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ON TTTE MONOTONE CONVERGENCE
OF AN EULER-CTIEBYSIIEFF.TYPE METHOD

IN PARTIALLY ORDERED TOPOLOGICAL SPACES

IOANNIS K. ARGYROS

1,INTRODUCTION

- In this study we are concemed with the problem of approximating a solution
x. ofthe nonlinear operator equation

(l) F(x) = 0

in a linear space 81, where F is defined on a convex subset D of D1 with values in
a linear space 82.

We have recently shown thât if .El arid Ezare Bànach spaces, then under stan-
dard Newton-Kantorovich hypotheses the Euler-Chebysheff-type method of the fonn

(2) ln=xn-lxn,xn]-'¡'(r,)
(3) xn+1= yn -f)ín,xnf-'(fx,,!,f-l_x,,x,l)(yn-xn) xo eD (n20)

converges with order almost three to a locally unique solution x* ç D of equation
(1). Here [x,y] denotes a divided difference of order one, which is a linear operator.

we introduce and study the monotone convergence of the iterations {a,} and

{x,l @ > 0) given by

(4) F(a,)+fxn,xnl(wn -u,¡=g
(5) F(x,) +fxn, xnl(yn - x^) = 0

(6) (fx,,!nl-[x,, x,f)(un-u,)+fx,,xnl(u,*,-w,)=0
and

(7) (lxn,l,f-lx,,x,l)(y, -xn)+lxn,x,f(x,*t-U)=0
to approximate a solution x* of equation (l).

(1991) AMS (MOS) Subject Classif¡cation Codes. 65H10, 6SJl5, 49D15, 47H17

rvhere Rro*r.', = 9',0 
*'h(' - x). Choos ing s ='2k + 2' in (6)' from the boundness of

h, Lemma 2 md the Cauchy inequality it results that there exists a constant y

which depends on fr and d; such that

QlÏ)Rru.r.") (x) < Ym-(k+r) ' l

Theorem 3 follows from (3) and Theorem 2'
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The Euler-ChebYsheff method (or

otra [7]. Ul'm
used divided
divided diffe-

orem [7, p'91]'The order ofconvergence

of our iterations is almost

s oforder one onlY'

2. MONOTONE CONVERGENCE
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Moreover, if the operators Ar=fx,,x,f are inverse nonnegative, then any

solution u of the equøtion F(x) = 0 in (uo, xr) belong to (u* , x') '

Proof. Let us define the oPerator

.ff :(0,.t0 -un)-+ 81, PtG) = x - Bo(F(u,r) + Ao@)'

This operator is isotone and continuous. We can have in turn

4 (o) = -aoF(uo) 2 o,

4 (xn -t o) =Ío -uu- BuF(xo)+4(F(xo)- F(uo)-lo(xo -an))

1 xtt - uo + Bo ([-xo ,uo]- [x6 , xe ]) (xo - uo ) þy (9))

1xo-uo,

since [-xn ,urlS [xu , t¡ ] by (12).

By Kantorovich's theorem [4], operator Pt has a fixed point

z, e (0, x o - u o) : Pr(z r) = zr . Set u o = u 0 + z r, thenwe have estimates

F(uu)+ An(w,', -ro) = 0,

F(uo) = F(wo) - F(uo ) - Ao(wo- on) < o

and
uo <llo < xo,

We define the operator

Pr:(O,x0 -ut¡) + E', Pr(x) = tt - Bo(F(ro)+ ln(x)).

This operator is isotone and continuous. We can have in turn

Pz(0)=Bu¡(-ru)>0,

P, (* u - to ¡) = x o - u o r B oF (u.t u)+ Bo (F(xu ) - F (w n) - A, (x u - u o)) <

lxo - wo+ Bo(fxr,wr,]-lxo,xo]) (¡o -Ø,,) < (by (9))

1 Xç _ lJ)ç¡ r

since [.ru ,ur]3 [xu , xs ] bY (12)'

By Kantorovich's theorem there exists z, e(0, x,¡ - uo) such that

Pt(rr) = zz. Set lo = ro - zr, thenwe have the estimates

F(¡u)+Ao(yo-r,,)=0,

F(Yu) = F(lo) - F(xo) - AuQu-rr,) ) o

2 3

24

Weshallassumethatthereaderisfamiliæwiththemqaningofadivided
difference of order on" un¿ the notion of a partially ordered topological space

(POTL) ([1], [2]' tZl, iql)'Moreovet' from now on we shall assume that ù and E2

are POTL-sPaces.
We .átt no* state the main result'

Tlæongvt|,LetFbeanonlinearoperatordeJìnedonaconvexsubsetDofa
regularPoTl-spacenlw¡thvaluesin-qPoTL.spaceE2'LetU0andxgbetwo

SupposethatFhasadivided'dffirenceoforderoneonDn=(uo'ro)=
= {x eE1 luo < ¡ I xo} ç D satisJYing

(10) Ao =fxo, xol has a continuous nonnegative left subinverse Bs '

points of D such that

(8)

(e)

(1 1)

(r2)
and
(1 3)

(4]'l.7),

(14)

(1s)

uu3xo

F(u,,)<0<F(ro)

u0 <wo <ut < 3ll), 1un*t 3 xr+t 3 ln 3 "' ( rl ( Yo 3 xs'

limr)-=t)' , lim
,-+* " n-+ú

and u' , xo e D, with u* (x'

[xo,Y]20 for all tto3YSxs'

[x,u]-[x,Y]<0 iÍ u<Y

lz,wl+lw,ql-lz,zl-lu,zl20 if uSw<z for some q e(u'z) '

Then there exist two sequences {un\'{x'\ n20 satisfuing approximations

xn=x
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and

Lo(yo -"u)<0.
From approximation (6) we now have

Ut - uo = tÐ0 * Brlr(wu - uo) - wr, = BnLu(wo -ro) 2 0.

Hence, we obtain u)o 1uo.

Moreover, from approximation (5) we have

x't - lo= l, i Bulu(y, -rr) - lo= BoLo(yo -xo)10.

That is, we get )ct I lo
Furthermore, we can obtain in turn

u t - x'¡ 

=:',:7,'lï:r:,;,' -l:...7 !;jí= 
- "' =

- uo BuLoF(uu) - (xo - BoF(x,,)) +

+ BuLo(u, - BuF(un - BnF(uu)) - BnZo (uu ) +

+BrLoQo) - BrLo(xo - BrF(xo)) =

. = u0 - x,0 - Bo(F(uo) - J¡(¡o )) - B0L0E0(F(¿o ) - F("r,, )) =

= (I - Bslus, xof - BoLrBofuo, xrl) (ao - ro ).

But using hypotheses (12) and (13) we have

B0L,B,lt)r, xul+ Bofun, xo)S B0L0B0A0 + Bofuo, ro ]l
< BrLu + Bn[uu, 'xo ] I Bo(Lo + [uo, xu ]) <

3 Bolyo, qlS BrAo 3,L

We now obtain ut 1xt.
From all the above we have

uoSuo1ut1x,1yo3xo.

By hypothesis (12),.it follows that the operator An has a continuous
nonnegative left subinverse 4 for all n> 0. Proceeding by induction, we
can show that there exist two sequences {u,), {xn} (n > 0) satisffing (4) - (7) and

(l ) is a regular space E1 and as such they converge to some u' ,x' eDo. That is,
we have

)y_r, =u' 3x. = ]*x,.

l
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and
urr Swrr 3 Yo < xo.

We now define the oPerator

P¡:(0, xo -uo)-+ Et, Pr(x) = x - Bo(LgBrE(uo)+'4n(x))'

where I, = lxo , r,r ] - lxo,.Yn ]'
'Ihis operator is isotone and continuous' We have in turn

Pr(0) = -BoLoBoF(un) 2 0 bv (9)

P, (xo - It o) = xo - u o - BrrLrBoF(x o) +

+Br(LoBo(F(x,, ) - F(uu)) -[¡n, x' l (ro -'o ))'

But, try (11) and (12), we can liave

L.B,,F(x o) - F(ao)) - [xo, xo] (ro - /u ) = 
..

= (Lo/,o[xo, uo] - [x,,, xo D (xo - uo ) <

<(Io -lxo,xo]) (x, -uo) I -[xt, J¡o] (xo -uo) I 0'

Therefore, we have
P,(to -uo)1xo-u,¡'

By Kantorovich's theorem there exists z, e(0, xo - uo) such that

Pr(rr) = z¡. Set ut = uo + zr, thenwe have estimates

- Lr(wr-ro) + Ar(uo -Øo) = 0

and
Lo(wr-au)20.

Furthermore, \rye can define the operator

&:(0, xu - 0o) -+ Er , Pr(x) - x + Br(LoB,rF(x u) - AuQÐ'

This operator is isotone and continuous. We have in turn

P4(0) = BoIo-BoF(xo)> 0 bY(9),

Po(xo -uo)= xo -uo l BoLoBoF(ur)+

+ Bo(LoBo(F(xo ) - F(uo)) - Ar(xo - uo )) < xo -uo

(by using the same approach as for P¡). tsy Kantorovich's theorem there exists

z o e (0, x o - U o) such that Po (, ì = z o. Set X t = ! o - z o, thenwe have estimates

-Lu(yo - ro) + Ar(x, -./o) = 0

4
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Hence, we get

0> 9-t F1u,)) un -u),, 0 < 9-I F1x,)3 xn - yn.

Since E¡ is notmal and 1im (un -w,) = H (x, - y) = 0, we have 
,lim Q-t Flun¡=

=,lg Q-t F(*,) = 0. ftrence, by continuity, we get F(u' )= F(r. ) = 0.

(c) As above, we get

02 F(a,)2 R(u, -w,), 0 < F(x,) < R(x, -y,).

Using the norrnality of Ez and the continuity of F and R, we get F(u. ) = F(x* ) = 0.

(d) From the equicontinuity of the operator An we have 
,lim 

A, (u n - u n) =

=,lg An(x, - yn\ =0. Hence, bV (a) and (6)

F(u")=F(x')=0.

(e) Using hypotheses (10) - (14), we get in turn

0 ( F(Y,) = F(Y,)- F(x,) - A,(Y, - x,) =

= (An -1.!n, xn)) (x, - y,) < ([xo, xof-l**, x' l) G, - y,).

Since Ez is normal and lim (x, -!,)=0, we get lim F(x,)=Q. Moreover,

from hypothesis (12)

[x*, ¡*] ("n - *n ) I [,r-, xn)(x, - x' ) =

= F(xn) -_F(¡.) ( [ro, xn ] (x, -x')

and by the normality of E2,F(x-) = j_T F(x,).Hence, we g:t F(x-) = 0. The

result F(u- ) = 0 can be obtained similarly.

The proof of the theorem is now complete.
As in Theorems I and 2, we can prove the following result (see also [7,

Theorem 6.21:

Trmonuvt 3. Assume that hypotheses of Theorem I are true. Then the appro-
ximations

lr=xn-BnF(xn),
xn+t =yn+ BnLr(yn- xn), Ln=fx*xrl-fxn,!rl

,: ( ,i , un =un - B,F(un)

7

lf u,, < u 1 xtt aîd F(u) =0, then we can obtain

An(Y o - u) = Ao(x o - -Bo F(xn )) - Asu =

= Ao()(o - u) - AnBr(F(xo ) - F(z)) =

=Ao(I_Bo[¡n,u])(xo_u)20,sinceBu[x9,uf<BoA,,<1.

Similarly, we show Au(w, - a) < 0'

Iftheoperator,4gisinversenonnegative,thenitfollowsfromtheúï.:
*o 3,3 yo. i'ro...Airrg by induction, weãeduce that w n 3 u < l" from which it

follows that wnlunlun*t31t3!n+t3xn1!n' fot all n>0' That is' we have

u, 1u3 x, for all n>0' Hence, we get u' 1tt< x' '

That completes the proof of the theorem'

ln what follows, we shall give some natural conditions under which the

points u* and x* aresolutionsof equation F(x)=Q'

TITEOREM 2. Under hypotheses of Theorem I suppose F is continuoîts at t)*

and x' . IJ one of the folowing conditions is satisfied

(a) N' =y" ' 
terator Q:E', -+ Er' (Q(0)=0) which

(b),El ¡s normal and there exists an op

has an isotone inverse continuous at the origin and such that An<T for

sfficientlY large n,

(c)EzisnormalandthereexistsanoperatorR:8,-+82(R(0)=0)conti-

nuous at the origin and such that A, 3 R for stfficiently larg n,

(d) operators An are equicontinuous Jbr all n20'
qnd

(e) Ez ß normal and lu,u)<Íx, yl if u < x ønd u < y'

thenwe have

F(u.)=F(x.)=0'

Proof. (a) Using the continutty of F and F(u')30<F(x')' we get

F (u. )< 0 < F(u. ). That is, we obtain F(x 
- 
) = F (u" ) -- 0'

(b) By (a) and (6)

0 ) F(u,) = An(u, - u,)>- Q@, - w,)

0 I F (r, ) = An(x n - Y,)> QG, - Y,)'

6
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and 
un*t =ll)n + BnL'(wn -l)')

\)here the operators Bn are nonnegative 'ubinverses of Ar, generate two sequences

{u,) and {x,\(n'0¡' satisfying"approximations (4)-(7) and(14)' Moreover'for

iny solution u e(un, xr) of the equation F(x) = 0 we høve

ue(ur,x,) (,¿>0).

Furthermore,ctssuruethatthefollov)ingaretrue:
(a) E2 is a POTL-space and E¡ is a normøl POTL-space;

(t ) ,l1x 
x, = x* and lim Ü' =Ü*;

(c) f'rs continuous at u* and x' ;

and
(d)thereexistsacontinuousnonsingularnonnegdtiveoperatorTsuchthat

ß,,2T for sfficientlY large n' Then

F(u.)=F(x*)=0'

Remarlc.(a) our conditions coinci te with (44) and(5Ð in [7, p. 98].In case

El=åz=[R,ourconditions(12)and(13)aresatisfiedifandonlyifFis
ditferentiable on Ds , aîd F,F'are convex on Do '

(b) It followu ao- ui tlr" above that otlr method uses the same 01 simpler

conditionsthanthoseusedinallpreviousresults(t4]_t9])buttheorderof
convergence is faster [3]'

(c) Similar ,.roi,. "* immediately follow if the divided difference [x0 ' 
xs'l

is replaced by lxo ,xttfuttlzo3x" in (10)' lx"xn] is replaced by [x" ln-tf

(n>l) in(a)-(7).
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