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CONDITIONS OF STABILITY, PSETIDO-STABILITY AND
QUASI-STABILITY OF TFIE PARETO SET IN A VECTOR

TRAIECTORIAL PROBLEM-

VLADIMIR A. EMELICTIEV, DMITRIY P. PODKOPAEV

It has been shown in [r-3] that the coincidence of pareto set, slaterset and smale set is a necessary and sufficient condition of stability ofthe Pareto set in vector problems of discrete optimization with linear pârtial
criteria.

In this paper, the result mentioned above and some analogous results ([3] and
[4]) are extended on a wide class of partial criteria.

Let m>7, C = {c1,c2,...,c,} be a finite set. Suppose that each element c,
of the set C is weighted by the numbers w,(c¡)= aij ,i e N , = {1,2,. ,.,n), where
A = {a¡¡} ,,, € R'"', øt denoting the Èth string of the malrix A.

LetTbe a system of nonempty subsets of the set c,lTl>r. Alr the elements
of the set Zare called trajectories.

Suppose that for any index i e N, a real function f ,(t, x¡ =
= f (t,x1;x2t..,'xr) is defìned on the set zof trajectories and on the set ,R, of
vectors. Then the vector function (vector criterion)

I Q , A) = (f tG , üt ),.fz(t, a2 ), ..., fn(t, a, )): T x Rn,, _+ Rn

is given on the set l'. without loss of generality, we shall take the components of
the vector criterion (partial criteria) for minimization under the fixed matrix A:

f,(t,a')+min, ieNn,
7'
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3 Conditions of Stability

if ieNn, jeN(t),
if ieN,, jeN(E\/)
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It can be easily shown that if the vector function f'(t,A) possesses
o-property, then the following holds:

f e>0V Be B(e) (St(f ,A)=SI(f ,A+B)),
where Sl(f , A) = {t eT :V ¡' e in\{r} 3 s eiy', (t, (t, t,, a,) < 0)} is the Slarer set,
i,e', the set of weakry_efficient trajectories (see [7] and [g]). This and the evidentinclusion P("f , A) c St(f , A) yieidthe followini

THEOREM l. If the vector function f (t, A) possesses a-property, then the
equality P(-f , A) = sl(-f , A) is a sfficient condition of pseudo-stabitity of the
Pareto set P(f, A).

By defìnition, put

t/(r¡ = {j e N, : c., etl.
The vector frmction r u, A) is saicl to possesses B-property if the following

conditions hold for any index i e N n :

(B'l) for any trajectory t eT, the function f,(t,x) is constant with respect
to the variables x,,j erl(¿\/), and grows with respect to the other variablss
x,,i eN(t);

(p.2) for any trajectories / and t' ,the function r,(t,t,, x) keeps their marrc
with respect to the variables x, j e N (t ) t,).

Truon¡rr¡ 2. If the vectorfunction f (t,A) possesses þproperty, then the
equulily P(l , A) = sl(l , A) is a necesscrry condition of stabitity oJ the pareto set
P(í, A),

Proof. Assume that the vector function f (t, A) possesses B-properly and the
Pareto set P(f ,l) is srable. Suppose the opposite: p(f ,A)+SI(f ,A), i.e.,
there exisrs atrajectory t eSi(¡ , A)\ p\J , A).

By definition of the set ,s/(/, A), for any trajectory t' ez\{t} there exists
an index s e N, such that t,(t,t' ø") < 0. For any positive number e, there exists
a number ô > 0 such that the perhubing matrix p = {br},,,, with the elements

-ð

ô
bü=

belongs to the set B(e). In view of condition (B.l), we have

t.,(t, t' at + b' ) = T,(t,t,,flt + c + d),
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Inthesedesignations'thewell.knownpartialcriteriaoft|r¡kindsMINSUM
(linear) and MTNMAX^ôãäi"-".r.i have the following form' respectively:

.f,(t,u')= t ar-+mf,
: e j el

f , (t, a' ) = l}s,i -> mrin'

Wespeakofvector(n-criteria)trajectorialproblemtomeantheproblemof
finding the Pareto set (set of efficient trajectories)

P(f , A) = {t eT:V f' e T ("c(t't" A)>0+ t(t' t'' A) =¡¡tt'

r(t, t', A) = (t 1, tr 2, "', tr n),

tr ¡ -- x¡(t,t',a¡ ) = f,(t,a' ) - f,(t"a' )' i eN n'

0=(0,0,.'.,0) e R''

It is known that manY discrete o

scheduling Problems and also the

described as special cases ofthe single

example, taking the edge set of a co

Hamiltonian cycles set (the spanning

linear objective we outiin the travelling salesman problem (the minimum spannmg

tree problem).

Following[3_6],weshallperlurbthematrixAeR','',,addingittothe
matrices of the set

B(e) = {B e R'^: ll.Bll < e}'

',','here c > 0, ll' ll is a norm defined in thc spacc -R" af i¡ x r't-mairices'

The set P(Í , A) is called pseudo-stable if

f e>0V BeB(e)(P(f 'A)=P(l'A+B))'
Evidently, if there exists a trajectory t eT\ P(f ,l) such that

(1) Ve>03 BeB(e)(teP(f 'A+B))'

then the sel P(f ,l) is not pseudo-stable'

The vector function f (t , A) is said to possess a-pioperty if the components

f ,(t,x),i e N n, are continuous on 'R"' with respect to the variable x'

where
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Let i e¡/,' If foranyttajectory teT thefunction -f,(t,x) hasnoconstantintervals with respect to the variables ,vr,7 e 1/(l), and this function is constantwith respect to the other variabres x-, , j e N(E\r), then the function J,(t,x) iscalled special.
The following lemma is evident.

LEIftIA. LeT

special, then 
t't' eT'p eN(t \l'),s e ly',. If the function -f,(t,x) ¿s

(2) Vx €rR,,, Ve>0 3ô e (_e;e)(t"(r, t,,x+õeo)*0),
where e, is the pih basß vector aÍ R, .

The vector fi¡nction f (t,A) is said to possess y-property if there exists aspecial function among the components of -f (t, A) .

Stability

vector functiop f(t, A) possesses a_pro_

Conditions of
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REMARK I. It is evident that the
perly, B-property and y_property i/

v i eN, -f,(t,x)=g( I "fr(x,)),
i eN(t)

'tvhere 
_1Q) 

and fr(x) are continuous growingfunctions.
If all the partial uiteria are of M1NMLX kind, then the vector functionf (t, A) possesses a_property only.

TIIEOREM 4' If the vectorfunction f(t,A) possesses y-property, then theinequarity p(-f 
, A) = sm(f , A) ß a necessqry condition of quasi-stabitity of thePareto set p(f, A).

ProoJ Assume that the f'nction i,Ð is special and the pareto setP(f,
there e the opposite: p(f 

, A) + Sm(f , A), i.e.,

exists / that is_ not strongly efficient, Then there

generariry, pur t \ t, + Ø, p .¡rrrì,;:"i:ÏJ iÍi.'' ;#i,'_y:::'äî:;:
_.,j;_rl"J 

b') + 0, where á" is the s_rh srring of the marrix B = {b¡} ,*, wirh

^ 
_ Io, it (i, j) # (s, p),

"u - 
la, if (i, j) = (s, p).
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where
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Using(8.2),weget t"(t,t'ø' +c)<0. Sinceoneof thesets f\/',1'\/ is

nonempty, by condition (8. 1) we obtain r, (t, t' a' + c + d) < 0.

Thus, we have

V.e,;03 B e B(e) V /'€f \{/} ls e 1Í,(t, (t,t' ø'+ á") <0),

r'e" 
ve >03 Be,(e) (teP(f ,A+B)).

Hence, the set P(f, A) is not pseudo-stable (see (l)). The contradiction

proves Theorem 2.

Theorems I and2 yield the following result.

CORoLLARY l. Assume that the vector function f (t, A) possesses a-pro-

perty and þ-property. Then the Pareto set P(f , A) is pseudo-stable iff the

equolity P(Í, A) = Sl(.f ,A) holds.

The set P(f , A) is called quasi-stable if

le>0Y BeB(e)(P(/, A)cP(f ,A+B)).

: Evidently,, if the vector function f (l,A) possesses ct-property, then the

following statement holds:

I e > 0 V B eB(e) (Sz(/, A) c Sm(f , A+ B)),

where ,Sm(f ,A)={t e ?":V t'eT\ {r}3i e N,(ri(t,t',ai)<0)} is the Smale

set, i,e., the set of shongly efficient trajectories (see [9]). This and the evident

inclusion Sm("f , A) c P(f , A) yield the following result.

Tmoru¡v 3. If the vector function "f 
(t, A) possesses a-property, then the

equaliry P(.f ,A)=Sm(f ,A) is a sfficient condition of quasi-stabitity of úe

Pareto set P(f , A).

c:(c .c2, , c,,,) e R"' . c, =
-ô, if jeN(tl|t'),
0 otherwise,

d =(dr,dr,...,d,) 
eR'' ,d, =

-ô, if
ôif
0 otherwise

y el/(r \r'),
j e N(t'\l),
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RBn¿¡m 3, It is eas¡ to show that the restrictions imposed on the vector
/unction -f (t, A) in Theorems r-6 cønnot be omitted uncondiiionary.
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Taking into account the equatity 1'(t,t' , A) =O' we obtain

Vi*s (r,(t,t',si + bí)=0),

r. s(t,t' ,at + á" ) + 0'

Hence, either f ÊP(f ,A+B) or t' ÉP(-f 'A+B)' If we recall the memberships

t,t, e P(f , A), wesee that the Pareto set P(Í ,,4) is not quasi-stable' The contra-

diction proves Theorem 2.

Tùeorems 3 and4 imply the following

Cononenv 2. Assume that the vector function l(t'A) possesses a-pro-

perty and y-property. Then the Pareto set P(f 
' 
A) is quasi-stable iff the equality

P(-f , A)= Sm(.î,A) holds.

The Pareto set P(Í,1) is called stable if

I e > 0 V B eB(e) (P(Í' A)= P(f 
' 
A + B))'

Clearly,thesetP(f,A)isstableiffthissetispseudo-stableandquasi.
stable.

Theorems 1 and 3 yield the following

TIü,OREM 5. If the vector lunction l(t'A) possesses a-property' then the

relationsm(.f,A)=P(-f,A)=Sl(f,A)isasfficientconditionofstabilityofthe
Pareto set P(f , A),

Evidently if the vector function .f (t,A) possesses B-property' then the

vector function possesses Ï-pÏoperry' Using this' Theorem 2 and Theorem 4' we

obtain the following result.

Tmon¡u 6. If the vector function f (t' A) possesses þ-property' then the

i'elaiioä Snt(f , ,i) = P(í 
' 
A) = Si(f 

' 
Á) is u rteÇessury condilion tt'i siabiiity of

the Pareto set P(f 
' 
A)' 

'nd 
suffrcient con- ;From Theorem 5 and Theorem 6 we obtain a necessary a

dition of stability orìtr. pur"to set that is formulated in the beginning of the paper' 
,

Conol¡ny3.Assumethatthevectorfunctionf(t,A)possessesa-property

andþ-property,ThentheParetoSetP(f,A)isstableifftheequalitiesSm(f,A)=

= P(l ,A)= Sl(f , A) hold'

REMARK2'Evidently,theafore-mentionedresultsarevalidinthecasewhen

thefunctions f'¡(t,x), i e N,, are defined on arbitrary open subsets of R'n '


