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ON SOME PROPERTIES OF STANCU OPERATOR

ZOLTAN FINTA

1. INTRODUCTION

The positive linear polynomial operator defined by
(1) BI(f,x)=), flkin)w, ,(x,a), neN, xe[0,1], a>0,
k=0

where f'is a real function on [0, 1] and
k-1 n-k-1

H (x+io) H (I-x+ja)
wn’k(x,a):(] =0 <5 |
. k) (1+o) (1+2a)...(1+(r-1) )

was introduced by Stancu [6], who studied, among other properties, the conver-
gence of P f tofas n— o0 and 0<a = o(n)— 0.

Inthe case =0, P’ is the Bernstein operator B, givenby

@ B.(f,0)= Y f(k/n)[an"(l-x)"‘k,
k=0 k
where f €C[0,1]. Lorentz [4, p. 102] proved that for f € C[0,1]:

x(1=x)
n

B) B, (f.x)-f(x)|sM. ifand only if ©®(f,h)=O(K?).

Here o?(f, t) is the classical modulus of smoothness defined by

“4) o*(f,1) =051:IZ HAif(x)“c[o,l] )
where
£ ()= {f(x+ h)—:_2if(x) +f‘(x -h), if xi'h €[0,1];
0, otherwise.

AMS Subject Classification: 41A36.
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In this paper, we provide further approximation properties for P. Let @

denote the following function: @(x)=+/x(1-x),x €[0,1]. For a function
g €C[0,1] we denote the uniform norm on a subinterval [a,b]c[0,1] by

Iglleras) = sup{lg(x)]: x €la, b1}

2. MAIN RESULTS

The theorems in question can be stated as follows:

THEOREM 1. Let a(n) =o(n™), a(n)-n<l, for n=1,2,... and f €C[0,1].
Then for each M >0,

2
5) P (f 3 - )< M2 ,Ex), S SEloe

holds exactly when ©*(f,h) < Mh*,h>0.

THEOREM 2. Let 0<a(n)—0 (n—>o0) and f €C[0,1} with o (f,h)< M,
h>0, and 0<P <2. Then

5 p/2 .
|Pn“(f,x)—f(x)|sM(mj  xe[0,1], n=1,2,...
n
THEOREM 3. Let o.=a(n)=0(n"), o’ =(l+na)/(n(l+a)), n=12,..
and f €C[0,1]. Then there exists M >0 such that
(6) ||anf‘f”c[o,l]S M‘(’Ji(f,an)qo,l],

where mi(fﬁ)cw,l] =051;]Zr||A2h¢(x)f(x)l|c[0,1] is the Ditzian-Totik modulus of

smoothness [3].

THEOREM 4. Let a=a(n)=0(n""), and 0<p<2. If feC[0,i] and
O (f s W) cqo.n = ORP), then || B f = fllogo.yy = O™,

In order to prove theorems, we need some lemmas first.

3. LEMMAS

For proving Theorem 1 we need the following lemmas:
LEMMA 1 (the localization theorem). If f €Cl[0, 1] vanishes on a sub-
interval [a,b]<[0,1] and'o(n)=o(n"), then

(7 PE(f,x)=o(n™"), xe(a,b).

On Some Properties

by Proof. Suppose that J has second derivative fr
en, by Theorem 7.1 [6, p. 1192] and o(n) = o(n™"), we

(8)

(x) for some x ef0, 1],

have
Jfim m5 o) p =28 o

From Lemma 5.2 [1, p. 134] we get (7),

LEMMA 2. If f &C[0,1], a(n)

O timsup e

n—o

=o(n™") and
(f,X)*f(X)]}EO, x e(aﬁb)(;[oﬁ 1],

then fis convex on [0, 1].

Proof. Suppose that J is not convex. The

[1, p. 124], there exist x, e(a, b - using the patabola technique

) > ( ) >

fanction F ecyo 1] so
) that F(x)=f(x
x €[0, I]. By Lemma 4.1. [6, p. 1184] ), x G[xo -8,)60 +38], F(X)SQ(x),

BrLx)=1  PY(ux)=yx

a 1 -
£ (uz,x):__[x(1 x)+x(x+oc)J
n 3

I+o

and

S0 we obtain
ALET(Ex0) < F(x)< [P (0, x,) - 0(x,)]

=coxy(I-x,) 2% g
But Lemma 1 shows that | i
MBS %)~ f (xS e-x (1-x,)- L2

o oD,

which c.ontradicts the assumption 9).
In order to prove Theorem 2 we need some other lemmas:

LEMMA 3. For f [0, 1] we have L2 S Ncro, iy <1 Mlego oy -

Proof. Since y =
ZO Wo i (x,0) =1 [6, p. 1184], we have

k=

P° )
|, (f,x)lsgo Wk (B O L (kI m) < fllego,
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So i) |
"”Pnaf”C[O_l]S“fHC[O,'I]'

LEMMA 4. For some constant C >0 and all f C[0,1],
(10) B2 (f, 1)~ f(1)]€Co* (f,0(x)/Vn), x€[0,1)
Proof. Let f e C?*(0,1]. By Taylor’s formula: .

an f(—"};):f(x){%—xjf'(#){%— )T%f”t(xﬂg(%—xﬂ,

where g(y)=g.(¥)— 0 as y—> 0. This shows that the last term in (11) does not
exceed || /" llepo (k/n-x)*/2. Then

3 " x(1-x) 1+na
(12) 2, f—f“C[O ij= <|\f ”C[O 11° o 1

Using Lemma 3, we obtain the boundedness of the operator P and, by (12) and
Theorem 5.3 [2, p. 218], we obtain (10).

Remark. For o.=0 the inequality (10) reduces to the known inequality of
Popoviciu [5] corresponding to the Bernstein polynomial (2):

(13) 1B, (f, %)~ f(x)|<Co®(f,o(x)/n), x€[0,1]

Theorem 4 requires the following lemmas:

, £ eC?[0,1]

n

LEMMA 5. For R,(f,u,x)= I (u=v) f"(v)dv we have

X

(14) Ry (f w0y 4 jcp OIFAOILE

(X)

for x,uel0,1].
Proof Lemma 5 is a particular case of Lemma 9.6.1 [3, p. 140].

LEMMA 6. For A>0 a fixed number and f a differentiable function on [0, 1]
with f' locally absolutely continuous in [0, 1] we have
1+ no
15 PYf- <——— |’ f" :
(15) W2 f = S lleami-am n(1+0) o~ f " lego

Proof We consider the maximal function of Hardy-Littlewood

M(G,x)=sup

el J.G(v)dv,
X—U o
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where G(v)=¢” (v)f”(v) By Lemma 5 we obtain

(16) |5 (R, (f,'>x)ax)”C[A/n,l—A/n] A
(=x)? J |
( A M(G, x)||
¢ (X) ClAln - Aln) A
and
(17) M(G, x)”c[o,'I] 5”(sz"”0[0,1]-
Since

PR((ux)2 92 () 1y = L0 |
n(l1+a)

we have

(18) ”[)na (R, (fa'>x),XHC[A/n,1—A/n]

(1+ _)"” f””C[O,]] >

using (16) and (17). By Taylor’s formula;
J@=f @)+ 1) u=x)+ [ (u-v) f7(v) dv.
Then '
EX 0= f()+ /() BE(( = %), x) + PH(Ry (S x),%).
Hence, by (18), we obtain (15).

4. PROOFS

Proof of Theorem 1. If
Pa (pz(x)
l n(f,X)—f(X)'SM' ’ )CE[O,I],H:-123
. Rt Vo4 N
is satisfied, we put g(u) = f(u)+ Mu* /2 and obtain

”[Pn“(g,'x)—g(x)]zM.M.M
2

> 0.
L +a
Then, by Lemma 2, g is convex on [0, 1] and, therefore, g(x +h)=2g(x)+g(x-h)20.

Hence f(x+h)- 2f(x)+f(x—h)>-MK*. Analogously,for glw)y=—f(w)+ M2
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we have f(x+h)—2f(x)+f(x=h)< M, so |A}f(x)|<Mn*. Therefore

0*(f,h) < MK, h>0.
Conversely, let f eC[0,1] with ®?(f,h)< Mh*, h>0. Then f belongs

to the Lipschitz space Lip(2,C[0,1]), which implies, in view :of Theorem 9.3
[2, p. 53], that there exists /' on [0, 1] and f' is absolutely continuous with

[f"(x)|s M ae. x€[0,1]
Let x €[0,1] be a fixed point. For the linear function /(y) =f(x)+ f'(x)-

-(x—y), by Taylor’s formula, we have | f(y) —I(y)|< M (y - x)? /2. Since P
preserves linear functions, we obtain
|PE(f, %)= f()|=IB}(f = 1x)|<

x(1-x) I+na
m l+o

<%-Pn“ -0%x)=M

By the hypothesis n-a(n) <1, for n=1,2,... we obtain

2
B0 @I M T e, n=12,

Proof of Theorem 2. Lemma 4 and o> (f,h)< MhP, 0<B<2, imply the
inequality | P2 (f, %)~ f(x)|< M (9° (x)/n)*"?,
Proof of Theorem 3. We have

P*(Lx)=1,  PM(u,x)=x
and
P (u*, %) =—1——["—(11‘l+x(x+a)].
I+a n 1
Then
1+ na
P ((u—x)",x)=x(1-x)- =’ (x) 0,
|

n(l+a) |

for n=1,2,... So, our statement is a direct consequence of Theorem 1 [7, p. 165].

-

Proof of Theorem 4. We can choose g, €C[0,1] such that p’g! eCl0,1] |
and g’ is locally absolutely continuous in [0, 1], which satisfies

. 1}
(19) f— g, ”C[O,l] SZKz,q;(fa” )C[O,I]
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and
(20) ”(ngf;‘”(?[o‘l] SZ”Kz,w(fs”“l)Clo 1y
B 2
y K, ,(f,t )cro.1; We denote the K-functional of the pair of spaces C[0,1] and
a corresponding weighted Soboley space with weight function ¢’ given by |
Koo U 1 )cpo = inf ()1 f "llo? g”
5107 )C[O,l] U;f{”f g”c[o,u‘” llo? g ”qo,u 8 ed.C,. 3,

h , e .
-w ere g eA.C:,oc means that g is differentiable and &' is absolutely continuous
In every closed interval [q, blz[0,1]. Using Lemma 3 and Lemma 6 and writin

f=f-g, + £, , we estimate ]

(21) N e =
il 1B (f ) (f-g, )”c[o,u = C”f_gn ”C[O,I]
(22) ”Pfgn ~ &, ”C[A/n,I—A/n] = nl(;fZ) ‘”(Pzg””c[o,x] .

B K
C h}; ;l;eoremt 7.31 ;nd Th;orem 7.3\./1_ [3, p. 79 and p. 84, respectively], we can
g, to be the best [vn]-th i im
W] n]-th degree polynomial a roximation i
CT0,1]. We have ' i HiE

(23) 5P~ ~P < M| P*
[Voi [ﬁmww_ﬂmﬂfhﬁ_ﬁﬁmqwmwm,

using T
B;Ilg h.eorem 8.4.8 3, p. 108] translated from [-1, 1] to 10,11 and #» to [\/;].
» In view of Theorem 2.1.1 [3, p. 11], there exists A7 > ( such that

Q4) M2 172 -
o(fim )c[o,u < Kz,q,(fs” ])C[O,l] < Mwi (fs”_I/Z)C[o,l]-
Then, by (23), (24), (22) and ( 20), we obtain

v ™ fmllero.n < niro) 2 Kae(fin g <
I+ na
ey 2 -1/2
M == o, (f,n deton)-

On the other hand, by (21), (19) and (24), we have
(26) “(f -
1B =P ) ~(F = B Moo <

ol
S2CKs o (1 g, M0, (f,n7") 0
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Consequently, from (25) and (26), we obtain

1+ no

' 2 -112
I a +M') o, (fn 7 ey

1227~ Fllan < M

Using the hypotheses o = O(n™") and 0)(21,(fv,n‘”z)C[o_I].=_.,O(hB ), 0<P <2, we

obtain | P} f = fllcion = O(n™?). Thus the theorem is proved completely.
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