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l.INTRODUCTION

The most well-known interpolatory iterative methods have been studied by
several authors ([3], [4], [8], [13], [14], [15], [16] and [19]) also in the 

"u." 
of

operator equations. These methods havq the advantage ofa higher efficiency when
compared with the methods that use the
operators, and, moreover, they m
vanishes at some points in the nei
other hand' the construction of the finite difference operators may be difficult for a
large class ofgeneral operators.

In this note we shall consider second degree polynomial operators; f,or thesc
operators the divided differences atany four points are the nuil ùilinear operators.
These equations belong to an important'class which has many applications in
practice [2].

In Sections 2 and 3 we construit the divided differences of some particular
operators, and the Lagrange interpolatory polynomial in the Newton form. ln
Section 4- we study the convergence of two interpolatory iterative methods, namely
the chord method and the Steffensen method. We havé considered that this sfudy
may present some interest because of the conditions for the convergence, whicir
are simpler than in the general case.

2. DTVIDED DIFFERDNCES

Let X and Y be two nonned linear spaces and F :X -+ y a mapping. Denote
by z(x,Y) the set of linear continuous operators from x into y and by
9(X' ,Y) the set of Èlinear continuous oþerators from X, into y.
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3 Interpolatory Iterative Methods 35

For symmetric divided differences we may consider in this case the
expression

fxr, xr; FJ=
I' F(u,,, u r) - F (ur, u r) * F (ur, u r) - F (ur, u r)

ul -uz uz-ut2

F(ur,ur)- F(ur,u,)
uz-at

Example 2. Let V be ¿ Banach space over the field K (K: R or C) and
consider A eZ(v) a linear continuous operator on v. The scalar À e K is an

eigenvalue ofl iff the equation
Au -)a =0

has at least a solution u+9. ln this case, u is an eigenvector of I correspond-
ing to 1".

For determirirg un eigenpair (u,tu), consider a linear continuous mapping

G : V -+ K and the Banach space X : V x K with the norm llx ll= max {ll ¿/ll, III},
(u\

"=l l,u e V,l, e K. LetF:X-+Xbe defined
\À/

(2.2)

Denoting by 0, =(:) th. null element of X, then rhe eigenpairs are the

solutions of the equation

F(x) = $' '

We shall construct for F the divided differences, and we shall show that for
ià 3 the Èth order divided differences are the Èlinear null operators.

Remark. when v = r(, it is usually considered the quadratic firnction

G(u)=!r'r, instead of a linear one. We have shown in [3] and [4] that for the
2

choice G(u) = !r' , the norm of the second derivative has the constant varue 2,
2n

smaller when compared to the constant value n, which corresponds to the second
quadratic function.

The divided differences of the corresponding operators F may be easily
constructed.

(,lu -xr\F(x)=[ 
or-t,,l

s
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DEFTNTTI.N I [14]. Given the distinct points x.,,x.rex, the mapping
fx,"xr;Flez(x,Y) r^r called the first order divided dffirence of F on the

points xt ,xz tf:

a) lxr , xr; Fl(xz - xt) = F(xr)_ F(r, );
b) tÍF is Fréchet dffirentiable at x,, then fx,,x,:F)= F,(x,).

The higher order divided differences are consûucted recursively.

DEFIMTION 2. U4l. Gíven the distinct points x1;...;x,*, eX,i)2, the
mapping fx1,.'.,x,*1;F)ez(x¡, Y) rs colled the i-th order divided dffirence of
F on the points x1,..., x¡*t if:

a) lxr, ...¡ xi+t; Fl(x¡*t-;l) = fx2,..., x,*r; Ff-fx1,,.., x¡i F,].,
b) if there exists the i-th order Fréchet derivative of F on x, ex, then

[.x,,.'.,x,; Ff= 1F(t) ("").

D''rmrto¡¡ 3' [14]. The divided difference [x, , ... , x¡*ti F) is cailed symme-
tricwithrespect to xt)...,xi+t if the equalities

(2.I) fxy,...,x,*r;Ff=[_xtr,...,xt,n,;F)

hold for any permutation (kr, . . ., k 
¡ +.t) of (1, 2, . .., i + l).

Remsrk. when x:R then it is well known that the equalities (2.r) hold.
Holvever, these equalities do not generalry hord for any no...irpu"" x.

Example l. Let X =R2, y:R and _F: R2 _+ R. Denote x¡ =(u¡,u,) eR2,
i = 1,2, ut + uz and u, + ur. Any of the bllowing two expressions defines a first
order divided difference of F on x¡ and x2 :

fx2,xr; Fl= F(ur,u1) - F(u2,U1) F(ur,ur)- F(ur, ur)
ut -uz ut -uz

lxr, xr; F1=
F(ur,u2) - F(U1 ,U2) F(ur,ur)- F(ur,ur)

uz-ul uz -at

It is obvious that, in general fxr, x2; Fl+[x, x1i Fr, which means that these
divided differences are not symmetric with respect to the points x¡, .r2.

2
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Consider now .x3 € K'*r afid, ht = (h\,..., hf*t ), 4 = Qr), ..., h!*t ¡ eK"*1

The second order divided differences ofFor x¡, x21x3 àre

hl

h?

fx1, x2, x3; Flhtb =

1

a hi
2 n+1

0

for all hr, h2 eKn*t .

It can be easily seen that the above finite differences are symmetric with
respect to the points considered.

Example 3.Let T:X-+ X be given by

T(x)=y+8,(x)+B,(x),
with y eX fixed, B, eZ(X) and Bz the reshiction to the diagonal of X x X of a

bilinear symmetric operator E, eZ(X2, X), i.e., Bz@)= Br(x,x).

Let x, €X,i =1,3 be three points. The first order divided differences of Z
on \ and xz ate

fxr,x2;Tlht = B,(hr)+ Br(x, + xr,hr), h, ex,
while the second order ones are given by

lxr,x2,\;Tlhrhz = Br(hr,4), \,h, eX.

It is clear that, in this case too, the higher order divided differences are the"

null multilinear operators.

Example 4. Let X: Y : Cf0,l] be the Banach space of continuous fi-rr-- c-
tions on [0, 1], equipped with the max norm. We consider the mapping
.F: C[0, 1] -+ C[0, l] given by

F(x) (s) = I tr(", t, x(t)) dt,

5

_t ,úr, o o2'
o -l h:*t o2'

-!¿2'
_!nl
2'

0

0

0

0

I
2

a*t
0

0

where K:[0, 1] x [0, l] x R -+ R is a continuous function.
The fust order divided differences of F on the points x1,x2 eCf\,l], when

xr(t)+ xzG), t e[0,1] are givenby

fx,,x2; Flh= | K(s'¡'xr(¡))- K(s't''r, (r)) 
h(t) dt' h eclL'tl.

! *r(/)-xr(f)

36

(2.3)

where

F,(x)=a,rxt +...+a,,,_rxi-t +(o,, -*n*r) xi *a¡,¡*txi*t +...*a¡nxn, í=l,nand for G(u) - I we may take

r'o - l,
t = (tt , ,.., xr*I ), xn*r being an

corresponding eigenvector.
divided differences of .F, on the

[x1, xr; Ff=

b,, otz

azt bn

anl
Qn,n+l

0
0

Emil Ion Pãvãloiu

F, (x) = F, (*r,..., x, *t ), i =i, + I

4

Let x. =(',) 
(h,\

rrç¿ ri = 
lr,J 

ex' i = l' 3 and o =l':,) ex,i = v,2.

For determining the first order divided differences of .Fwe have that
F (x z) - F (x,., =(ur, - u t) - !r^, * Ì" r) (u, - u t ) + e,, _ L,¡ 1u, + u, )lJ

whence it follows that 
G(u, - ut) )

lx,,x2; Flk, =lAh,-*ltx, +?ur) h, +at (uz+r, )l(-Gh,)

.o ,huruting 
the above formula, we get for the second order divided difïerences of

fx,, x2,x t i Fl k,k, _( - !rrrr,+ o, 4 )l
lo)

Since the above divided difference does not ,t.n^^¿ ^i. -.
rhat rhe higher o,¿,, diuid.d dirrerence,-;ilï:,ii:îi,ff',';fi.:, rorows

*.. å.ll1lo;ilîïï"î:iä 
a e.d,(K). For v = K' an¿ x = K.*, , rhe ope-

Qt,o

O¡,.r0
:

Qt,

Q2n

al, n+r

Q2,n+l

an2

0
brn

0

omo

I

'wtth b,, = o,,-* (xi*t + xi*t),i =l,n ãîd a¡.,*t = _){*, + xi¡,r =Ç.
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The following result holds.

TrüoREM 3'l' [14]. If the mapping F admits symmetric divided dffirences
from the first order to the n + r-th order with respect to the poinls r, , x e X,
i = l, n + l, then the following relations hold;

(3.2) L,Q) = F(x¡), i =l,n+l
(3.3) F(x)- LnQ)=\x,x1,...;xn+t; Fl(x-l,*r).,,(¡_¡,).

Let D c x be an open subset and suppose that the restriction G = Fr, is a
homeomorphism between D and,F(D). The following result can be easily
obtained.

Lrmte 3.1. U4l, If the mapping fx,,x2;Gle Z(X,y),r¡, x, eD is inver_
tible, then

[rt,lz; G-r] = [,xt, xz;G]-t ,

where G-t is the inverse of G and y, = G(x,),i =1,2.

."iHi'#^ffff 
ä?,ügåJi33i?,3i,"*'

In the following we shail consider second degree polynomial operatorequations

(4.1) Fe) =s,
with ,F:X + X which satisfies then

(4'2) fx,y,z,t; F-l-0r, Vx,y,z,t eX,
03 being the trilinear null operator.

It follows that F also satisfies

(4.3) F(x) = F(*r)+fx,, x2; Fl(x_xr)+ fxr,x2, x; Fl(x_ xr) (x _ x),
where fx1,x2,x;Fl does not depend or 11, x, andx (see also Examples 2.2
and2.3).

we are interesfed in the convergence of the chord method and steffensenmethod for this equation.
The chord method is given by the iteration

(4,4) xk*t = xt,-t -f)rt_t,xo;F)-, F(xo_), k=1,2,...,x0,.r, eX

38
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6

lndeed, it can be seen that

fx1 , x2; F'l(xz- ,, ) = I
K(s, t, (t)) - K(s, t, x (/))

0 xr(t) - x,(t)

= F(xz) - F(x,),

(xr(t) - x,(t)) dt =

and so^relation a) from Definition 2.1 is satisfied.lf K adlnits a oartial derivative Jrt-r.rp.r, to the third argument on R, tJrenrcrarion b) from Defìnition z. i ir äi* ïårTi"o t- a, (s, /, r) c,õ, ll x [0, lJ x R.
..ro-"ttrilT"lîïtttt seen that these divided difference, urr'rrn',oerric with

For the higher order divided differenc,
with x, (t)*x,ãl 

.a, 
i*¡ and,/e[0,1]. 

esweconsider 'r, e c[0,1], i = r,r+1
Denote

Lx¡, x¡*1; Kf =
K(s, î, x,*t(t)) - K(s,t, x¡ (t))

x,*1G) - x¡(t) , i = 7r ,,,, /r,

[,x¡ , r¡*l , x¡¡2i Kf =
t)t ItX i+zi Kl -Lxi, x ;Kl

x¡*z(t) - x¡ (t) , i=7r.:;);k-r,

f xi 
' 
x,.r, , ..., x,*"; Kl= L*,*r, ' x¡nri Kl- Lx,, , xi*r-li Kl

x,*,(t) - x, (t) , i=lr.,.rn-s+I.
With these notations, we easily obtain that

fxi , x,*, , x¡¡2i Ff h1h, =
! 

rt,, x¡*1, xi+2; Klht(t) hr(t) dt, ¡ = ¡7r- 1

and, in general,

Ï-x, ,..., x¡*"i Ff h1 h, = I fx,,..., x¡*,) Kf h,(t)...h,(t) d;,, = 1, 11:;i.

3.INTERPOLATION

Let 'F; x-+Y 
1., 

u ruootng and x, €X, ¡=lj+1, some distinct points.Consider rhe polynomial operati i, i*_ v giurn Uy(3.1) L^e),= F(x)+fxr,x2;Fl(x_Ir)+
-r. ... + lxl, x2,. .., x r*t, F_] (x _ x n) ... (x _ x, ).
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Proof, we shall first prove that, if x,y e^(xr,r), then there exists

[x,y;Ff't and

(4.e) ll[x, y;F]-'ll< ó.

Let T =fxo,xt ;f'l-r([xo ,x1; FJ_[x, y; F]),
It can be easily seen that

llrll<boa(2r +do),

whence by ii) it follows the existence of (1 - T). and the inequality (4.9).
Now we show that x, e B(xr, r). From i) it follows that x2 is well defined,

and from (4.5), for ,t: I we get

ll*, - r,ll<ð ll,n(x, )ll= +,
a"b

Using this inequality and the hypothesis iv) one obtains

ll¡, -'oll< ll*,-',ll+llr, -xoll<rh +do1r,

Le.) xz e B(xo , r).
Now, using (a.3) with x = x, andtaking into account (4.4) _(4,5), it follows

that

llF(xz ) ll < ab2 lln çx,) ll 
. llr(xo )ll,

whence, by iii),

llr(xr)ll< fir'r. =þt( .

Let fr eN andsuppose that xo_,,x0 eB(xr,r), and

llF(xo-, )ll< þ,': '

llF(xr¡¡¡s -|rl' .

ab-

It easily follows that xo*, is well defined, that

llxr *, - x ll< blll(x *ltt< rþrå

40
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8

or, equivalently,

(4.5) xk+t =xt -Lxt-t,x¡;F"l-t F(xt,), k=1,2,...,x0,x, eX.

*o *Ïiï,r"lTr,llenensen 
method, it is considered an auxiliary flmcrion g:X -+ x

(4'6) x-g(x)=Q,
equivalent to (4'l)' The sequence (¡r )r>o is then constructed by the iteration
(4.7) xk*t = x* -fxt, g@t); F14 F(xo), k =0,1,..., xo e Xor

(4.8) xk*t = gGk)-[xk,gGt );r]-t tt(g(x)), k=0,1,...,x0 €X.

The convergeuce of the chord mlthod. Let s =ll[x,y,z;F]lland xo e X.Denote B(xu,r)= {.r eXf ll"-ro ll<r},r >0. Consider r,' eB(xo,r) and, d, == li¡r - xo ll. The foltowing result iolds,

TIüOREM 4.1, IÍ the mapping F and the elements ro,.r, eX, andu.,r,bo,ds eR* salisfy

i) there exists fxo, xr; Ff-l
ä) boa(2r + dù = q <1, with åo = lllxo, xr ; FJ-' il
äi) ab2 IIF(xù li = ,o < r, ab2 llF(x,l ll< ,á , where b = _!e_ and

, r.rJ5 t-q
2

c/iv) "o ''ur ;[rìi + do 1r'

then the sequence (*r)oro generated by @.\ is well defined and its ele_*1.:*t,.u"^nr ,: t:^,r). Moreover, (xt)r* is convergent, and denotingr =lg x¡, then F(x.)=0. Theþilowingestimationalso holds:

IIx. - *oll=- tf
ub(t _ ct)'

l

I

I
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ä) p=Þcr(y + l) r< 1, v,ith þ=lllxo, gGì;F]-' ll,

iii) ð0 = crïô2llF(xo )ll<1, with 5 = -Ê-,l- p'

iv) max {"*r, * [+. #)] =',
then the following relations hold:

j) the sequence (xo) uro given by e.7) is well defined and converges;

jj)denoting r" =lg1 x¡, then F(x-)=g.

jjj) llx. -r¿ll< 
= 9-3- = . ,k=0,1,....

cÒy(l - Òo )

Proof. For x, g(.r) e.B(.xo , r), using that

ll[¡0, g(xo); F]-' ([xo, g(xo); F]-[x,g(x); r])ll< Fcr(y + t) r = p <t,
it follows that thgre exists [.r, g(x);F]-t and

(4.1s) lllx, s@);Fl-'ll< å = u.' I-p
We shall use the identity

(4.16) F(y) = F(x) + [x, s(x); Fle - x) +

rl-y, x, eG); Fl(y _ x) (y _ SeD, Vx, y eX.
From (4.7), for Æ: 0 we get

llxr -xoll<Fllr(xo)ll<ôllr(xo)ll<-onô Â

ffilt"r',)il<;*fit, <',
i.e., x, eB(xo,r).

Further,

ll g(xr ) - s(r' ) ll < llg(¡r ) - s(r' ) ll +

+ llg(¡o) - xoll< y llxr _ xo ll + lÀl llr(¡o)ll<

=**t*#u'=*[+*1!u)=''
which shows that g(x,) e B(xo, r), Taking into account (4.6), it results that

F(x,) = F(xo)+[.r0, g(xo );F] (xr _xo ) +

+ [x¡, xe, g(xo ); Fl@, _ x)(x, _ g(xo))
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and that

llxt *, _rrll=É llx,*r -r,ll=llxr -xoll+ É llr,.r -x¡llsi=0 r=t

- lå,' ,t< do + 

"b¿t'o 
t do* 

orlË; = 
r,

i.e., xo*, e B(xo,r).
Using (4.3) we get

llF(xt .r )ll< oó2llF(,'rr )ll.llr'(xo-, )ll<;þu[,+r)/É-r = þ",{., .

It can be easily shovrn that (xo)*ro is a cauchy sequence, hence it conver-
ges and satisfies the stated estimation.

The convergence of the steffensen method. we shall consider that themapping g lïom (a.6) is given by

(4'10) g})=x-)uF(x),
"r^¿ifh î, c I{ a fixed scalar.

In this assumption, the following relations are obvious:
(4.1t) FGTD-F(x) =-)"fx,g(x);FlF(x)
(4.12) 

[x, y; g]= I -L[x,y; F],
lbeing the identity mapping on X.

From (4,11) ir follows that

(4.13) llr(g(x))ll<ll/- ),"[x, g(x);ir,]ll.llr(.r)il.

Denote again by * the constant expression il[-r, y,z;F]il, and considerxoeX.
Assume that

(4.14) lll -t [x, y: F]¡¡3r, for all x, y eB(xo,r),
and some y > 0. The following theorem holds.

are such that

i) g(ro ) e B(xr, r) and there exists fxo, g@); Fl-ì ,
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and by (4.7), (4.5) and (4.1 l) we ger

llF(',)ll< o,E2y llF(xr)llz ,

whence for ô, =oô2y flF(x,)ll we obtain

ô, <õ3.

Suppose now that x¡, g()r¡) e B(xo,r) and that

c2/

ilr(r')ll=+-, i =1,k.
aÒ-y

Then, obviously, Jr *, is well defined and

llxr *t - xt ll< ô llr(.ro )ll,
and

ll¡r*, - s(rr )ll< ô7 llr(xo )ll.

Forproving that xo*t,g(xt*,) e B(xo,r), first\À/ehave for x**, that

llx**t - xoll< f ¡¡",-r -r¡llt f a ¡¡.e1x,¡ ¡1<

12

i=0

and for gQct *t) we obtain

It can be easily seen that (xo)k., is a Cauchy sequence, and hence it
converges.

llx t, *, - x t,ll<

for m) oo. The theorem is proved.

The stated evaluation ofthe error can be obtained from

ô 2lt

oôy(1 - ôo )


