
REVUE D'ANALYSE NUMÉRIQUE ET DE THÉORIE DE L'APPROXIMATION

Tome XXVII, No 1, 1998, pp. 47-58

ANTIPRO)flMINAL SETS IN THE BANACH SPACE C(aK ; X)

s. coBZA$

For a normed space X, a nonvoid subset M of X and an element x e X
denote by d(x,M)=inf {llx-yll ye M) the distance from x to M and by
Pu Q) = {y Ë M :llx - yll= d(x, M)} the set of all nearest points to x in M, The
sef M is called proximinal if PM @) + Ø for all x e X and antiproximinal if
Pr(x)=Ø,for all x eX\M, (Observe that Pr(y)= {y}, for all y eM.)

Klee [19] denoted by 1/¡ the class of all normed spaces containing an anti-
proximinal closed convex set and by 1/z the class of all normed spaces containing
an antiproximinal bounded closed convex set. Using James' characterization of
reflexivity in terms of support functionals of the unit ball, V. Klee loc. cil. showed
that a Banach space belongs to the class ly'¡ if and only if it is nonreflexive.
The first example of a Banach space of class 1[z was found by M. Edelstein and
A. C. Thompson [13] - the Banach space cs contains an antiproximinal bounded
symmetric closed convex body. By a convex body we mean a convex set with
nonvoid interior. In [8] it was shown that the Banach space c belongs to the class
1y'2 too, and this propeffy is shared by any Banach space of continuous functions
isomorphic to ca [9]. The existence of bounded closed antiproximinal convex sets
in more general spaces of continuous functions was proved by V. P. Fonf [15].
Recently V. S. Balaganskii [3] has proved the existence of bounded antiproximinal
convex bodies in any Banach space C(?"), for an arbitrary compact Hausdorff space
T. By a resrilt of D. Amir [1], a Banach space C(T) of real-valued continuous
functions on a compact Hausdorff space Z is isomorphic to cs if and only if C(I) is
isometrically isomorphic to a space C(ak n) of continuous functions on the
interval [. crt 

k n] of ordinal numbers, where or denotes the first infinite ordinal.
The aim ofthe present paper is to extend the result from [9] to the vector-

valued case, Similar results forthe spaces cs(X) and c(X) were obtained in [10]
and [1 1].

TmoREM l. If X is a non-trivial Banach spdce, then the Banach space
C(ak n; X) of atl X-vatuedfunctions on the ordínal interval fl,ak n) contains an
antiproximinal bounded symmetric closed convex body.

Classifi cation: 4l A65, 46820.
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show that this sum is topological too, i.e;,

(2) C(L;X)={ o..,@Yn.

Now, since the space I¡ is linearly isometric to C(cok;X), it contains an

antiproximinal convex cell V¡. We shall show that the convex cell V = Vt * . ..*V¡,

is antiproximinal in C(L:X). Indeed, let x=xt=...=xn,x¡ =xXt,, be an

element in C(akn;X)\V and let != lt i...41,,li = lXt¡ el/,,i=1,...,n. Put

N, ={i:l<i <n,llx¡-y,ll=llx-yll} and Nz ={1,...,n}\1/r, It is obvious that

Nr+Ø. If i e N, is such tha| x, ÊV,, fhen, since Z¡ is antiproximinal in )j,
there exists yi eV¡ such that ll*,-yill<llx, -y,ll.Tf i e /y', and x, eV,, then

li =2-t (*, + y,) ev, and ll*, - yill=2-'llx, -.v, ll< llx, - v,ll. Letting vi ev, for

i e N r, it follows that the element y' = yi+ ... + y; el/ verifies

ll' - y' ll = max {mgt I I 
xr - v ill, ^** ll", - v i lll < 

I I " - v I l,

showing that x has no nearest points in Ø. tJ

Let ca(þ be the Ranach space of all sequences .x :h,l* -+ X such that

lim, x(i) = 0 normed by

(3) llxll= sup llx(¿)ll
i elN+

In order to avoid a tedious notation (and taking into account l{almos' advice

ll7, p. 42)), in what follows we shall give some proofs only in the case k: 3. 1'he

general case can be handled similarly.

LEÀ/fi\4n 2. The Banach spaces C(au ; X) and cs(X) are linearly isomorphic'

Proof. Let k =3. We shall identiff the space co(ð with the space co (["13 ; X)

of all functions r:[N3 + X such that the set {À e Ûrl3 :llx(À)ll> e} is finite tbr

every s > 0. For x eC(a3;X) define ,FI-x : [N3 -+ X by H* = y, where

(4a)

(4b)

(ac)

(4d)

Y(0'9'0) = r(ro')'

Y(m,0,0)= x(¡.¡2m)-r(r¡')' n e lN* 
'

!(m,n,O)= x(a'm+l.l¡n)- x(a2 (m+l)), rn e [N, n e N'' ,

y(m, n, k) = x(atm+ o,? + k) - x(a2m+ rrl(r + 1)), m,n e l\, fr e hl*
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we shall consider oniy real Banach spaces and we agree to call a bounded

svmmerric closed .""**"ilTur"î t"";*-':iti. concerning the properties of ordinal

,rumbers, we shall ¡tff"* tf""t'eatise [24]' *ih th" difierencì that in the normal

Cantor expansion of a countable ordinal c['G= {ìo'n'+ "'+(ùkPnp'a>k'> "'ko'

we admit the possibility fl¡ = 0' rneaning that the corresponding tërm misses' e'9"

r¡,0+r}3+r¡0+5=o123+5.Wealsoadopttheconventionw0:landweshall
denoteby['l={0,1,2,"'\Ïhesetofnaturalnumbersandby['J*={1'2'"'\=
= [1, ro] the set of positive natural numbers'

Forthepropertiesoftopologicalspacesofordin¿lnumbersandofBanaclr

Spacesofcontinuousfunctioisdefined.onintervalsofordinalswereferto[23]'
For an ordinal number cr' we denote by C(o; X) the Banach space (with the

rus functions defined on the interval [1' o]

of rype C(a) was given bY C' Bessag

or¿irrut. and bY S' P' Gul'ko and A' V'

unaware whether some similar tesults are

The Proof of Theorem 1 will Proce

to some extent, simpler than that give

innovation consists in the use of an e

cs(ð and C(au ;X), insPired from the

"'"u,l"tl;lîtärÏïT, i,tl' .r*.,""t ro prove rheorem 1 in the case c(cot ; x)'

LBtwr¡|'IftheBanachspace'C(,ok;X)containsanantiproxíminalcotl-
vex cell, then the t;;;";;';;;"C@u nì') also contains an antiptoximinat con-

vex cell, for everY n el\* ' :

C(rot;X) for alli=1'''''n' Since

the form .x = rr * "'l xr, with x' =

is the direct algebraic sum of the subsp

(1) ìl' ll: T3I ll"(ct) ll: 
'1rg, 

fff llx' (o) ll
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Ax(a3)=x(or3)+2-t I çÐ-' x(o2i);

5l

Now we shall construct a special isomorphism A of C(o 3; X) onto itself in

the following way: For an element x e C(o3;X) define Ax:ll,o3]+X by the
formulae

(Ba)

(8b) Ax(a? m) = x(a2 m) + 2-3 I çÐ-' x(ro 2;¡ +

l<i<0

l<i<n-l

+2-^-2 I GÐJ x(a2 (m- 1)+ oi ), lø e [N*;
l(i<o

(8c) Ax(a2m*an)=x(azm+an)+2-3 I çÐ-'x(r,l2i)+
l3i ! nt

*2-n-3 I GÐ-' x(azm+ ro,i) +
1sl<¿-l

t )-\-n-z I eÐ-, x(a2 m+or(n - l) +2i -l), m e [N, n e [N* ;

(8d) Ax(a2nt+an+k)=x(a2m+@n+k)+2-3 I eÐ-' x(a6zi¡+

I<ico

l<i<o

l<i<m

+2-'-t Z eÐ-'x(a2m+lrli)+2-*-'-t , G2)-' x(a2m+an+2i-l)+
líi<n t<¡<Í

*2-m-n-k-2 I GÐj x(azm+an+zkçz)-t¡¡, m,nelrl, fre[N*

(We adopt the convention I a¡ = 0.)
ieØ

LspttøR 3. The u¡tplication A deJined by the .l'ormulue (8) i.s an i,utmor¡;hism

o.l' C(a3 ; X) onto itseLf.

Prool'. A careful examination of the formulae (8) shows that Ax eC(ø3 ; X)
for x e C(ot';X). This follows from the relations 

,\tn 
(azm+an+k)=¡¡3,

Jg (r' m+ cln + k) = a' 7^ +l), olï, 
(o2 m + an + k) = a2 m + a(n+ l), rhe con-

tinuity of the function .r and the definition of A; given by (8). The linearity of .4 is
obvious and, by (8)

lllx(a ll< llx ll + a .2-311x¡= (3 t 2)llxll,

4
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First prove that y e co(0'.l3;X)' For (m,n,k) e ßtl3 \{(0;0'0)} put t''',k ¿

- -2-'-t -2-n1-'n 
2 

-2-m-n 
k-' ,to,o,o=0 and let T = {tr,n.ri(m'n'k¡ e [t'13]'

It follorvs that the application h:ll,a3f->T, defined by h(ro3¡=g and

h(az m+ l¡ln+ k) = t,,,,k , fot (m,n,k) e t\3 \ {(0' 0' 0)}' is a (strictly increas-

ing) homeomorphism befween the compact spaces [1'co'] and T' Consequently'

the topology of [], co 
3 ] is generated by the metric

(s) P(s, Ê) = lå(a) - h(P)l

for a, p e[ l, or3 ].

I-et e > 0 be given. By the unifomr continuity of the function x there exists a

real number ô > 0 suchthat

(6) llx(c,) - x(Þ) ll< a

fol all cr, B e [1, cl31 with lh(o) - /r(P)l< ô' Choose ftts./xs, ko e [N* such that

z-''n <õ,2'o <ô,2-ko <ð. Since lh(a>2m)-¿(,¡')l =2-',m G [N*, lh(azm+oon)-

-h(r'(rir+1))l -r-^-n-t , for rz e t\ and n e [N*, and lh(øzm+an+k)-

-h(ø2m+ot(r+1))l -2-m-n-k-2 for m,n e [N and k e frtl* the relations (4) and

(6) yield

{(m,r,Æ) e ü'.J3 :ly(m,n,k)l> e} ç{m,n,k) e [N3 : z Sko,nlno'k f ko]'

Thercfore y e co (t'.l3 ; X).

It is obvious that the above defined operator II : C(a3 ; X) + co (t\lr ; X) is

linear and, because ll¡Ixll<2ll"ll, it is also continuous. Since the equations (4)

can be uniquely solved with respecf fo x, the operator 11 is a bijection and its

inverse G : co(trl3 ; X) -+C(r¡' ; X) is given by x = Gy, where

(7) x(o') = Y(0, 0, 0),

x(a2 m) = !(m,0, 0) + Y(0, 0, 0), rn € [N* ,

x(a2m*r:ln)=y(m,n,0)+y(m+1,0,0)+y(0,0,0), ze [N, n € [N*'

x(rl2m+-an+ k) = l(m,n,k)+ y(m,n+ 1,0)+y(0, 0, 0), m,n ef\' ft e ['J*'

It follows IlGyll< allyll, for all y e co(t'J3;X), implying the continuity

of G. tl
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Levun 5. [3, Lemma ll. Let X, Y be two Banach ,\paces and A: X -+ y an
isomorphism. Il'M is a mtnvrlid clo,sed convex sub.set of'X then

(12) e(n = A. (o7(A(M))).

More exuctLy,

(13) ge&(A(M))eA.geo7(M).

The proof of the existence of an antiproximinal convex cell in C(oti ; X)
will be based or Lemma 4, so that we need some information about the behaviour

of the support functionals of the unit ball of C(rr:3 ; X) .

The characterization of the support functionals of the unit ball of
C(T)= C(Z;R),I- a compact Hausdorff space, was given by S. I. Zukhovickij

l27l it the metlic case and by R. R. Phelps [21], in general. The vector-valued
case was considered by V. L. Chakalov [5] and L. P. Vlasov [26].

Let v be a countable ordinal and let Â = [], v]. The dual space of C(z\; X)
can be ìdentified with the Banach space /r (L;X' ) of functions /: A,) Xr,
"f =("f,:cr e A), such that

(14) ll"f ll:= I ll"r,ll.*.
ûeÁ

The duality between C(L; X) and /r (Ai X. ) is given by the formula

(15) f (x)= 
Ì^t"(x(c¿)),

for f =(.f":a e A) in It1A,;X. ) and x=(x(cr):cr e A) 1n C(L:X).
Denoting by Bc the slosed unit ball of C(A;X), we havc

LevuR 6. a) IJ'the.f'unctksnal f =(Í,:s e A) e lt1A,;X.),.f *0, support.s -
i'rta.unitbuli B, ql' C(L;X) ut xeBr,thcn "f"(*("))=iil,,ii .ioruii lueLt, unci

llr(ct) ll,= 1, .for all u e L, such that f o + 0.

b) Let T €^ be a limit ordínal and .sup¡trt,rc thut (ao:k € ['{*) und

(þo:ke[N*) øre two strictly increasing sequences in L such that limuo=

=limFr =y and at +þt, .for all &,/ e [N* . Suppo,se,further that two sequence.r

(a) and (b) r1l' strictly po.sitive rcal numbe rs und a .functional h eX* , h + 0,

ure ¡4iven. IJ' f ett (Â;X-) is ,such that for =ãth ancl fpo =-b¡h, ./ìtr aLL

Æe[N*,thenføE'(Bò.

7

l
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for all ct e [1,co3], imPlYing

(e) lllxll< (3 / 2)llrll'

for all x e C(<o 
3 

; X), which is equivaleut to the continuity of A'

Now, for x e C(co3; X) choose cr e [1' o3 ] such that

ll"(c¿) ll = max {ll'(Þ) ll : B e [1, o 3 ]]' 
'

Takingintoaccountallthepossibilitiesappearinginformulae(8),wc
conclude that

lll,r ll> ll'ax(cr ll> ll"(cr) ll- 2-' llr ll= (1/ 2) llx ll'

Therefore

(10) lllx ll > (t / 2) llx ll

The inequalities (9) and (10) show thatA is an isomorphism oÍ C(irl3;X)

mma 3' u

Theorem 1 witl be the following two

ls of convex sets in Banach spaces

njugate and M a nonvoid closed convex

subsetofX.Afunotional.f.X-issaidlosup¡lortM(atx)ifthereexistsxeM
such that f (x)=inf lW) ot f (x)=sup l(M)' A functional f ex* supports

theclosedunitballBxofXifanclonlyifthereexists.xeB"suchthat
Í(x)=ll/ll. If .f +0,then every x eB'r satisfying this equality must be of norm

one, i.e., llxll= 1' wt 
't'otl 

denote by o9(M) the set of all supporl functionals of

the setM' 
following characferization of antiproximin*":r appe-ars i' [11]. other

characterizations weä !i"ã" tv Á rtn' Precupanu and T' Precupanu [22]'

LEMMA 4' A nonvt¡id clo'sccl convex 'sub'sct M o'f' a Banuch s¡tuce X is

untiProximinat if'and onlY if

(11) "7(M)ì&(Bx) 
= t0)'

whcre B x dcnotes the closed unit bcll o't''X'

lf. X,Y are Banach spaces and A:X-+Y is an isomorphism then its

conjugate A,..Y.+X- is an isomor.phism, too, and (,4-)_| =(A-| )- (see [12,

Lemma VI.3.7l)' The support functionals of a set M C X and of its image A(M)

alc related as follows:

6
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Lpvn¿n 7. A functional f =(.fx:À e A) e lrlÀ; X.),.f *0, supports the
closed unit ball B^ ol co(lt; x) if and only if there exists a nonvoid finite subset

f of lr such that fx=0 for ), e Â\f and f^ee?(Br)\{O} þr l"el, where
Br denotes the closed unit ball of X. " ,.

Proof. Let f e9(B"o), -f +0, and ler x eî,o be such that f (x)=ll,f ll.

Reasoning as in the proof of Lemma 6a), we ,obtain 
/¡. (x(À) =

= ll"fÀ Il. llx(f ) ll = ll"fÀ ll, for all l. e.4,, implying .f 
^ 

= 0 for âll )" eA such,
that llx(x)ll<1. since, by the definition of the space coex;X) rhe set

f = {À e u\:llx(x)ll= 1} is finite, the necessitypart of the lemma is proved.
conversely, let f be a nonvoid finite subset of r\ and let f = (-f^:L eÂ) be

anelementin /r1A;X.) suchthat ,fx=0 for ÀeA\f and free?(Br)\{0i,
if À e f. If x^ e X,llrrll= l, is such thar .f^(*^) =ll,f^ ll, for À ef; and
x:.4.+X is given by x(l,)=r¡, fot Àef, and x(î,)=0, for i"eÂ\f then

lQ)=lllll, showingthat f ea7(8"). t)

Now we are ready to proceed to:

Proofofrheorem 1, Take againk:3 and denote by Bc and B"o the closed

unit balls of c(ol3; x) and co ([.13; x) respectively, Let H : c(a3 ; x) )co (hl] ; x)
be the isomorphism from Lemma 2 (defined by the formulae (4)) and let I be the
isomorphism of c(rrl3 ; x) onto itself given by the formulae (g) (see Lemma 4). It
follows that the set

( 1e)

is a convex cell (i.e., a bounded syrnmetric closed convex body) in c(øt; x) and,

let us show that v is an antiproximinal subset of c(co 3; x), By Lemma 4, this is
equivalent to

(20) 
"7(I/)ìay(Bc) = {0},

But, by (19), B"o = HA(V),implying

(21) n?(B"o) = e?(HA(v)),

which, by Lemma 5, gets

(22) aYUa={(HA). Í:f e&(8")}.

I/ : (HA)-t @"0)

,8

P r,'.1'.a) Since,f, (x(ct)) < ll /" ll' ll x (c¿) ll' for all ct e À' it follows

I ll/' ll= ll,f ll= Í @) = Lot"(x(ct)) <

u eÄ

< I tt¡., ll'llx(o)ll< I ll/" ll'
c eÀ c eÀ

Cobzaç
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impiyirig ,f" (t(cr)) = ll,f' ll, for all ct e A' and llx(ct)ll- 1 wheuevet f ' + 0'

b) Suppose thal hex*,cru,þ*,'{ ei''ao'bo)0 and f e /r(^;x-) fulfill

the hypotheses of the leruna arrd suppose' on the contrary' that there exists

¡6=(;r(a):a eA) i"-4.' t"ttt that fi'x)=ll/ll Takirtg into account the first

assertion of the lemma, we obtain

a t llhll= ll f " oll= 
a t h(x(u t))

and 
b'llhll=l\f,ol:= -brh(x(þt))'

irnplying h(x(u u)) = lll'll and ft(x(po )) = - ll/'ll' for all k e t'l* ' Since both (ao )

arrd(Bu)tendtoyfbrk-)æ,thesetwoequalitiesyield'fork-)Ø,thecontra-
diction h(x(y))= ll/,ll> 0 ancl h(x(y) = - ll/'ll< 0' u

Now ]et A be an infinite countable set and let co (Ä.; x) denote the Banach

spaceofallfurrctionsx:À-+Xsuchthattheset{},e^,:llx(}')ll>e}isfinite,
for every e > 0. The norm orl co (À; X) is given by

(16) llxll=mux{ll'(r)ll:}' eÂ}'

The conjugate space of co(A;x) is the Banach space /r(L;X' ) of all

furrctions f : A'-> X. , f =(lxtl" e Â)' such that

( 17) ll,fll:= I ll/rll.*'
1" eÂ

The duality between co (À; X) and /1 (A; X- ) is given by

f (x)= Z .fr(xr)),
). eÂ

for f =(,f^,À e À), in /r1Â;X-¡ and x=(x(À):l'e À) in co(À;X)'

Acharacterizationofsupportfunctionalsoftheunitballofco(z\.;X)is
given in the following.

( 18)
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for all i e [,rr:] sufficiently large, where ü¡=a2fttj +$(nj-l)+2i_l_)a2m, *úJlt¡t
for i -+o. If 

^=L2=Ø,1\r+Ø 
and.0(À¡)=maxÂr, then,by(25b), (24)and,

(8b),

((HA). -f),, = (-1)t z-'nt-'-t .fr¡,

forall le[,rrl] sufficientlylarge,where o.,i=@3(mj-l)+coi )oJ2mj, for i _+at.

Finally, if A, =Az =Â¡ =Ø, then f ={(0,0,0)} and, by (25a), (24) and
(8a), we obtain

((HA). f )", = (-l)t2-'-t .fe,o,o),

for all i e [, crl[, where c[, = co2l -)c,:3, for I -+ co.

It follows that in all these cases we can apply Lemma 6b) to conclude that
(HA).f is not in o7(Br),

Theorem I is completely proved.
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It follows that relation (20) will be a consequence of the following implication

(23) f ee7(B,o)\{O} + (HA)" 'f É&(Bc)'

In order to prove (23), suppos e fhat f =(fxtl. e [',13¡ e/rihl3 ;x.), f 10, is a

support ñinctional of the unit ball B"o of co(hl3;X)' By Lemma 7' there exists a

finite subset, say I.={Àr,"',Ir} of 0'J3' such that f'=0' for }'e Dtl3\f and

f , eE(Br) \ {0} for }" ef' It follows

P

(24) @A). f (x)= f (HAx)=7,f''((HAx) (¡'i))'

forallxeC(crrr;X)'Now,takingintoaccounttheformulae(4)defrningthe
isomotPhisrn H, we obtain:

(25a) @Ax)(0' 0' 0) = Ax(a3);

(25b) @Ax) (m,0,0) = Ax(a3 m) - Ax(a3)' rn e [N* ;

Q5c) (HAx) (m,n,0)= Ax(a3m+cr:n) - Ax(a2 (m+t))' /n € [N' n € IN*'

(25d) (HAx)(m'n'k)= Ax(aim+on+k)-

- Ax(az m+ro(n + 1)), m,n e l\' k e ["ln '

ln order to show tbat (HA). f ça1(Bc)' we shall resort to Lemma 6b)'

Let X,=(mj,n,,k¡)e INr and 0(x;) -'t*i+oni+ki if )'"i l(0'0'0) and

0(0,0,0)=c¡3 ,fot j-1,"' 'p'Letalso 
A' ={0(À'):k'21}' A' ={0(À¡):k¡=

=0,n¡21), and 
^3={0(Ài):ni=k¡=0'm,2I\' 

If À'+Ø pick it{l'"''p\

suchthat0(I;)=maxÀ''Takingintoaccounttheformulae(25d),(24)and(8d)'

we get 
(HA). f )o' =Çl¡i2-mi'ni-ki-' 'f'"

for sufficiently large I e [1,01], where ü¡ =oJ2ftii +$ni +2kt (2i-1)-+ a?m' +

+co(n, +1), fbr i-+c¡' If À' =0' Lz=Ø and j e{r'"''p\ is such that

0(À; ) = maxA, , then, by (25c), (24) and (8c)' one obtains

((HA). f)", = (-l)' 
'-''i-'i-¡-2 

'f¡, 
'
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NUMERICAL EVALUATION OF CAUCHY PRINCIPAL
VALIIE INTEGRALS BY MEANS OF NODAL SPLINE

APPRO)ilMATION

CATTERINA DAGNINO, ELISABETIA SANTI

l.INTRODUCTION

In this paper we investigate the convergence propefies of some quadrature
rules for evaluating Cauchy principal value (CpV) inìegrals ,

(1) J kl
I

x)= 
J
-l
uÐÍ\ax, -l<À<1,

The quadrafure rules considered here are based on optimal nodal interpola-
tory splines (o.n.s), studied by De Villiers and Rohwer [5_gj,

More recently, Rabinowitz[r3l has investigated convergence propefiies of
product integration rules based on o.n,s. These .piin", have *iny of the desirable
properties of quasi-interpolatory splines studied in [9] and ur.d fo. constructing
integration rules in Lll,[2] and [r4]. However, o,n,s have the advantage of being
interpolatory, but they present a certain complexity in their definition.

After the necessary defìnitions and properties of o.n,s have been given, we
consider the following approach for app'ii-ãting (l) by quadrah'.e rures.

.. By subtracting the singularity from (r), and ur.u,ning that J(k;À) exists forall À e(-l,l), we can write the CpV iutegral in the fonir
I

(2) J(tcÍ:?,)= I kQ) Ex@)dx+f (L) J(k;),)= r(ks^)+l(Ì") J(k;L),
-l

where

f(x)-f(t")
x +),"

x-?,"
(3) ÇxG) = g(x; ),') = f'()") x=?v and f'(),) exists

otherwise,0

AMS Subject Classifìcarion: 65D30, 65D32.
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