 such that
T .

1) [ CH() 00, 1)t < ¢ - k(zy) - o

forall ty >0 and x, € X.
Proof. If @ is (h, k)-s., then there exist N, ¢, v > 0 such that

J:H(t) -”@(t, fo)%o|dt < N J: :oexp(—vt) h(e) {0(, 15 )x, |dr <

<N -c-k(ty)- ”xolu::oexp(—vt)dt SN -c-k(t)- ”x()”

forall p > 0 and x, € X. O
A sufficient condition for (k, k)-stability is

THEOREM 2. Let @ : T — B(X) be an evolution operator with exponential
growth. If there existc>0and H € I such that (1) and h(t + ty) < H(t)- H(t,)
hold for all t, 6y > 0 and x, € X, then ® is (h, k)-s.
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Proof. If t, = 0 and t > ¢, + 1, then

Code e W)t )] [0l e
h(l‘) . "(D(t, [o)x()” ' JO(p(u()lH(u) = jt—l (Pﬁt L S) ] H(;j = S) '

< J.t H(s)- ”(D(s, to)xOH ds < J. H(s) - ”(D(s, to)xon ds < ¢ k(tg) - ”xOH

o0
-1 f

and hence
W) ||CD(t, to)x()” < ¢ - k() ||xo||
forall ¢ > ¢, + 1, ¢, 2 0 and x, € X, where

1 fiu '
Jﬂ o(u)h(u)

01:

It follows that @ is (h, k)-s. O . “
As a particular case, we obtain a characterization of the exponential stability

property given by
COROLLARY 1. An evolution operator @ :T — @(X ) is exponentially stable
if and only if there are a, b, ¢ > 0 such that

() | -J:exp(bt) : ”db(t, to)x()“dt < ¢ explaty) - |xo|

forall ty > 0 and xy € X.

Proof. Necessity: If @ is e.s., then there are a, b> 0 such that @ is (&, k)-s.,
where

h(t) = exp(2bt) and k() = exp(at) for all > 0.

Then for H(f) = exp(b?) it follows that ® ,, < 0 and the inequality (2) is

satisfied. h

Sufficiency: It is obvious that from Theorem 2 for
H(t) = h(t) = exp(bt) and k(t) = exp(at)

it follows that ® is e.s. O
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A characterization of the uniform exponential property is given by

COROLLARY 2. An evolution operator ® ;T — B(X) is uniformly exponen-

tially stable if and only if there exist a, b> 0 with b > g such that the inequality
(2) is satisfied.

Proof. It results similarly to the proof of Corollary 1. O
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