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ON TI{E TRANSFORMATION OF THE SECOND ORDER
MODULUS BY BERNSTEIN OPERATORS

RADU PALTÃNEA

by

Denote by B,:c[0,1]-+c[0,1] the weil-known Bemstein operators given

' B,(f)(x),=,þ-o^@ f(:),
(n\

where p,te)'=[, xt(t-x)n-, ,f eC[0,ll,ne$r,xe[0,1]. Let e, eC[0,11,

e,(x):=x',(x e[0,1]),i =0,1,2. For any -f e C[0,1] and any he

der the second order modulus of continuity:

azÇ,å):= sup {l!to.f (*)1, x e [0, l_2hl],

where t'of @):= f(f @+2h)-2f (x+ h)+ J.@). Let

(r,;] consl-

c: = sup sup sup a r@r(-!),!I.
'"' li',,1,1;! "('':] 

oz(J 'h)

c. cottin and H. Gonska obtained in [z] that c is finite and, moreover,
9<4.5-This upper borind has been recently irnproved by J. Adell and A. pérez_
Palomares [l], in the form c < 4. onthe otúer hànd, D.-i. Zhou [5] obrained tharc> I' ln fact in [5J it was proved the stronger result that Bemstein operators do
not preserve the Lipschitz classes Lipr(u, M), a e(0, 11, The aim of åur paper is
to give new improved estimates for the constant C.

THEoREM. We have Z<C <3.
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and consider the linear positive functional G, : C[0,1] -+ (., given by

Gi(-f)'=u,Ð,", ,O*,,à"r ,(Ð, (f ec[o,r]).

one immediately obtains that Gr(en) = I and, G,(r,¡ = i. In [4] we obtained the

following estimate: rf G:clll-+q is a linearpositive functional, if 1is a closed
interval, if xeI andif G("0)=l and G(e,)=.x, thenwehave lc(f)_-f(x)l<I I .r.l<ll +;h¿ c((e, - xeo)')Jr, (f , h), for any f ec(I) and any ft > 0. conse-

quently, we have

(3) |

lcr(n-t(Ð1,
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On the other hand, from (1) and (2) one can derive the following repre-

3

lc,rn- r(Ð1,(/ ecro, rr)

Z G",)< I 2.p,¡(x+h)<2

.1,. ;r, o,((", - iù')],, (r, h), (/ ecro,,r)

sentation:

(4) Ñon,u)(.x) = | (-c, )
j eJ

Also, we have

Therefore we obtain

I )G¡
j eJ

jeJ

(f eC[0,1]).

i.J

tL,oBnU)Q)t= j, - )r, àr-",t 
o, 

[(
el

J--e
n

. Then, by using the well-

. 2\ I
') 

)]^,(.r 'h)'

we have G¡(e)-rr(Ð= 
"r[(

et- /"rl
n/

known relation B,(er),(x) = *z *x(l: T), we deduce from (4)
n

)') = L2nï,(er) (x) =2¡z 
n-l .2¡z

nIr
(-c, j

el -- €o
n

Proof.FixneN,he 0 and x e(0, l_zh)' We have for any f eCf},ll
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1

2

(1)

where
c, : = Lzopn,(x), (0 < I < n).

Since B, (e,) = e,, (i = 0, l), it follows

(2) f",=0 and ft'",=O'
/=0 l=0

For p,q e(0,1) consider the frurction Y(r) := (1+ p)' (I- q)'-' +

+(l- p)' (l+q)'-' -2, t ef},nl. The following properties are immediate:

Y/(0) > 0, Y(n) > 0 and the derivative of Y is increasing on [0, n]. If we take

h h 
.wehaveÞ'.---- and q:='r' .r+h ' I-x-h'

(n\

",=[;J Q+h)t (1-x- Ð' tv(t).

Then c¡> 0 and cn) 0. From (2) it follows that there is /, 0 < /< n such that c¡< 0.

I'Ience there exist t e(O,n) such that Y'(l)<0, (f €[0,/0]) and Y'(t))0,
(le[0,/o]). Fromtheseitfollows thatthereisthedecomposition {0,1,...'nlì=

=IUJ UK such thati<j <&for all i eI, j eJ, keK and

c,)0, (l e 1), cj (0, (i eJ), ct )0, (k eK)'

Now denote

t, = I ",.2 k"o -2 ic,'l c¡.
iel keK iel keK

We have that I i", I Z c, belongs to the convex hull of the set L Then it
iel t ¡.1

is smaller than L k"o I Z ,o which belongs to the convex hull of the set K.

keK ' k.K

L'rB,(-f )(') = å ", ,O,
l=o

Consequently, we have À > 0.

For any 7 e-l denote

u,,=! F r¿ - ùc,, and
' Llu

1
v¡ i=T, Z0-ù",

í el
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Let n21 and denote q:=22n. We have BnÇ2,) (0) = Bo(fz,) (l) = 0 and

Bo(.f2,,(1J = ,-, io(o)r.(+),r-, ,à,0r,(Ð,
22 k

[f;,t -2-n-')=2-,r,-r-'- lI
2"

rtl-\r
[,o<k<q

zt rt,

)

j =0

w" lruu" ( a

\¡.2^)rr-'".uï,,'[| 
., o< i <2'-' and hence

).(,' ) < z' n' 

í,0).(,', ) <2" -n .(n',,)

2"I
j=0

qtz-r ( ct

=r Y I-Ll^,
j=o \J'z
Therefore

l L',,rB 
n Lfr,) (o)l> 2(t - z-' - t 

) l-2-" -
q )

2-c
q

Since lim '2-c - 0, itfollows
q-+@ (,

q

sup l!2r,rBrr,, (_fr,) (o) I = 2

and, therefore, the left-side inequality in the theorem is also proved,
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ConsequentlY, we have

øton,U)(x)l< 3'co, ('f 'h)'

( f .rlo,Lt. I e (0, )' -e (o' r - zl)) '

\'\¿/

This last inequality can be extended by passing to limit' for all å e

and x e [0, I-2h], Therefore we have proved the inequality

azï,(f)ft) < 3'o ,(f 'h)' f eC['0'1]' h e [0' 1]'

Conversely,foranyintegern)lconsiderthefunction.fn?CIO,1],defined

as follows: l,(0)=0, "f ,(l)=0' 'f '(k'z-¡ ) = 1- 2- 
j 
' if l< j <n and k is odd

suchthatl<k<2j-|andJislinearoneachoftheintervalsoftheform
t(t - l) 2-' ,iz-n l.

We have

(5) , r(f ̂ ,\ = r, (n > 1)'

,(r,å) = 1. Ler (xo , åo ) be a point in which g reaches its maximum. Since g is a

piecewiselinearfunctionwithregardtoeachofhisarguments,itfollowsthatwe
can consider that at least two of the pointS xsl xe +hs, xo +Zho belong to the set

M:= {k.2-'10<k<2.'}. since f ,o tl:,r] *rt* t el2-' 'r-Z-nl' 
we have

g(xs,ho) l1 when xo,xo +2ho el|-n '1-2-n ]' 
Then it remains to consider the

case wherero =0 ot" 
'o 

* 2ho=1' Let' for example' xo =0' If we suppose

xo+ho e M, wehave xo +¡ho--k.2-n with k odd' consequentlY, E(xo'ho)=

=l!-zÍ,(xo +ft') +l-2-'l<1, which is impossible' Then it follows xo=0'

xo+ho=k'2-r and xo+2ho=k'21-r, where 1<i<n and k is odd' In thts

case g(xo ,ho) = I' Then (5) is true'

[,,;]

Indeed, tet the tunction g(x,h)"= L'u.f uQ) , h'[o'å]' x e[0' l-zh) we have


