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I.INTRODUCTION

ln this study we are concemed with the problem of approximating a locally

unique solution x* of a nonlinear equation

(l) F(x)+'G(x)=s,

where F, G are dehned on a closed convex subset D of a Banach space E1 with

values in a Banach space Ez. The operator F ìs Fìréchet-differentiable on D
whereas G is only continuous there.

We use the Newton-like method given by

(2) r¡+r = xn+A;t(F(x,,)+G(x,)) (r>0)

to generate a sequence {x,} (n > 0) con'rerging to.x., I-Iere A,, is a liuear operator

approximating F'(x,) (n z 0). Sufficient conditions for the convergenco of (2) to

x* have been given by several authors ([1], [2], [3], [4], [5], [7], [8]' [11] and

[12]). I{ecently, Cãtinaç in [5] has used (2) for

(3) A,, = F' (x,,) +. [¡r,, | , x,,i G ] (r > 1).

wlrere l*,),; Gl denotcs a divided differcncc of olclcl one of G on D for x. y e[i,.

This u,ay CiÍtinaç has managecl to show that thc ol'dci' of convorgcllcc clenotccl bv

À lies in Cãtinag has also sltou'cd that itclatiorr (2 ) is fastcr tltan

AMS (À,{OS ) SLrb.ject (llassifìcatiou : 65 J I 5. 6-5C99. 47H 1 -s, 49D I 5



192
Ioannis K. Emil Ion Pàvãloiu

2 3

iferations
othe¡ than

in [3
ifl::ä:ffå'l; ,?l' 

r4t' rst' r7t' r8t' rr rl and rt2t ror choices or A.
I we used (2) for

Rate of Convergence
193

TrnonBu. Assume that there exist points xo,x, eD and nonnegative rear
numbers R, e and m such that:

(a) U (x,, rR) = {x e E,lllx-xr ll< R} c. D;
(b) the operotors F, G høve div led dffirences of orcler one denoted by

[x, y; F] and fx, y;Gl respectivelyfor all x, y eU(x,, R);
(c) the linear operators A, are invertible for all n> 0 and

llA;t B,ll< p,llx,_, _ rn^zll.+ q,llx, _ xn_tll= E, (n> I),

for some nonnegative sequences {p,}, {q^) (n>l) with

pntQ,<E (n>l),
where

B, =fxn_r, xn; Ff+l*n-r, x,;Gl_ A,_t (n> l),
(d) the points xs, \ satisly llx, _ xoll< n;
(e) the following conditions hotd; "

(10) ll*, - *,ll< ll", -roll,
with x2 given by (2)for n:1,
(11) r=me<1,

(12) p2Y i, ,0,rEt
(13) lk = r'k, (& > 0),

where {so } zs the Fibonacci's sequence

(14) s0=sr=l,J,r*r=s,r*,s¿_1, (¿>0).
Then:

(i) the sequence {x,} (n>0), generated by (2) is weil defined, remairts in
u(xo, R) and converges to a sorution x^ eu(xs, R) of the equaÍion
F(x)+G(:r)=Q;

(ä) the following a priori ewor estimates hold

ll*^-*,ll=ffi,

(4) A, = fr,, r, _, ; Fl+[x, _r, x n ; F] _l_x 
n _r, x, _ ti Fl + [.x, _ t, xn ] Gf (n > 0),

we showed th"t ,l -l'*'ß .^^^ I

provided *¿". *ru,1'J:L;:r:: I surrìcient conditions were arso

parricurar,r"* r, isii w" ur,o notffi; #'Jlä;iJ:ffi L iJîi:ffï:,!î
In this study we have made a fl'ther attempt to improve the rate ofconvergence of iteration (2)bv.troosingJ, appropriaielv. sum'.i.nt convergenceconditions as well as an.erïor analysis t iu" f 

""r provided.

vt,rÅ',Til,'rö:,;T:ä;'å::iîdÍ",',iîärå;;ffi ;;äana,,ear,ierones(r,r,

2. CONVERGENCE ANALYSIS

we need the following definitions on divided differences [4], [g], [10J,DEFTMTION l. An operator denoted by lro ,/otH) belonging to the spaceL(D' E2)' D c E' (the Banach space of bounded rinear operato., from ^ð¡ to E2 iscalled the first order divided difference of the operator H : D _> E, at thepointsxo, yo e D if the following hold:

(5) (a) lro , !ú H](yo - x) = H(yò _ H(*ù, for xo * yo.
(b)IfIIisFréchehdifferentiable 

at xo eD, then [.ro ,xo,Hf= H,(xo)..DEFINITI'N 
2. An operator denoted by [xo,/o,zoi^Ëi] belonging to thespace L(D, L(D, E)) is cared the second order divided difference of theoperator H : D c E, -+ E, at the points x0, !0, zo e D if the following hold:(6) (a) lxo t!s,zsiHJþo_ro)= l_!¡,zo; H]_[xo,!oi H].

(b) If l/is fwice Fréchetdifferentiable at .ro e D, then

lro, ro, xo; H]= 
]O,, 

(rù.

t,.*r,lijín 
prove the following semilocal resulr concerning the convergence of

( 15)

where

(16)

(n> t),

, (n> l) t +.Æanq (=_
2

(tt

Jstn
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(t7)

where

(1 8)

with y* satisfying

then
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(äi) moreover, tÍthere exists a nonnegative number g such that

4
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'We must also shou' that x u* , e U(x, , R). lndeed, from the induction hypot-

heses and the triangle inequality we get

llxo*, -xrll<llxz -xrll+ llx, - xrll+,.. +ll"o*' - *rll<:f ,r . n.
r j=,

We must show that sequence {x,\ (n> 0) is Caucþ. We have that the Fibonacci's

sequence {s* } (k 2 0) given by (1a) can also be written as

llA;'B:ll<g<1, (n2t),

Bi, =[y' , xn; F]+[y. , x,; G"]- A,,

F(y.)+G(7-)=Q and y. eu(xs,R),

(n> l),

x =!
I

to =,rß L srrt
a/5

k+1

I

r*,61
,)

k+ t- ('

,. <! f rJt'17*

k
Proof. We shall show by induction that, for aìl n> 2

(1e) xn eU(x1, R),

llr, - *n _rll< llx,_, - x,_rll

(21) 
llrn - *n_,lls!r,_,.

For n : 2 relations (rg]F.zr) foilow from hypotheses (d) and (e). suppose rerations119){21) hold for n: 2,3, . . ., k,where fr >2. Since xk, xk _, e(J(x,, R) and A¡is inverfible , via (z) we can compute x, *, . using (2), we can obtain theapproximation

(22) F(xo)+G(xo)= F(x,,)+G(xo)_F(xt,_)_G(xt _)_ Ao_t(xt _xt _r)=
= ([xt _1, x¡: Ff+fxk_t,xk;Gl* At,_,) (xt _ xt _t)=

= Bt (xt - xk - t) 0V (9)).

By (2), (7), (8) and, (22) we ger

(23) ll*o*,.-xoll<et,llxo _*o_,il<ell),0_ 
t _xt _zll.llxo _xt_,.1.

From the induction hypotheses, (23) gives on the one hand, that

ll¡o*, - *oll<9ry -rmllx¡ - x* -tll= ro -rllxo - xo_, ll<11", - x* _ tll,
that is, (20) for n : k + l, and, on the other hand

ll*o *, _ xt ll3 rr _rll*o _ xk - tllsro _rro _,

which shows (21) for n : k + 7.

Therefore, for any k>1, j > 1 we get

ll* o * ¡ -xr ll 
< llrr * r - x t ll+ ll* o *, -xr * r ll + ... + llx r * ¡ - x t * ¡ - tll3

Moreover, by Bernoulli's inequality we get

(20)

and

k+J-
m

r

(24) llxu*i-.rrtîr+l
"*+l ,* ,kt2 .k( -t ¿ -t:

l+r Ja +r Ji +

tk¡t*21 /-r)- lltk 1r. - t¡

l+r J5 +r
r.IIt*(i-l)(¿ r)-ll

tk+i-t_(k
E+r v)

./J

I(k

<!rß
r

Jt +...+r

ln n't

- = -'r,. .
l'r

., th (¿-l) .

* î t- ,' Jt
- "'rl5

f t^(t.-t)

l- r '/r

By (11) and (24) it f-ollows that the scquence {x,,}(r>0) is Cauchy in a

Banach space ,D¡, and so it converges to some point x. eU(x1,R) (since

U (xt,R) is a closed set). By letting n -) Ø in (2.';,u'e obtain -F(x.)+ G(x.) = Q'

that is, x. e(J(xr,.R) is a solution of equation (1), Moreover, by letting .i -+ oo in

(24)we obtain (15).

Furthermole, to show that x* is the unique solution of equation (1) nr

(J(x,,R), let us assurne thal y- eU(x,,R) is a solrttion of equation (1) too.
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Using the approximation

(25) xk *t _ l* = xt _ ! _ ,e;t @çxo) + G(xo )) =

- _A;t[F(xt,)_ F(y")+G(xo)_G(y.)_ At (xr _ y,)]=

and hyporhesis ( 1 7), we ger 
= - l;t Bì @ t' - !. )'

(26) 
llx¡ ., _ yr llsllA;t B;llilxk _ y.ll<

s gllxt -.y-ll< .,.3 go ll*, _ y.ll< so R.

Since 0<g<1' by retting k-+ø in(26)we get Ì\rr-y-. Bur we have arso
showed that 

olgX 
xk = x*. Hence, we deduce ** = y* .

That completes the proof of the Theorem.

Remark 1' Let us consider some special choices for the rinear operators l, . Set(27) An =frn,y,;Fl+fhn,z,;Fl_[h,,zn_tiFl+lv,,xn)Gf (n20),
where the sequences {.vn }, {rn}, {v,}, {h,} e u(x, , R) (nu 0) are given by

!n = x, +ur(xn-l -xn), Zn =zn_t *þr(xn_t _xn), z_r = x_, e(J(xrrR),
v, = xn +T n(xn_t _ xn) @>0),

for some linear operator sequences {cr, }, {8, } and {y ,} (n>0) with T , # 0(n > 0)' Assume that there exist nomegutiu. n*u. ts a, b, c and arear sequence{a,} (n> 0) suchthat for all x,y,v,try,z e(J(xr, R)
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hypotheses (28), (29) and (30) we get

(31) llA;t (GQ,)-G(x,-,)-[v,- t,xn-t;G)(x,-",-, ))ll<

<cllx,-vn-t ll llr, -*,-,ll<
< c(llx,-v,-' ll+ lly,ll llx,-t - x,-rl)llt, -r,-' ll (n > 1).

The sequence {an} (n > l) can be computed as follows. Let us assume that

there exist c > 0 such that

(32) ll4'([r, y;G)-[vo,xn;G])ll<a(llx-vo ll+lly-xo ll),

fbr allx, !,rs1xs eU(xr, R), Then from the approximation

A;' ( A, - A) = Alt {1,r,, y, ; F') +fhn, 2,, ; Gl - lh,, z, -, ; G') +

+fv,, x,; G] - lxo, !o; Ff-lho, zo; F)+[ho, z -t; F)-fvo, xç; G)],

\rye can get as before

llA;'(A^ - A)ll< a, (r> t),
where

a,, = b (llx, - xo 
I I + llv, - y rll + 2 llh, - holl + ll", - 

" 
o ll + llt,,r - z-r 

I I ) +

+c(llv, -xoll+llx, -xoll) @21),

and a, < I if the function a(r) = (llb + 2c) r + (b +2c)rn satisf,res

(33) a(R) <r,
since

a, S a(R) (n > 1).

It follows from the Banach lemma on invertible operators thaf Al1 exists (r > 1)

and

llAi'Aoll< (1- d)' .

We can now set a, = (l- o,)-t (n>-I) and a =(l - ø(R))-r. Moreover, fi'om the

approximation

(34) F(x,)- F(x^-t)-

-(Íx, -r, !n -ti Fl+lh,-1,2n -1 Ff-[h,-t'2,- t; F]) (x, - xn' t) =

= ([x, - r, xn; F)- [x,-,, y, - | ; I-)- Íx, - t, z n -t ; F]) + lx n- r, z n zi Ff) (x,, - x, t),

'l

(28)

(2e)

and

(30)

l! A;' ([*, y; F] -[v, w; F]) ll < bQl x _ v ll + 
ll 
y _ w lD,

llAì' Aollt a, < a (n> 0),

II Ait L* , y , z; Glll< c,
where fx,y,z; Gl is the divided difference of order two of G on (J(x,,R), Thenfrom the approximation

G(x^) - G(x, _, ) - [u, _ t, x n _ t; G] (x 
^ 

_ x n _ t) =
= ([¡,, _ 1, xn ; G]-fv 

n _ t, xn _ t i Gl) (x, _ x, _ t) =
= [v,_ r, xn _ t, x,;Gl(xn _ vn_) e, _ x, _t),
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we can have

(3e)
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hypotheses (ZB), (29),(30) and (32) wealso get

(35) 
llA;t {F(x,)_ F(x,_)_

-(Lx,-,,l,_1i Fl+[h,_,, z,_tiF]_[hn_1, zn _z; F]) (rn _ x,_r )] il<
<b1lx, _!n_tll+ll,^_, _z,_zll) 

Il*, _x,_,ll<
<b(llx,-xn-t ll+ilo,-, +0,_r llllr,_r-xn_tll) llx, _rxn_t ll (z>l).

Define the sequenc es {d,}, {ð, } (nZ l) by
(36) d, = (b+ c) an and õn = d,(clly,ll+bQlc ,ll+llF,ll)l @>0).

Then from (2), (35)and (36) we get for n> I
(37) Ilx n * t - x nll< @,ll*, -, n _,il + ð, 

f l,r, _ | _ t n _ 2ll) Ilx, - x, _ tll @ > t).
Hence we can set

(38) pn =õn and d, = gn @>0).

the sequences {a, }, {p, } and {7, }
,{v,} eu(x,,R). Let us assume that
such that

llo,llso, llÞ,ll<B and lly,lls y (n>0).
Then, from the approximations

/, -xt =(x, _xt)+an(xn_t _xn)

vr-xt =(xr_xt) +y r(xr_t _x,)

z, - xt = (zn _r -Ìr ) +þn(x,_ t _ xr),
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Hence !¡,rn,z¡ eu(xt,R)(n>0) if the right hand sides of the last three ine-
qualities are respectively bounded above by R.

Finally, the uniqueness of the solution x' can be extended in the ball
U (xr, Rr) for .R, ) R prorrided that the following inequality holds

(42) s=(5(b+e)R+(å+c) Rr+2mc)(1-a(R))-r <1.

Indeed, as in (25) we get

Bï = ([y", xn; F)-fxn, !,; ,F']) + $.y", xn; Gl- [xo, vo ; G])+

+([xn, vo i G] - lv n, x n; Gl) + (fhn, z n _ 1 ; Fl - lh,, z, ; Ff).

composing both sides of the above approximationby Aot, we easily deduce that

A;'B; (in norm) is bounded above by the expression in the bracket of inequality
(42). Hence, as in the proof of the Theorem, we deduce x* = y* .

concluding, we note that we have showed: if hypotheses (c) of the Theorem
are replaced by (27), (28), (29), (30), (32) and (42), then the conclusions of the
Theorem hold in the ball U(xr, R,,).

Remark 2. Iteration (2) reduces to (4) considered in [5] if the linear operators
{A,}(")0) aregivenby (27)for G, =0, Tn=1,Ê, =0, zn=0(z¡>0).

Using the notation introduced in [5], we can set

(43) el, = MKllx, -t - xn-rll. *(:n r) ll", --xn_tll fu>z).

Hence our error bounds (15) will be smaller than those in [5], say if (see also (3g))

8 9

(40)

and

(41)

IIx, - *,ll+ lla, ll llx, _, - *,lls lTt r, * !!| '-ntt' 
, !,'i.r-/rn -r '

llr,, - x,ll+lly,llllx,,_r -x,lls !î' ,,, * ?!'"- ,'?," - -i ''n-"

lit,, --", ll-< llr-, - xr ll+ F-i llr, - r, r ils ll= , - x,lt* f! Zt ,.'r7'
r =t)

(44)

and our initial eror bounds ll", - xo ll are not greater tban those in f5l. The choice
of p,,qn given by (3S) shows tiiaí conditions (44) will be true if 

',,,e,,p,, and

Y ,, (n2 0) are "small" enough.

Remark 3, Moreover, iteration (2) reduces to (r) considered in [1ll if the
linearoperators {.íni(n >0) are given øy (27)lor G =t,&,=Ì,F,=1.2,,=x,,
and h,, = x, _2 (n > 0). Using the notation introclucecl i:r Il l] we can set

(15) ¿1, = qnllx,, t - xn, ll llr,-, -, i, .il!+ lr,,li*, - xn-tli @>I),

pn t MK and qn, *(:. 4 @>2)
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Hence our error bounds (15) wìll be smaller in this case, say if(46) p^.>llx,_t_x,_tll andq,<po@21).
observations sim'a¡ to those made at the end of Remark 2 cannowforow.

Remark o uïlrr:le, irerarion (2) reduces ro (5) considered in [3] if theIinear operatots {A,,} (¡u > 0) ;r" gi*, by'çrr¡ fo,
&r=f , F, =0, Tr=f , Zr=xn, hn=xr_, (n)0).

Using the notation introduced in [3], we can set

(47) tt, =ko+czllx,_t-l,_,ll) llrn_,_ru_rll+(c, + cq)llx, _xn_tll (z>1),
Hence our bounds will be smaller in this case say if
(48) p,scq*czllx,_t-x,_tll 

and q,lcrrco Ø>l).

th"rox^o'k 
5' Our results extend to incrude perh*bed Newton-rike methods of

(49) xn+t=*n_Air@G,)+G(x,))_w, 
(n>0).
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1-rre points {w,} (n> 0) are determined in such a waythat iteratio n {x,}(n>0) converges to a solution x* of e

a positive w, (n> 0) correction term is
a real sequence {u,} (n>0) such that

1l Rate of

Furthermore, assume that sequence {w,} (n>0) is null. Finally, assume that the

t0

rest of the hypotheses of the Theorem are true with , q-, replacing p,, e,P,,

(50) IlA,(w,)- A,_,(w,_t)ll<u, (n>t).
Moreover, there exist real sequenc es {1,}, {m,} (nu 0) such that

un 1(lnllx,_r - x,_zll+mnllx, _ xn_1lDllx, _ *,_,ll @>l)

pr=pn+(,, and Qr=Qrtfl, (n>l).

(n>l), respectively. Then it can easily be seen that the conclusions of the
Theorem will hold for the perfurbed Newton-like method generatod by (a9),
lndeed, for example, approximation (22) will read

F(xt ) + G(xo)+ A¡(wo) = [Bo + (Ao(wo)_ A* _,(wr_t))] (x¿ - x* _t) (¡z> l)

and by using the proof of the theorem, (50) and (51) we can anive at (23). lhe rest
is left to the motivated reader. :

Remark 6. The selection of the points {yn},{r,}, {v,} (rz>0) can be
generalizedto include a wider range of problems. Let Tr,T2,T3:Dc E, -+ E, be
given operators. Define for all n>0y,=Tt(xn),zn-2,_t=Tz(xn), z_,=x_, e
eU(x,,R)çD and v,=Tr(xn). For this choice of T¡,7, and T, iteration(,2)

becomes a steffensen-like method (8], t9] and [10]). Moreover, operators 7i, C
and T, must be chosen so that estimate (7) be true. see how this is done, for
example, in Remark l.
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EIN PROBLEM VON A. PAPOULIS BEZÜGLICH DER

BANDBEGRENZTEN INTERPOLATION

H. BOCHE

1' ALI,GEMI]INE BEMtrRKUNGEN UND ERGEBNISSE

wir uns mit der folgenden zentralen

definieÚe
I gebildete

Abtast-Reihe

a t
L

derFrrnktion/irgendeinenSinn,dasheißt:Existiertsiealseinbestimmtes
mathematisches Objekt? '*rg positiv. Er

A. Papoulis tf i Ue nfwortet..diese allgemeine Fragestellt

behauptet, daß urch ¿ils. AUturt-Reihe eine våiu'gemeinerté Funktion def,rniert ist

und nennt diese die bandbegrenzte tnterpolieÃnde der Funktion / mit der

Bandgrenze 1.

wi, *l¿.n nun in den Abschnitten 2 und 3 zeigen, daß diese Behauptung

nicht zutrifft und damit auch ihr Beweis nicht konekt ist'

Dabei werden wir uns nicht einmar ãi.u.t (viel zu allgemeinen) Aufgabe

zu'wenden, sondern ;;;tf f"lg""de Aufgabenstellung beschränlien:

Wir betracht"^it *titäen die M";ó cs(R'j der auf der reellen Achse

stetigen und im unendlichen verschwindeîd.n n'*itionen, Ist es möglich' der

Abtast-Reihe der Funktion/flir jede F""kti; / e Co(R) und flir jedes feste a > 0

einenmathematischenSinnzuunterlegen?(EinenanderenSinnkanneinrein
mathematisches Objekt *it ¿i" Abtast-Reihe nicht haben')

I
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