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T}M APPRO)üMATION BY SPLINE FTINCTIONS
OF THE SOLUTION OF A SINGULARLY

PERTIIRBED BILOCAL PROBLEM

C. MUSTÃTA, A. C. MURE$AN AND R. MUSTÃTA

lems admit exact solutions having both
are thin transition layers wheõ the

We define a class of spli
these problems and obtain suffi
oscillations on the subintervals

Let n23, n e [!, and let

(1) Âr:-oo=/_r ( a=to1tt1,..1tr=þ(/r*,:*co
a division ofthe real axis.

Denote bV 4(Â, ) the set of functions .r: R + R verifuing the conditions:
1" s e C4(R);
2" sltt e'4, It, =[,tt-t,ttr), k=1,2,...,n;
30 slro e'4,slL,*,.%, Io =lt ¡,t0), In+t =ft*t,*t),

where Q, denotes the set of polynomials of degree z.
As concems the behavior of functions in this class, one can prove
TiÐoREM l. Everyfunction s Ë nZ(Ar) can be written in theform

.ç(/)= f u,,, n,L oo(t-tÐj, / e [R,
,=0 k=0

where

(3) t oo =0, f oo,o =0,
k =0 k=0

I AMS Ctassification Code: 34815. 34A50.
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If s e {(4,) verifies the homogeneous conditions (5) (i.e., with q, = Þ = 0,

Lt =0, j =0,n), then

s(4) (/) (s"'(t))'dl =

3

b

J ['t*){t
b

)l'dr = !
s(4) (/) .s,,,(ùlZ_ s"'(t).s(t) 1t¡.dt =

b

J

l* n l¡

I rtt'(r) s"'(t)dt=-Z"o J s"'(r)dr=
t¡- k=l t¡-

I

where cr =s(5) G)ltr, k=I,n.

It follows that s(a)(l)=0 for all t ela,bl. Since the restrictions of s to the

intervals Io,I,*, are in Q and seCa(R), it results that s(a)(r)=0 for all

/ e R, Therefore t" .4 and, taking into account the equalities s"(fo ) = Q,

k =0,n, n> 3 (verified by hypothesis), one obtains s"(f ) = 0 for all ¡ e R. Since

s(a) = s(á) = g, ii follows s(r) = g for all / e R, which is equivalent to

Ao= At- Az= At=0 and ao=0, k=0,n. Z

Cono[eny 3. a) There exists a system'%= {s0,s1,.16, 51 i..., S,} rffunc-
tions in &r(n,) verifuing the conditions'

(7) so(a) = l, so(ó) =0, s'd(tr)=Q, k=0,n

sr (a) = 0, s, (å) = 7, si'(t t,) = 0, k = 0,n

So (a) = 0 = S¿ (b), k = 0,n; S'k'U j) =õ ¡¡, k, j =0,n.

b) If "f :R-+R verifies the conditions (4) and s¡ e&r(L,) verifies the

conditions (5) then

(8) s¡(t)=soQ).f (a)+s,(t) .f (b)+I totr) '"f "(t), / e R.
k=0

Remark l. By Corollary 3, e7 (Â, ) is a real linear space of dimension ru { 3,

and the system '% is a basis in &r(L,).

k

-f ,ols" (t t) - s"(/r -, )] = o,
t=l

298 c. A.C Mureçan, R,

'í ',1-',oo', k=0,1,

Pyoof Let s e&r(L,). By definition ,(o)1r¡=g for all t>b so that
s(4) (/) = 

þoo,oe 
- tu¡ = g, for all t > b, showing that f oo =0 and

-!J.- k = o

L ooto =0. L'l

2

and

(t-to¡* =
0

t-tt )n,

k =0

T¡IEoREM 2. Let f : R _+ R be such that

"f(o) = d, f(b)=F, f',(tr)=)rt, k =0,1,2,
v'here tk?,=l,tn=b), k=Çi, arn the lcnots of the division a,n and d,F,)"t,
k = 0, n are given numbers

Then there exists a unique funclion s, e &r(A,) such that

s¡ (.a) = a, sr(å) =F, s,j(t¡,) =)r*, k =0i.

"brrirlä'*rT,:tåT 
the represent ation (2) and imposing the conditions (5), one

(6) Ao+Ara+Arø2 *Ara3 =ra

Ao + A,b + Arbz + Arb3 *î oo e _ t o¡s =p
k=0

2A., +6Art, +ro 
äa*G¡ -to)l =À",, j =o,n

k=0

ÉLat=o
k =0

å
)- arto =g
k=0

(4)

(s)

, fr,

of n+ 5 equations withn+ 5 unknown s Ar, A,, A2, A3,as,o1,...e,
The system (6) has a unique ,orutio' if and *iv # the conespondinghomogeneous system (obtained foì o= F=0, L¡ =0, j =ou) has onry the nu'solution.
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b) Taking into account the identity

(14) ll5{+r - .f(o)ll1= ! [r(') (¡) - 'lo) {t))' 
dr + J ¡sfo)(r) - .f 

(o) 
e)]2 dt +

4

.2 ! ["(o)(¡)-"!o){r)J' ¡sfo){r) - yt+) (t)f2 d,t,
o

the inequality (13) will be a consequence of the equality

r = J ¡rrot (ù - rto) (¡)ltr!o) (t)- -f 
(Ð(r)l 

dr = o.
q

Integrating by parts, we get

z= [5(a) (r) _ sjlr (r)] [sl,(r) _.f ,,, (t\]12 _

b

- 
J 

t',', (r) -'f) (/)l .ts;,(/) - 1,,,(t)ldr =

2 co(r)(.rÍ (t)-l"et)l-t"i (/o_,) -1,,(to r)l)=0
k =1

Therefore

(ls)

implying
¡¡s{4) - ¡ r+r 

ll; = ll'(o) - t!') lli* llrÍ) - _f 
(o) 

ltr

ll"lo)- f(o)llr(lls{+r - ÍG)llr. ,s

CoRorLRRv 5. If I eltrlçL,,) and s¡ e8r(4,) ,s given by (B), the.n the

.fo I I ow ing r e I at ions ho I d ;

(16) ll"f 
(o)lltr= 

llrÍ,111+ll-f 
() _,f)111,

(17) ¡ls|*)ll, < ll,t(o)ll, ,

(ls) llf 
(o) _rfo)ll, < ll,f 

(o)ll, 
.

Proof. Since (15) holds for every s e9r(L,), one obtains (16) by raxing

s=0 in(15).
The inequalities (17) and (18) are immediate consequences of the equality

(16).

Remark 2, 1o The propelty expressed by the inequality (12) is called thc
minimum nonn property.
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Let us inhoduce now the notations:
4

g:fa,bl-) lR, abs.cont.on Ik(e)

(10)

(11)

\a ça,¡:= , k=7,n
and gql eLr[a,b]

r4/i, f (A,):= {g e\a (d,,): g',(to) =.f ,,(tt), k =0,n},

(12)

(13)

Wro.r.o(Á,): = {g .Wro.¡(A,): g(t") = f (a), s@) = -f (b)}.
TTTEOREM 4. If s e q(A,) nwil.o(Â, ) and -f .ryl(Â, ), rhen

u) lltÍo)llr<llsG)ll, for att s ewro,t,o(L,);

b) ii#) --f (o)ilrslls(+r 
_ 

-f 
(o)ll, 

for au s e e{(Â,).
Proof. a) We have

0 < ¡¡"rrr - ,(,) ll3 = J ,r,"(r; - 
"r+r 

(t)12 dt =

b b-t

J [rtu' (t )]2 dr - z ! sr+t e¡¡rr+t (¡) _ 
"rqr 

(t)l dt
= [ ¡grot Q)12 ü -

a

But
b

I t@ çt¡¡rro) ¡r¡ _rror e)] dr =q

= 5(a) 1r¡ [g,,,(t) - s,,,(t)]l!,- i ,,n (t) [g,,,(t)- s,,,(r)] d/ =

n\-
L.

tk

f r(t) (¡) [g,,,(t) - s,,,(t)l.dt =k _, tI _ t

t¡

ck i [r,,,{,) - s,,,(t)l o, =(
t¡ - l. Z'o 0 0k =1

k -t
where c¿ -5(5) lro, k=1,2,

,11,

Therefore

0 < 1¡"r+r il|- ilrro, rt
showing rhar (12) holds
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t

J
,(r)
,0

v2

i
,(t)
¡0

t

J
,,1',

112

du ly()(u)_s\o){u)1, du

U2

{ø[4,il lys) (r) - 'f;) {ùlau

= \Æil^, ll' ¡¡r{+) -r{+) llr<ñ' ll^,11"'' llv(o)ll,

(the last inequalify follows from Corollary 5' (18))'

It follows that

lly"' -sjíl1- < Jz .ll¡,ll'"'llv(o) ll, .

Similarly, for every t efa,ó], there exists jo e{0,1, "',n-2\ such that

It-t¡ol<llA,ll,implYing 
l, I

lly" (t)- sjl(r)l =l t lt "' {u) - sjl(u)l dal<

I 
t.,'o 

I

Therefore

lly" - r'jll-<Jl llA,ll"''llv(o) ll, ,

showing that (19) holds for É:2.
Taking into accoturt the equalitie s y(a)- s-u (a) = 0 and y(b) - su (å) = 0' it

follows (by Rolle's theorem) the existence of a point c e(a,b) such that

y'(c) - s'r(c) = 0. Then, for every t efa,ó] one has

l/'(/) -s; (/)l=
lr
IJ
l.

ly"(u) - si@\du

s(b-a)lly" -sjíll. <Jl tø-a)llÁ,11"' llv(o)11, ,

showing that

lly' -'ilL < Jt . þ - a)' ll^,11"''llv(o)ll,,

i.e., (19) holds for &: 1, too.

Finally, for every / e [a ó] one can write

t U'{r) - s'r(u))du + v(a) - s,(a)
a

lv?) - s,(/)l=
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2The property exprimed by the inequality (r3) is called the best
approximation property.

APPLICATION

Consider the singularly perturbed bilocal problem

(D) ey" = f (t, y, y,), t efa,å], e > 0

y(a) = a, y(b) = þ.

One supposes that the problem (D) has a unique solution.

Tneon¡v 6. If the exact sorution y of the probrem (D) betongs to w24 (L,)
and s, e &r(L,) is the function given by (g), then

( 1e)

where

llyt) -r.fo'Jl- <Ji . 
@ - o)t-o . llr, l','.lly@llr., k = 0,r,2,

,ll^, ll = r-nax{t,*, - t, :i = 0, n - l\.

Proof. since y"(/,)-si(tr)=0, i =0,n, by Rolle's theorem there exist

{t) e(t,,1,,t), ¡=g,nI suchthat

y"'Ul'))-sí(r,fr)) = o, i =Çr-1.
Applying again Rolle's theorem, it follows the existence of the points

¡(z) .7¡(t), /,ll), ), i = g, n - 2 such that

,() ç¡(z) )-r.Ío) eÍ'))=0, ¡=g,n-r.
obviously that

l¡Í.|, - rjrr ¡< z¡¡a, 
¡¡

and

l/1.'ì - 4r) l<3ll^,,11.

Since for every t efa,bl the¡e exists io e{0,1,

It - t(o'l<2ll|,ll, one obtains:
,n-lÌ' such that

ly"' (t)- sji(r)l =l,J,r,,, (u) - sl+t @Ð d"l
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9

PRoPosIroN 8. If the real-valued function f (t' u' v) defined on D c[a' ó] x R2

òf ôf
has conlinuous partial derivalives ã'ã
be obtainedfrom the sYstem

, then the unlcnowns u¡,lfi,i = 0, n, can

u¡=sl(r,)o+sr(/,)Þ* É su Q)'f (tu'lr'!L)' i=0'n
k=0

(22)

ui=s'o(t,)o+rí(/,)Þ* I s; (t,)'f (tt"lP'lL)' i=0'n'
k=0

Proof.By the hypotheses of the proposition we have

f (t¡,!r,,yi)= f (t&t +e¡"uL +e')= f (t¡'u*'ui')+

nôf Qo,9u,t'*) 
"u*l!L!Ðui, k=o,n,

ôu -ß ôu

where

mn(uu ,Ltk + ek) < åo < max(uu 'uo 
+ eo)' k = 0'n

min(zi,u'u + eo) < El < max(u'u'u'k +' e'k)' k = 0'n'

Replacing these in (21), we obtain the system:

u¡ = sl(/i ) cL +sr (/¡ ) P * Ë so Q)' lQu 'uu 'uL¡+ 
E¡ ' i =0'n

k=0

ui = s'o(t, ) ct + si (t' ) B + i t; (t, )' f (t r ,u¡ ,uL) + Ei , i -- o,n'
k=0

having 2n+2equations and}n+ 2 unknowns u¡'ul 'i=0'n'
BY Theorem 6, the quantities

E, = fsr (/, )
oÍ (t u.Y,!krS )

et, +z sl, (/, )
ôl (to,Et ,\'t) eL,

ôu k=o
ôv

k=0

Ei=is;(/¡) 
õf (tr'-\1"\'*) no*þos¿(r¡) 'ôf 

(to'-\o'\'u) 
u'

/c =0

have the order O(llÀ ,llt't )'

Eliminating Ei, E!,i =0,n' one obtains the system (22)' Ll
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I tt'{") - s'r(u)) du <(b - a) ¡¡r' - si ll_ <

< J, . þ - a) - lll,ll''' . lly@ ll,
implying

lly -'" ll* < J, (b - a)' lll,ll'''' llyØ) ll, |J

CoRolreny 7 . Under the hypotheses of Theorem 6 we have

lim
ll Å,, ll+ 0

llyÚ) -tjo)¡¡. = o, k =0,1,2

ln the following, we shall approximate the exact solution y of the problem
(r) by the function s, given by

(20) sr(/)=so(r).y(a)+s,(r)'y(b)+É t*trl .y"(tt), t elr,,bl.

This choice is motivated by the ,.., ,nl i. parameter e > 0 is multiplied by
y" ands,, is detennined by the interpolation conditions on the second derivative of

y on the knots of 4,, which give ey" (t,¡ = tsiQi),i =0,n.
We shall use the following notations:

y(t¡)= y,, y'(t¡)= yl, i=o,n

sr(/i) =u,, s)(t,)=ui, i=0,n

e(t) = y(t) - sy(t), e' (t) = y'(t)- s'r(t), t efa,bl

e,=!,-tt¡, ei =yi -ui , i=0,n.

Using the representation (20), one obtains

(21) u¡=so(t,)cr+sr(r¡)Þ* I So G).f (tt,,!t ,!1,), i=0,n
k-=0

ui = s'o(t, ) u + s{ (r, ) p+ f
k=0

^s; 
(t,)' lQr,rt,rL), i = o,n
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In Table I we present the error of approximation of solution y(x) by

y,.(x)+su(x) upon the domain U-pe,l] for different values of s and r. The

linear system for determining the spline su is solved by using a direct method.

Table I

10r

17 . 10_3

14, 10_3

72.10-3

103

14.rc-z

46 . 104

12.lo-4

10-2

48 . l0-3

67 .rO-4

13 , 10-2

nl¿

J

I
12

20

50

In Fig. 1 there are displayed the exact solutiony(x) for e : l0-3 denoted by a

continuous curve, and the approximated solution for n:3 denoted by a dotted

curve.

Fig. 1

x
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Ä NUMERICAL EXAMPLE

We consider the following singularly perturbed problem:

{-"r" 
(*) + y, (x)= 0, .r e[_1, l]

|.Y(-l) = 1, y(l) = Q,

i#n"iÏ"äir'"'-ïi;;ff*.^ a linearized one-dimensionar version of a convection-

¡+l 2

Tliis problem has a unique solution y(x)- 4, which displays one

boundary layer atthe point x : l, of the length O(r).1 
t

Consìdering the solution y,.(x) of the reduced problem

!il@-0, x e[-l, t]
lv,(- l) = l,

the foliowing esrimarions holds (see [6]);
r-l

ly?) - y,(x)f < C(s + ,T ), x e[_1, l],
where C denotes an arbitraryconstant independent of x ând e,The exact solution i, ãf tn. fo.r¡l

y(x)= y,.(x)+u(x),
where u(x) will be approximated by

[-ev" (x)* u'(x) = Q,

Iv(l-pe) = Q.

x efl- pe,ll
v(1) = -1.

rhus' we approximate the solution y(x)bythe sorution y,(x) onrhe domain
[-1, I -pe], so that the error would be O(e). In this way we obtain p = Irrl. W.approximate the solutiony(x) upon the domain [l_ pe,l] by y,1"¡ * ,1"¡.

"oo.l,i.iiïi:-*. 
ÍÌom the space or spline tu".,i";.'A{a,,¡ in order ro
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oNTIIETRANSFORMATIONoFTHESECONDORDER
MODULUS BY BERNSTEIN OPERATORS

RADU PÃLTÃNEA

Denote by B,: C[0, 1] -l C[0, 1] the well-known Bemstein operators gtven

by

(:)
tl

B,(Ð(x) := Z pr?)' Í
I=0

(n\
where pntQ),=[;,J xt (l-x)n-',f eCl},lf,nelf'x e[0'1]' Let e' eCll'[l'

e,(x):=x¡,(xe[O,1]),l=0,1,2' For any fe C[0'11 and ^]y he(''å] consl-

cler the second order modulus of continuity:

az(1,ft):= sup {lÁr'o.f (x)1, x e [0' l-Zhl\'

where t'of @):= f (f (x+2h)-2f (x+h)+ f (x)'Let

(ù (8,(f),h)
c: = suP sup

n eN f eClï 'll ,
f *linear

sup
at(.f ,h).(',]l

C.CottinandH.Gonskaobtainedin[2]thatCis-frniteand,moreover,
C<4.5. This upper bound has been recently t-ptoytS by J'.Adell and A' Pérez-

Palomares[1],intheformC<4.ontheothertl.and,D.-X.Zhou[5]obtainedthat
C>t.lnfactin[5]itwasprovedthestrongerresultthatB-emsteinoperatorsdo
not preserve the Lipschit, .ìurr., Lipr(a, ¡ø), o e (0, 11, The aim of our paper is

to give new improved estimates for the constant C'

Tneonevt. We have Z< C <3'
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