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ON BICRITERIAL TRANSPOR'T PROBLEMS
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I.INTRODUCION

Many mathematical programming probrems s ape themselves as transport

ffii,:iårni,,'""n' 
stuãv,-it n"' o::1 

llown thar more than a hatror the
,oruingorsome,å'ö:iil:ffiJf #åilîîï:,ff :"ff J;î.,:ï:'.;";;;;Tomatoes are curtivated in the fa.-, ),,...,);."ï;e daily average pro-duction is ar,.'.'Qm W'teunits. The tomatoes are sold in the markets .8, , ...,8n.The daily average quantities of tonratoes requested by these markets ate b1, . ..,b,,ware units' It is known- that the price of the transport of a ware 

'nit 
from the farmA¡ (i e{r,"',m}) to the ma.k"i B, (¡ 

"{1,...,n}) is c¿. Because tomatoes areperishable' they must be transported as quickly us po.ribre. Let pu (i e{r,...,m},j e{l,"',n}) be the perishability per.centage, per ware unit, of the warehansported fuo^ 
1, .to B¡. rt is requested to find out how much war.e must betransporred from A¡ (i e {i, ,.., m}) ,o n, ç¡ € {1, . .., ,1j, ,o ifrut,

- all the ware is sold;
- in each market, all the ware that is needed is brought;
- the total cost oflhe transport is the smallest;
- the quantity of the deteriårated ware is the smallest.If xu e R (i e {1, ...,fl}, j e{|,,..,n}) is the quantity of the ware which' will be transported from A, to 8,, then the model of this problem is

"-"[å Ë,",*u,ä2,o,.u)
subject to

t" ru =a,, i e{1,...,m}

AMS (MOS) Subject classificarion: 90C3 J, 90C08, 90C05.
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On Bicriterial Transport Problems öJ

A transporl plane x=(x¡¡) is acyclic if the cells that correspond to xu >0
do not contain any cycle.

It is known that, if a transport problem admits a transport prane, then it
admits at least an acyclic transport planõ.

If in an acyclic transporl prane x = (x¡) the number of elements xu > 0 is
m + n - l, then the plane is called undegenerated transport plane. If this number is
smaller than m + n - r, then the transport prane is ca[eã degenerated.

If the transport plane x = (x, ) is degenerated, we add to the set

{(i, j) €{1,...,m}x{1,...,n}ixu>0} the elements (k,h)€{1,... ,m}x{1,..,,n}
such that the new set has m+n-l elements and the cells that conespond to it donot form a cycle; this set is cailed a selection set generatedby x and it will be
denoted by X-sel' Obviously, we can generate more selection sets. The set of the
selection sets generated by the prane xwill be denoted ay set-14i.

The acyclic transport prane x = (*ù is cailed poientiaì relative ro x-ser, if
there exist real numbers Ø¡ ,.. .,Lt^, \,1,...,rn u,hich satisfu the conditions

(1) r,-u,1c- forall (i,j)e{1,...,m}x{1,..,,n}
and

(2) v j - u¡ = cij for all (i, j) eX-set.

If the real numbeïs il1;...,ü,n and v, ¡.,,;rn satisfr (1)_(2), then the
m * n - tuple (2, ,..., ü*,v.,..., v, ) is called potential system relative to X_sel.

T¡ü'REM l.l (see, for example, rrzD.The transport prane x is an optimar
plane if and only if there is q set x-sel e set(x) such that x ß a potentiar plane
relative to X-sel.

3. BICRITERIAL TRANSI'ORT PROBLEMS

3

. 11 the following, we call a bicrit¡rial transport problem of the cost type,
clenoted by (BTP), a bicriterial programming problem in which the objective
fi.rnction is a vectorial function f = Çr, -fr) rR^,, I Rr, given by

cl,xu, for al| y =(xu) e [R,',,

fr(x)=I I clx* rorall Y=(xu)e[R^',

.ft(x)=it
i=1 j=t

¡=t j=t

I xu=b¡' i e{l'"''n\

x,j)0, (i.,1) e {1,.,.,m\ x {1,...'n}i'

Beeause in solving problems of the above type we need notions and results

that are related with the"cùssic problem, we shall remind them to the readers'
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2. PRBI,IMINARIES

A iransport problem (of the cost type) is a linear programming problem of

2
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the following tYPe

(c)

subject to

.i"É Ë c¡jxi¡
i=l j=1

Z ru = a,, i e{I,...,m)

L ,,¡ =b,, i e{1,...,n\
i =l

xu ) 0, (i,i) e{1,"',m\x {1,"',n}'

Usually,atransportproblemisgiveninatableofthcfollowingtype:

A7

au,

Ct,,

crn,

b,

cml

bl

A chain is any system ofcells ofthe type

(i,, jr), Q¡iù, (iiz,iz), (iz,iù,...
or 

(jr,ir), (iz,i), (iz, jz), Qt,iz), "'

such that any pair of two adjaceht cells are situated either in the same row or in the

same column and any system formed by three cells from the chain is not situated in

the sarne row or in the same column. If the last cell of the chain is in the same row

or column with the first cell, the chain is called cycle'



In the folrowing' we shat denote by (Tt) & e{1,2}) the transport problem

-i"É f "1,,¡=lJ=l

5

subject to
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t r, =a¡, i e{1,...,m}

f xù =bj, j e{1,...,n}
¡=l

,,j ) 0, (i, j) e {1,...,m} x {1,...,n}.
Let x =(x,j).be an acyclic transport plane and x - ser eser(x). For each

k e{I,2},Iet @f ,...,u|,,rf ,...,r1) be a solution of the system

vj -u! =c!,, e,)ex_sel.
We denote by

ktu¡ -ci
for each (i, j) e {1,..., m}x {1, .. ., n} and k e {1,2}

Tm:oRBrr¿ 3.1. Let k e{l,Z}. IÍ X e ,S ¿s apotential plane of problem (T),X - sel eset(X) and if

u!, = 1,k

(3)
uio!¡ =rl

"!, 
.o

þr each (i'i) e{r,"',m}x {r,..., n}\x-'er, thenxis a pareto transport praneforbicritcrial transport problem(BTp). ,.

Proof' If xis a potentiar plane for probrem (e ), then it is an optimum pranefor problem ({ ). From (3), it foilows that xis the unique optirnar transport planefor (To). Hence x is a pareto transport plane for bicriterìar Íansport probrern(BTP). I
TIüoREM 3.2. Let X=(x¡¡) be a potential undegenerated plane forproblem (7,) andlet X -sel esel(X). Let

Ar ={U,,¡) e {1, ...,m} x {1,...,n}\X _set:cr,f =g¡,
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and the constraints are

Z ,u =b.,, i e{1,...,n)

n

L *u = a,, i e{1,...,m\

xu)0, i e {1;"',m}, j e{1,'..,n)

The figures of the bicriterial transport problem (BTP) are given in a table of
the following type:

O1^tL lr ,?,,

^l 2
cn

bh

t2
ct l clr

l2
c ntl C ntl

br

The elements xu((l,i) e{1,...,m}x {1,.. j,rz}) will be written in the corres-

ponding cells, under the numbers ,)¡ ,rî .

The set of the feasible solutions will be denoted by S. Any element X e 
^S

will be called a transport plane.

A transport plane X e ^S is called Pareto (or min-efficient) if there is no
I e ,S such that

.f oV)< f u(X), k e{1,2},

at least one of the inequalities being strict.
Because any Pareto transport plane is a Pareto solution of a multicriterial

linear programming problem, the properties of the Pareto transport planes set are

the same with the properties which we presented in [5] and [6].
Considering the multicriterial transport problem as a multicriterial linear

programming problem, for the determination of a Pareto transport plane,
we can use any algorithm given in tll - t3l and [8]- [11]. If, in addition,

xr((i,i) €{1,...,m\x{1,...,n}) must be an integer, the algorithm given in [7]

allows the determination of all the equivalence classes of Pareto transport plane.

We can also solve a multicriterial transport problem by using the r-balance points
(see [4] and [6]).

The particular form of the multicriterial linear programming problem which
corresponds to the multicriterial transport problem allows us to elaborate specific
algorithms, as we can see belcr",,

4



Hence, transport plane Xis not pareto.

using Theorems 3.1 and 3.2,we can present the following algorithm for the
determination of ¿ Pareto transport plane for bicriterial transport"problems.
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ALGORITHM

1. using the potential method, we dete mine an optirnal transport plane
X = (xu ) for problem (fr) and we attachto it the set X-sel e Set (X).

2. We determine a solutio @1,...,r,r,r1,...,v)) of the potential system

. vj-u¡ =cl¡, G,Ðex_sel.

3. We co aretoznro eachof thenumbers 
"tr=rl_ul 

_rl¡,Q,)e{1,...,m}x
x{1,..., n}\X -sel.

a)If a,| <0, for any (i,i),e{\,...,m)x{1 .. .,n}\X-sel, thenXis a pareto

transport plane and the algorithm stops.

b)If there exists (r,s) e{ , ...,m}x {1,.. .,n}\X_sel such that ol, =0, then
we go to step 4.

4. Put

.ltr = 1\i,1) e {1, ...,m}x {1,.. .,n} :c,t, = g¡.

5. We solr,e the system

,j-u,=4, (i,j)ex-,set

and let @l ,...,u',,r? ,...,v1) be a solution of it.

6. We co are to zero each of the numbers orr- = rj _rt _ rl ,{i, Ð e At*.-
Put

l2r = 1çi, j) . tt'* : crr? > g¡.

7.We com are A2r to the empty set Ø.

a) lf Al + Ø, then the transport plane x is pareto transport plane and the
algorithm stops,

ÐIf A'zx = Ø, thenwe go to step g.

8. We choose a pair (r, s) e A2r such that

G'o =-u* {oa? tU, j).,qt*},
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If there exists (r,s) e A, such that c''i" >0' then there is a transport' plane

Y having the ProPertY that

f,V)= fté)
and 

î,v) < fz6)'
Proof.Weintroducethecell(r,s)inthetransportplaneXThiswillhavea

cycieC.Wetravelfromthecell(r's)andwedenoteits
cellby*and-,altcell(r's)whichgetsthe+sign'The
eells of the eycle chain Ln, and the cells of the cycle

denoted by - form a semichain I-. we anaþse the elements xu of the hansport

ple.ne X situated in the semichain L- and let

0 = min {x,, :(i, i) e I; \,

u,hichiscontained,forexample,incell(4,/)'Fromtheelements'xusituatedinthe

semichain I- we subtract the number 0, and to the elements xu situated in the

semichain L* we add the number 0. The other elements, which are not in- the cycle

C, rcmain the same. We obtain a new transport plane l,to which we attach the set

Y - sel = X - sel U {(r, s)} \ {(2, t)} '

LetusdenotebyMthesetofthecellswhicharenotinthecycle.Thenwe
have

"f t(Y)= I ")t, 
+

(i,j)ëM
I c|¡/,¡+ t ,'uYu

(i, j)eL+ (¡,i) ef

I ctrxu + I c,j(xu +o)+ I c),(x, -o)=
(i,j)eM (¡, i) e L' (i.j)eL-

=ft@)-e."1" =lt(X).
Computing lz!) we obtain

fz(Y)= I clttr+ Icl!,,+ Ir',¡Yu=
(i,j)eM (¡,j)eL+ (í,i)eL-

I c!,xr+ I clQ,,+o)+ t cl@r-o)=
(i,i)eM (i, j) € L' (¡,j)eL-

= .fz(x)- 0 ."7" < .fr(x),
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9. Put ,B = {(r, s)} U X-sel. The set ,B will have a cycle C' We travel through

this cycle, starling from the cell (r, s) and we denote its cells by + and -,
alternátively, starting with the cell (r, s) which gets the + sign' The cells of the

cycle denotãd by + fõrm a semichain L* and the cells of the cycle denoted by - form

a semichain I- . We analyse the elements xu of the transport plane X situated in the

semichain L- andlet 0=min{xu :Q,flL" } which is contained, for example' in

cell (u, /). From the elements xu situated in the semichain L- we subtract the

number 0, and to the elements fi situated in the semichain Ln we add the number

0. The other elements, which are not in the cycle C,remainthe same, We obtain a

new transport plane xto which we attach the set x-sel.we go to step 4.

Example. Let us consider the following numerical example:

We have

X-s el : {( l, I ), (2, l), (2, Z), (2, 4), (3, 2), (3, 3)},
(ui,uj,ui,rl,rtr,rtr,rl) 

=(0, -1, _3, 3, t, 3, 4),

A2, = {(3,1)}.
We choose (r, s) = (3, 1). We obtain 0 = 50, (u, t) = (2,1) and

102000
X- 082 0s4

494083 0

We have (rl ,ul,ut,,r? ,rl,rrr,rl)=(0,3, l, 3, s,7,g) and Arr =ø.Hence
102

136

172

68
45
98

54

68
84
56

83

Jb

t2
3+
122

43
24
42
151

X-

Using the potential method, we obtain that problem (Zr) has the optimal solution
is a Pareto rr.ansport plane. We have f (X) = (1437,1496)

X_
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CONDITIONS OF STABILITY, PSETIDO-STABILITY AND
QUASI-STABILITY OF TFIE PARETO SET IN A VECTOR

TRAIECTORIAL PROBLEM-

VLADIMIR A. EMELICTIEV, DMITRIY P. PODKOPAEV

It has been shown in [r-3] that the coincidence of pareto set, slaterset and smale set is a necessary and sufficient condition of stability ofthe Pareto set in vector problems of discrete optimization with linear pârtial
criteria.

In this paper, the result mentioned above and some analogous results ([3] and
[4]) are extended on a wide class of partial criteria.

Let m>7, C = {c1,c2,...,c,} be a finite set. Suppose that each element c,
of the set C is weighted by the numbers w,(c¡)= aij ,i e N , = {1,2,. ,.,n), where
A = {a¡¡} ,,, € R'"', øt denoting the Èth string of the malrix A.

LetTbe a system of nonempty subsets of the set c,lTl>r. Alr the elements
of the set Zare called trajectories.

Suppose that for any index i e N, a real function f ,(t, x¡ =
= f (t,x1;x2t..,'xr) is defìned on the set zof trajectories and on the set ,R, of
vectors. Then the vector function (vector criterion)

I Q , A) = (f tG , üt ),.fz(t, a2 ), ..., fn(t, a, )): T x Rn,, _+ Rn

is given on the set l'. without loss of generality, we shall take the components of
the vector criterion (partial criteria) for minimization under the fixed matrix A:

f,(t,a')+min, ieNn,
7'
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