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l. It is known that if we have a se
associated with a nonnegative measure d 

ul polynomiaß (p,),

if we consider a f,inctio n -f el,,,(o,, tlrn 'jlti:JffT
value formula, of N, Cioranescu p], for

b

(1) [ tra p,G)da(_r) = 
f (') (E) 

I ", 
p,(x) do(x), a <E <b.

. In this paper we-give several .*t.nriolr. of.it to some crasses of nonclassicalorthogonal polynomiars, incruding th;;;;r-"rrhogonal porynoiiur, correspond_ing to a measure of the form oldä, *rrir.
given real rrtt¡t. ,"ro*, cÙ ls a nonnegative polynomial having

, 
t' is remarkable the speciar case of s-orthogonal polynomials p^,", foïwhich

I ,Ì::' (x) da(.r) = ñh, when we obtain the exrension

b

Ø [ rø p];i' u)dcr(x) = 
f (2G) 

I *^ o:,,,-,1.r¡ dcrlx¡,

n"r"il||,1lces 
to formula (1) when s = 0 (the case of ordinary ofihogonar

2' we start from- a "method of parameters,,. (see [20]) for constructing a

ffiii,r"J,:ï:T:i:rrer quadratu'" roilîu uy u,i,,g ,nu;tî oî.u,,,*ed nodes

n., o,Ll;.jffj};l;llå: innnitery many poinrs or increase and rhat da(x)
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Consequently, from (25) and (26),we obtain

llP,ï f -./ llcro,,,t(*, # * r,,). r'*{r, r-''' ),p.,t.

tJsingthehypotheses a=o(n-t) and of (f ,'n-''')cto,rì = O(hþ)' 0<B< 2' we

obtain llP: f - f llrw,tt= O(n-þt2 ). Thus the theolem i5 proved completely'
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R(roU;0") = 
J 

ro(x) U(x) dcr(x) > 0.

+ l, we can conclude that the highest

,J:råi.|Tí;^:;"r^::"sed a method of
.,m), suchthat a,,xo and T ¡ aredistinct

points from (a, b). Let v(x) = (x _ y t)... (x _ y,).
The conesponding Lagrange-Hermite interporation formura is of the form

where we have

(8)

and

g(x) = (LuÐ e) + (rg) (x),

we obtain

b

(e)

the

(LuÐ @) = ( Ln s)(r,';, ; 
2r*oo n r, 

y,)

(rs) (x) = co(x) uçx¡ vçx¡la, ; xk I\ / \" ' ' ''"'1,r,' zso + 11 
f 
'; 

x; g 

l'
brackets usecl in the re,maindqr representing the syrnbor for divided crifferences.It is easily verified rhar we Iruuå fr". iiJïl

(LaÐ Q) =v(x) (LuEt)

u'here gt=-f /v,gz-f /(au).

(10)

where

(l l)

b

. Dr= I
a(q) u(x) v, (x)

@g t)u(1,)v,(t,)

x; + co(x) u(x) (Lgr) (x;y ¡),

a¡. xk
)r, 2so -F

,"*r,l*t"iitiffi,r# 
rhe preceding inrerpolarion formula, we obtain a quaclrarure

I(g; du) = 0(g) + O(g) + R(g; dcr),

a(g) = 2, o,g(y ,), R(g;dcr) = I(rg;dr:).
j =l

Becarme the divided difference which occurs in the remainder is of orde¡
K:io..r;.rt 

rollows that the q;.r;;?;;ula (10) n"r,r,.-àîeree orexacrness

Now we seek to determine the nodes x¡, havingrespectivery the gi'enorders of multiplicities 2s, +1, such that Dt = ..._ D, =0. Because

do,(x), v, (x) = v(x) 
,x_T ¡
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Let a¡be fixed nodes from the interval (a'b)' given with their orders of

multiplicitieS /¡, Sllch that we have on (a' å)

(3) c¡(x)=t¡tt-a')''20 for e=1 or t=-l'

One further considers lø multiple free nodes x1;"''x'' such that a <'xr <

1...1x,,<b, their orders of multiplicities being' respectively' the given odd

positive integers 2s, +I,., ',2s, +l'

Lef ubethe poþomial of the free nodes

(4) u(x)--il t" - ro )t'**'
k=l

Inlg5gthesecondauthor[20]constructedandinvestigatedageneral
quadrature formula, for weighted integral

r(g) = 1(g; do) = 
ul, 

r!>do(x),

byusingpreassignedmultiplenodesandmultiplefreenodes,ofthefollowingform

(5) 1(g; dcr) = 0(g) + R(g;do)'

where 
n \-t ' )!

(6) q(,f)=t t A,.¡s(i)(a,)+t t Bu'ns(n)(*u)'
i=r ;=o k=t h=o

the nodes xo being selected such that formula (5H6) has the highest degree of

exactness, that is, to have R(er; do) = 0 for r -- 0'l' "'' D ' where e' is the mono-

mial e,(x) = x' and D is as large as possible' ì

if ai (5) we have an interpoiatory qua<iráture formuia' then we have M = 
D'

is the degree of the Lagrange-Flermite interpolation polynomial associated to the

function g and the multiple nodes a, and 'xo '

If we rePlace in (5) g = oJU , rvhere

where

(7) f ,,*i {z'o+1)-1
i=l k=l

U(x) = u(x) (x - xt) (x - x,,) = fl (x - x*¡2s* 
+ 2,

k=l
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should also be independent of these parameters, let us make T ¡ ) x, (i =1,2,
in the remainder given ar (9), (10) and (11). We obtain
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,m)

b

(16)

where

(t7)

where

A(g; dcr) = I r(r) u(x) D,(g; x) clcr(x),
a

o +2i
D (s; x) =l-, '),

xk
,]s(2x

Because ar(x) u(x) > 0 on (a, b), we can apply the mean-value theorem ofthe integral calculus and we get

R(g; do) = Dt(s;n) f co1'¡ (J(x) du(x), 11e(a,b).

Assuming that f eCN*r(o,ø),where N = M+m,wecan use the mean_
value theorem of divided differences and we find

Ä(g;do) = 
t'l,-,'',t9 

irr"l u(x) da(x).(// + t)t :
5.The quadrature rule (10), containing the parameters ïr ,...¡f nt, can be

used for_obtaining generarizations of the nean-value formula (l) of N. cioranescu.Indeed, if we replac e g = afu, we obtain

b

I (aîu;do) = J a@) u(x) ve) a@fu;x) do(x),
d

Q(afu; x) = x; , ! t,...,y,; a(t) f (t)u(t)ri

x,.

2so +l

But, according to an "absorption formula,, from the theory of divideddifferences, we can write

A@íu; x) = Lx, T 1,..., y, ;.f (t)1.

Hence we have

I(afu;da) =

b

f'rx) u(x) v(x) [x, T 1,..., y, ;.f (t)]da(,r)

4
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it follows that we should have

I (auv ,; dcr) = 0 (/ - 1,2'. ", m)'

Takingintoaccountthaty,arcarbiftary,itfollowsthatD,=0ifandonly

if the (a' b)'with respect to the distribution oldci' to

alt po - 1'

the following system of m eqtations in rn

unktrowns x 1,... t x r,',

D

(12) J t(") u(x) xk dcr(x) = 0 
' 
(fr = 0' l' ' "'m-l)'

The solutiori of the system (12) identifîàs with the solution of the following

extremal problem:

The nodes xo, with given odd orders of multiplicities' which are determined

by(12)orby(13),willbecalledGaussiannodes,'correspondingtothemeasure
co(x) do(x),

3.Given the sequence of nonnegative integers o=(sl '''''s^) and the

measure otda, the relations (12) permit us to define a sequence of polynornials

(14) Po.,@)=(x-rr,o)"'(x-'o,o), a1xt,o1"'1xt''o1b

such that
b

I t(") Po,"Q) Q^."(x) dcr(x) = Q (0 
'< 

/ç < m-l);

e,,."(x)= fÏ (" - x,.o¡2'i*l
j =l

The polynomials Po,o represent a sequence of o-orthogonal polynomials'

corresponding e interval (a' ó)'

Such a n considered in many papers: 124]' l2l'

U7l, [5], [7], I n a stable procedure for the numerical

construction of the o-orthogonal polynomials'

4.Once the nodes xo =xk.c are determined' we can see that formula (10)

reduces to the form (5þ(6). In t20l there was proved that the coefficients of

formula (10) do not depend on the nodes yr. since the lemainder R(g;dcr')

b

1(U; dcr) = J 
ar(x) (x - x,¡2''*z ,(x- x^)'ü;*t dcr(x) = min.

( 13)

where

(1s)
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6' Now we want ro find a formula which is sim'ar to (1g), by using thetheory of T' popoviciu [r9] on n nrtio-rrui, of simple r".., rr"rr"g a ceftain degreeof exactness. We considL the linear fun.iìonul ,F defined by

(21) FU) = i ,,r, .f (x) e,,"(x) do(x).

If we take into u..o*, the equality (lg), we can write F(e,)=,
('r = 0' l' "',H-r), F(e,,) > 0. It foilows that the functionar .F has the degree ofexactness zt - l.

Let us denote by q,(x; t) thespline function

e,n(x; 4 =( 
x - t + lx - tll'- r

\2)',
which has a eontinuors derivative of order m-2,and,is non_concave of. orderm-3.

Since F(g,,)>' on (a,b), by using a theorem of popoviciu 
[19] wecan conclude that there exist m+ I distinct points t1 ,. .., t,,* 1 in (n, b)such that

F (f ) = F(t,,,) [.t,,..., t, * t ; f (t)].
Accorcling to (lg) we have

F(r,) = Ï ,r*, P^."(*) e,,,o(x)da(x).

Consequently, we oUtain tt e representation
b

f t(") -f (x) Q,,,"(.v) do(x) =

=[.t,,...,t^+t;f (t)l 
J r(") p,,"(*) 

Q,n,"(x)dcr(x).

. Formula (r8) ha¡ on it,the advantage that the rn nodes involved are known tobe the zeros of the power orthogonal polinomial p,."(r).

7.In the case when we have no preassigned nodes, so=s(k=1,...,m)
and da(x) =w(x)dx, we can wite: e,."(x)= p:,,:,(r), where p,,,,(x)=
=(x-xl ).- (x-x,,,) represents the s-orthogonal porynomiar with respect to theweight function w on the interval (a, b).

h
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Because the second side of this equality must also be independent of the

parameters ï t,..,,^l ,,, wê shall consider the limiting case T t è xt,'

Consequently, we obtain the following formula

b

I t(") f (x) Q,."(x) do (x) =

= J ro(.x) P,,,o(x) Q^,"(x)[x, x¡, .'.,x,,; f(t)ldcr(x),
a

where we have used the notations (14) and (15) and for shortnesSi 'x¿,o = -I¿.

Applying the mean-value formula to the integral from the second side of this

equality, we get 
b

(1s) j t(") f (x) Q,."(x) dcr (x) =
ou

= [t'ì, xr,..., xn; Í O] J tt") P^,o(*) Q,,,o(x)do(x)'

Since fn,o (x)Q,,.o(*)--Q,n,u",(*'' o"'), if we use the orthogonality relat-

ions we may conclude that we have the following important mean-value formula

b

(19) I t("1 f @) Q,,,"(x) dcl (x) =

= [r], xr ,...,x,n; Í(t)) f t(t) x''Q,.o(x) da(x)'
a

If f eC'n (o,ó) and we have no preassigned nodes, by applying the mean-

value formula to the divided difference involved. we get the following mean-value

formula for the integrals, conesponding to the power-orthogonal polynomials:

(20) 
i, r6 e,,"(x)do(.x) =tP Ï u n,.,(x) dcr(x), a <\<b'

\MhenSl=...=3n,=0weareinthecaseofstandardorthogonalpolynomials

and we affive at the formula (1) of N. cioranescu [3], while if s' =...= s,, - r we

obtain the extension (2) of it, corresponding to the s-orthogonal polynomials f,,,, ,

in the sense of Turán, Glizzetti,ossicini, Rosati, Gori, Gautschi, Milovanovió and

their collaborators: [24],[6], [8], [5], [9], [10]' [4]' [14]'



9 Mean-value Formulae ll5

14. G. V. Milovanovió, Conslruclion of s-Orthogonal Polynomials and Turán euadratures, In:
Numer. Methods and Approx. Theory III (Ni¡, IgsD, G. v. Milovanovió, (Ed.), univ, NiÈ,
I 988, pp. 3 1 l-388.

15. A' Morelli and and A. Vema, Alcune proprietà degti zeri dei polinomi c-ortogonali, Rend. Mat.
Appt.1 (1987),43-52.

16. A, Ossicini and F. Rosati, Sullo convergenzo deilunzionali ipergaussiari, Rend. Mat.6 (197g),
97-108.

17. T. Popoviciu, Sur la dístribution des zéros de certaíns polynômes minimísants, Bull. Acad.
Roumaine 16 (1934), 214-217.

18. T. Popoviciu, On a generalizalion of the numerical integralion formula of Gauss, Acad. R. p,
Române, Iaçi, St. cerc, çt. 6 (1955),29-57.

19. T, Popoviciu, .Sur le resle dans certaínes formules linëaires d'approximation de I'analyse,
Mathematica (Cluj) 1 (24) (1959),95-142.

20. D. D. Stancu, Sur quelques formules générales de quatlrarure du type Gauss-Christffil,
Mathematica (Cluj) I (24) (1959),167-182.

2l'D'D. Stancu, On Hermite's osculatory inlerpolationformula and on some generalizations of it,
Mathematica (Cluj) 8 (31) (1966), 373-391.

22.D. D' Stalrcu and M. R. Occorsio, Mean-r'olue Formulae for Integrals Obtaíned by Using
Gaussian-lype Quadratures, Suppl. Rend. Circolo Matematico di Palermo, Ser II, No. 33,
1993, pp. 463478.

23. G. Szegö, orthogonal polynomials,Amer. Math. soc. colloq. publ. 23 (1939), New york.
24. P. Turëtn, on the theory of the mechanical quadrature,Acta sci. Math. szeged 12 (1950), 30_37 .

Received September 15, 1997 Laura Gori
Department MeMoMatem
"La Sapienza" University

Via A. Scarpa, 10
00161 Roma, Italia

D. D. Stancu
Faculty of Mathematics and Compuler Science

" Babeç-Bolyai " University
Slr. Kogölnìceonu, nr. I

3400 Clui-Napoca, Romania

8
Laura Gori, D. D' Stancu

tt4

lnvestigationsonthes-orlhogonalpolynomials,minimizingtheintegral

i *fÐ fl'i'?(x)d¡, have been done by many mathematicians: D' Jackson [12]'

í, ,*Un l24l,T. Popoviciu ll7l,L' Chakalov l2l' A'Ghizzetti and A' Ossicini

itri, t6l u,ra tZl), L. Gori [8], W'Gautschi [4]' G'V tvtitlanlvió [14]' and,others'

ln 1930 s' Bernstein [l] proved that'if (a'b): (_1' 1) and w(x)=(r- xt )-"'' th"

extremalpolynomialisjusttheChebyshevpolynomialofthefirstklnd,forany
nonnegative integer s'

There are other cases of weight functions (see [16] and [9]) for which the

coffesponding J-orthogon ependent ofthe values ofs'

Finally,wewantusingthemean-valueforrrulae
established in this paper, investigate the generalized Fourier

"*funrion, 
of a function/in s or o-orthogonal polynomials'
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