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I.INTRODUCTION

The Stancu polynornials [14], defined bv

(1.1)

where

sï(l;)=å aï.,e)t(Ð, .re1:=[0,1],

o;k(x)= 0
*(k.-a (I- ¡¡(,-r"-"¡

1@,-a)

*(k'-a) = x(x +s) ...(x + (,t - t) o), c¿ ) 0,

can be used for constructing a crass of Stancu-Kantorovich polynomiars I r 3l
k+l

(1.2)
n+l

xi U; x) = (n+ t) I tl.i,t e) I ¡t,l ¿,
,t=0 i

n+l
These types of parame

resting naturai gene raljzation mte-
ials,
used

(CAGDI. (See, e.g., [2], [4] and [5]).
rties clesirable in graphics, such as afüle
egeneracy, interpolation of first and last

rithm, a simple subdivision technique, an
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and p ts a boundedfunction with jgi O{ø) = 0, i.e.,

( 1.8)

and
(t.e)

V e>0 thereexists ô=ô(e):lp!_ro)l<e, V l¡_xol<ô,

V lr - ro là ô, lp(r _.ro)l< B,
Proof. Lel

B:= sup {ip(r-xo)l}

Ki @Q);xù= Kl (er,*o(t) p(t-xo);ro) =
k+l

-(n+l) | rofr,u(,ro)
n+l

k=0
Qr.,oQ) PQ - x) dt =

n+1

k+l

=(n+r){ I n+l
+ I

-rrl
r^ri,,,. (¡o ) I

þ

Qz,,o (r) pQ - x) dt =k
<õ kÍo >ô

n n+l

= :,S, (xo ) + ,S, (xo ).

Now, if 0{cr <f , torn (1.6) and (1.g) we get
n

lSr (xo ) | I e I K," (f)2,,0 ; xo ) I S eC rfn-l (0 r (ro ) V,, (¡o ) + r-, )l I eCn_l

l

l

I

ll

On the other hand, since

2
k 2

<C ,TO
_14n'

n
by (1.9) it follows

*ìl-,"'""' i ('.h-",)'o'f -'
l^1, (xo ) l< B (n+l)

k

n

<BC
r ._..IT
L 
lf-"1

aÏl@o) k -)+n' Ixo

>ô
n

< BCõ-2 I
l* .,1

a|,t¡or(:-'o)o * BCn-2
>ô
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elementarysymmetryproperty,acompact.explicitformula'atwo-termdegree
elevation formula *¿'tnå variation diminishing properfy. For other properties

interesting in approximation theory see, e'g'' [3]'
In the following, C,C, (i e trl) denote positive constants which can assume

different values in different formulas'

Bysimplecomputationswecangetexplicitexpressionsforthefirstand
second moments of Ki. lndeed, putting O,,,(f) =(t-x)¡, with i eNo'n2z

and t,x e .I, we have

Levrun I'l' Let Ki be given by (1'2)' Then

Kf (o0,,; x) = l,

(1.3) KÍ(O'," tÐ=ffi'
na+l

I" o*1
(1,4)

Moreover, if

Ki (Qr,"; x) = x(l - x)
(n +l)2

C0<crl-,
n

utith C a po,sitive constunt, it.f'ollows

(i.6)

where

Kf (o,," ; *i <c,i;,. Ef *,t",],

1, x eEn

0, xeIlE,,v, (x) =

with E- i=l ! J-41 ànd A qn arbitrary butfixed positive numbgr','..'. vn . 
ln, n )
:: C

Levnr,ø' l'2'For afixedpoinl xo eI and 0<o<-' we have

(1.7)

where

.. (n+ l)2 (l + a)
rrm ------- ----: Kiß;ro)=0,
n-+ø n(ns + l) - (.' + I)

rR(t):= Or,.o (/) P(/ - xo),
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Hence,if 0<a<9, *.huu"

Then, by (1.7) in Lemma 1,2 and since

assertion follows. u
n(nu+1)-(1+o)

0<

n

,ligø," lu:r¡txo)--f (xol-;f 
- r t-zxo),r,(".)Ì=n-)ø t Z(n+l)\ 'v/r \''ulj

= )+' (x) f " (xo, . åJ* ,1no *fi, * o¡ 
* ]r*r,,"xï(,R; ro ).
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Remark' In the case ü,=0 from (r.10) we find the crassicar resurt forKantorovich operator

(1.11) ttn n{xfg;r0)- .f (x)} =}rr, (x) -f 
,(xù),.

The following theorem shows that the order of approximation by Ki
increases near the endpoints +r of the interval L To this aim, we recail the
Lipschitz fype maximal fi.rnction fr of order B introduced in [6] and defined as

4pQ¡= sup, lf?)-,{!1, 
x €^I, B e(o,ll.t*x,rer l"-¡lu

For fuither applications see also [7-9] and ll ll.
Denoting by a(f ;ô) the usual modulus of continuity of Jwe have

Tneonnu 1.4. Let Ki (D be defined by (1.2). Then for f e C(I) and
I

l+a

1( na+l l\xll-x)+: Ir\s+l ' ' n)

-(n-l)-r, the

a-)
n

('2a

(t.tz) l"f @) - Ki U; x)l<

Proof. From the estimates

fprr¡
n(a+1)

-r(1 - -r) +
1ì

,')
na+l

g
2

l"f(x)-f(t)l< I lx-t ot(,f; ô)
ð

+-

74 B. Della Vecchia, D. H. Mache

Now, since [15, p, 56] for x e 1,

1*o
s," (oo *; x) I cr4^(l + zg),' 'n(l+u)

with C2 a positive constant independent of n and re , w€ $et

I

lSr (to )l< BC

therefore,for e>0,
Sr (¡o ) + 

^S, 
(xo ) < C.fen-l + n-'E-' 1,

with Cr a positive constant independent of n and xs, from which the assertion

follows. u
Now we can prove the following asymptotic relation of Voronovskaja type

for K|.
TIDOREM 1.3. Let f eC(I) be a bounded and twice dffirentiable functiort

at aJixed poinl xo e I. Thenfor o.9,
n

4

-+ û,

õ 2C, _! 

- 

(l+ na)+ n
" n(l+u)' t

) 
= i*' (x,) -r " (x)'

we get

with

Proof. By expanding the functi on f by Taylor formula at a fixed point xe ,

"f 
(t)= P(/)+R(/), t el,

P(/) = I ,,,o (l), Q,,,0 (t) = (/ - xs )' ,

/=0

and 
R(/) = or.'o (¡) p(t - xo)'

where p is a function defined in (1.8) - (1.9), Then, from Lerima 1.1,

xT U;,1-i fP*r(oi,,o i xò=.f (xol-|-tt-Zxo) f '(x)+
i=0

, 
) r 

" t*0, [(ry# - I 
¿,, S. *#] + K," (R; xo )
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Now we can prove direct results for K," operator. Indeed, letting

^l{"f ,t)- =;:f a'rof -, 0(x) = x(l- x) ,

the second modulus of smoothness of Ditzian_Totik Il], we have
THEoRTM 7.6. Let Ki U) be definecl by (1.2). Thenwe obtainJbr f e C(I)

llr - Ki (,f )ll. < c1
n

(1.14)
ll"f ll-+

n(a + l)

with C a positive constant independent of n andf
Remark- From (1.14), when ü=0, \rye find the anarogons result for theclassical Kantorovich polynomial,

Proof.It is similar to the proof of Theorem 3.2 in [r0]. Firsr we recall that, if?, is the best uniform approximation polynomiar of degree trrr-nu' or equal to nto the functionf,i.e.,

E, (f ) * : = llf - s ll- < r^î(¡, 
Ð

then [, Theorem 7.3.l,p.g4]

(1.15) Ilþrq,,ll_<c,n2al(f ;r-t)_.
By the choice of

(1. l6) 2'-t <

from Lemma 1 .5 and ( 1 . 1 5) we obtain

ll Ki (Ð - f ll- < ll K: (.f - Øt,) ll* + Il,r - %,, ll_ + llKi (%,, ) 
_ 

%,, ll_,

< z ll.f - %,, ll* - +( lØr,i, ll** # M, ø,i: ¡1-) s

< 2E 
2. (r) * + ffi ,z' )' ^î (r t *) _* 

I tq,t, t* =

=',{,' (r, }) _. ffi,, ),,î
C, t ltur,i -% ,r-+rT,+%,il- :=coL,*9ar,n

n
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and

lÍ(x)- f (t)l<íuQ)6i 1Q,.,;x))2 ,

working similarly as in [7-9] and [11], we get the assertion' !
Now we want to give direct approximation results for K," operator' To this

aim, putting ll. ll= Il.ll- the usual supremum norrn on -I, we need the following

LErvtr\la 1.5. Let KT U) be defined bv (1.2) and þ(x¡ = x(l-x). Thenfor

.f .C'(I) we have

(1.13) l/(x)- xï(f;lt<9(tt¡',,.offi11Ó'/"11.), xeI,

with C a positive constant independent off, x and n'

Proof, From the second moment of Ki (formula (l'6)' for 0'(")'

.(#) 
"*.g.tlf G) - Ki U;*)l-- KÏ I f 't )

x

< ll"/'ll- K| (o.r,,;x) < c, lJlLl-
n

On the other hand, since

"f 
(t)= f (x)+/'(x) O',..(t)+

and for u elx,tl or u e [t,xl [], P. 141]

O,., (¡) f " (u) du,

It-ul lt-xl:----: < '

o'(r) 
- 

ot (") '

from (1,3) and (1.4) we have for $2 (x) >

tÍ Q) - xï (Í ; ùÉ ffi,,r',,- *ffi# Ki $t,.r; x) <

=r{; v,E*#lo'/"lt-},
that is ( 1. 13). Ü



On Approximation Properties of Stancu-Kantorovi ch Operators 79

APPENDIX ON STANCU OPERÂTORS

Let ^9f be the Stancu operator defirred by (l.r): we recall that [r4]

Si @,; x) = e, 
,(x), 

i = 0,1,

Si @r;x)= ezlx;+I-@ 1+na
'n l+cr

(1.18)

and

si (Qr.,; x¡ = 
r(1- ¡) +!Y' n l+u,

Then we have

TrüoREM

f ec(I)
A. Let Si be defined by (t.t) and þ(x)= x(l-x) . Then for

( 1.1e) ll"/ -.t" (,f )ll* <2cal l+nuf; n(l+a) t

æ

with c a positive constant independent of f and n and $îCf )* the second
modulus of smoothness of Ditzian and Totik.

Proof. Following [], p. 14l], we get, for j eC2 (1), by (1.18)

tsi u; x) - r(x)t= 
l 
rt I j, -, j,,(u)r,,,1 

| =I \; )l
< ll01"f "ll- 

s,o (l), , ;r) < I + ro 
lló2 f ,,¡

þ' (x) ' n(l+ a) "' " rr@ '

Hence, if we denore bv Kî(f ;t)=inf {ll./ - gll_+tt llþt g,,ll- } the second

K-functional [1], then for all f eC(I) we have

I,S,"(,/) -.f ll_ <llS,"(./ - l)l_+ll,S,'(,f) _ f ll_+llf _ jn_<

< zlf - I n-. #fttþ,.r,, l* <z Kl(r, #r) _

and from the equivalence between the K-functional and the modulus of smoothness
[], we get (l,l9). u

Remark. rf a=0 in (1.19), then we find a classical result for Bemstein
polynomials (see, e.g., [], p. 3]).
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2i-l
Now, from Markov-Bernstein inequality, by (l'16) we get for j = , '

L, <Z(lfi(f ;2-' )* < 20l
na+l

n(ø+I)
)

and

L, <c,ln,(f )- +är'' ^î(
l.

- j-

Er(f)* +f c7

lnZ

2

I
' al(Í,t)* y
,t2t3Ca

i-1

$
("f ;t dt

t
3Cr Eo(f ) *

Finally, we obtain

( 1.17) llKi u)-"/ll- <

<C 2 î;
na+l 1

n
I

,lU,t) dt
cr)

o
+ +

t2n(o+1) t
na +1

n(c + l)

with C a constant independent of f andn'
The first term in (1.17) on the right-hand side can be dropped, since

2

o f; na+l *¿r.t'ú)
n(u+1)

C

n

It
na+l

.,t" t
n(c + l)

from which the assertion follows. I
Remark. By the counterexample

xlogx -x=f (x)eC(I),

we remark that the integral term in (1.17) cannot be dropped.
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ON BICRITERIAL TRANSPOR'T PROBLEMS

DOREL I, DUCA, LIANA LTIP$A EUGENIA DUCA

I.INTRODUCION

Many mathematical programming probrems s ape themselves as transport

ffii,:iårni,,'""n' 
stuãv,-it n"' o::1 

llown thar more than a hatror the
,oruingorsome,å'ö:iil:ffiJf #åilîîï:,ff :"ff J;î.,:ï:'.;";;;;Tomatoes are curtivated in the fa.-, ),,...,);."ï;e daily average pro-duction is ar,.'.'Qm W'teunits. The tomatoes are sold in the markets .8, , ...,8n.The daily average quantities of tonratoes requested by these markets ate b1, . ..,b,,ware units' It is known- that the price of the transport of a ware 

'nit 
from the farmA¡ (i e{r,"',m}) to the ma.k"i B, (¡ 

"{1,...,n}) is c¿. Because tomatoes areperishable' they must be transported as quickly us po.ribre. Let pu (i e{r,...,m},j e{l,"',n}) be the perishability per.centage, per ware unit, of the warehansported fuo^ 
1, .to B¡. rt is requested to find out how much war.e must betransporred from A¡ (i e {i, ,.., m}) ,o n, ç¡ € {1, . .., ,1j, ,o ifrut,

- all the ware is sold;
- in each market, all the ware that is needed is brought;
- the total cost oflhe transport is the smallest;
- the quantity of the deteriårated ware is the smallest.If xu e R (i e {1, ...,fl}, j e{|,,..,n}) is the quantity of the ware which' will be transported from A, to 8,, then the model of this problem is

"-"[å Ë,",*u,ä2,o,.u)
subject to

t" ru =a,, i e{1,...,m}

AMS (MOS) Subject classificarion: 90C3 J, 90C08, 90C05.
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