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ONI THE DYNAMIC PROGRAMMING PRTNCIPLE
FOR OPTIMAL CONTROL PROBLEMS
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I.INTRODUCTION

,.r". ,Tir"rinsider 
the optimal control problem of Bolza, formulated by M. R, Hes-

Minimize

(1) Io (t, r,b¡ = g0 çb¡ + 'j to (t, x(t),u(r),b) dt,
to

when the functions , =(rt , x2,..., xn),tt =(ut ,u2,
b = (bt , br., ,.., b,) are subject to

,uq) and the parameter

where

x' (t) = fi (t, x(t),u(t), b), t eft}, tr1, I < i < n,

h"(t, x(t),u(t),b) <0, t eft),/rl, I < s.1m,,

hd(t, x(t),u(t),b) =g, t e[t},tt l, m, <s.1 m,

t' =7"(b),xi(/";= X*(b), l1i <n, s=0,1,

I)'(x,u,b)<0, l<y1p,,

I!(x,u,b) =0, p, <y S p,

Ir(x,u,b)= gr(b)+

This problem will be denoted by p

tl

D(t, x(t),u(t),b) dt, 1<y < p.
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LEùß4A 2.1. Let (u_(t),x.(t),b), t0 <t<tt,be an optimal strategy.for
Problem P, . If [tt,tz]c[tl ,t]l and (u(t), x(t)), tr < t < tris admissible strategy
forProblem P, ontheintervalltt,tzf with x(tr)=x*(/,) and x(tr)=x*(tr), then
(uo!), xo(t), b*), r*o < / < tJ defined by
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u.(t),* (t1tt,
u(t),t, <t <t2,

u-(t),tr<t<tl,,
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(7) uoQ¡ = xoG) =

ís an admíssible strategy.

Proof' Evidently (us, xs,å") satisf,res the reshaints of probrem p,. rJ
The next theorems express the optimality properry on any interval

f4, trlc [a0, tì] of an optimal strategy (u.(t), x.(t),b*¡, tl < t < t].
TneoR¡rr¿' 2.2. If (u"(t),x*(t),b,¡, tp <t<il, is an optimar strategt þr

Problem P1, then this is an optimal strateg,) on any interval withfixed extremities
[tr, trfc [r-0, rJ].

Proof. suppose that there exists an interval ltr,trlc þ-0, rl] o¡r u4rich the
restriction of (n*,x*,b*) is not optimal. Then there is an admissible strategy
(u(t), x(t)), tt < I < tz with x(t,t) = x*(t), x(tr¡ = x.(tr) and

lt t,

I to e, x(t),u(t))dr. i L0 1t, x.7t¡,u.(t)) d.t.
ll tl

Considering the strategy (uo!),xoG),b.¡, * <t<il given by (7), this is an
adrnissible strategy. Also, we have

r,l rJ

I to e , xo(Í), uo!Ð dt . ! Lo U, x*(t), u.(t)) dt,
rl ':, .( ,.ò

which contradicts the optimality of (u*, x*,b*). D

TlrEonev. 2.3. Let (u,(t),x.(t),b*), Ê.î<1, be an optimal strategt for
Problem P. Then the restriction of (u., x*,b*) on any interval withfixect extremitie,s

l\,trlc-ltl,tJl,isanoptimorstrategtforthefoilowingprobrem,denotedby p,.
Minimize

lz-t, o,,. 'l

ffi,g" (b) * 
,1, 

to (t , x(t), u(t),b) d't

x.(),tÎ 1t 1tt,
x(t),t, <t <t2,
x-(t),tr<t<t),
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A system (u(t),x(t),b), t0 <t<tt, simply denoted by (u,x, ó), which

satisfies the conditions (2) wifl be called admissible strategt for the Problem P.

The class of all admissible strategies will be denoted by l. An admissible strategy

(u.(t), x*(t),b.),t], <t <¡l which minimizes.f is called optimal strategt.

M. R. Hestenes [] presents several properties of the optimal strategy

(first-order necessary conditions and a rnaximum principle) in the following
hypotheses:

lo The state functions x' are continuous, the control functions ,j are

piecewise continuous on P9, t,l].

2o All functions used /¡ ,ho,T' , X" , 91 , Ll are of class Cl on ¡t-0, rl].

3" Rank (y:,ö"uåuì = m, on [rf , rl],
\ôuu'uP )mxu¡t+q)

where g" = I,2, ..., m denoles the row index and k : l, 2,..., Q, Þ 
: l, 2, . ", m ate

column indices.
The results presented in the next paragraph permit the use of those

properties such that the conditions 3o or 2" are not fulfilled on the whole interval

[r,9 , ¡l ].

2. THE DYNAMIC PROGRÀMMING PRINCIPLE

FOR OPTIMA.L CONROL PROBLEMS

Firstly, we consider the following problem
Minimize

2

subject to

x' 7t¡= f' çt,x1t¡,u(t)) d,t, t elt},ttl, 7< i<n,

h" (t,x(t),a(r)) 10, t elto,/'1, 1< ü.1m"

h" (t,x(t),u(t)) =0, t efto, ttl, *' < u' 1 m,

t' = T' (b), xt1l'¡ = X" (b), l3 i 3 n, s = 0, l,

Denote this problem by P, and observe that it represents a particular case of

Problem P.

Io (x, u) = Lo (t, x(t), u(t)) dt
ll

J
lo
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subject to

*' çt¡ = f ' (t, x(t), y(t),u(t)), IS i < n,

i,'(t)=0, l<i<r,

zt (t)= Lt (t,x(t),y(t),u(t)), l<y < p,

w(t¡ = g, l1y < p' ,

h" (t , x(t), y(t), u(t)) s 0, | 3 a 1 m' ,

h" (t , x(t), y(t), u(t)) < 0, m' 1 u 1 m,

er (y(t))+wt (t)<0, l<y < p',

t' = T' (b), ,s = 0, 1,

x' (t' ) = X" (b), l1i < n, ,s = 0, l,

yr (t')=br, l<j<r,,s=0,1,

zI 1to¡=9, l<y < p,

zr (tt 7= st , l1y < p',

z'(tt)=-gt (b), p'<T ap,

wt(t')-ct, l<y1p', J=0, l,

for all t elto , tll.
This is a P1 problem and, in accordance with Theorem2,2, the restriction of

(u*,x*,ó,) on any interval ltr,tzlc[/*0,1J] is an optimal strategv. Writing the

last problem on the interval [tr,tr) and returning to the former notations, we

obtainProblemPi I
Remark 2.4. Problems P and P'have the same Hamiltonian [l]; conse-

quently, all necessary conditions, excepting the transversality condition, have the

same form, The transversality condition for Problem P'differs, as go1å¡ becomes

l. - t,Tffis"(b)'
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subject to

i¡ çt¡= 7'çt,xçt¡,u(t),b), t elt1,t2), l1i<n'

h" (t, x(t),u(t),b) <0, t elt,,t2), l1 o"3m"

h" (t,x(t),u(t),b)=0, t eltt,t2l, m'<a1m'

xt (t, ) = X'o (b)* Kto, lti 3n'

x'(t)= X'r (b)* K'l , l<i<n'

11 (x'u'ó)'0' l<Y 1P''

Yt (x,u,ó) = 0, P' <Y 3 P'

where

yt (x,u,b)= g'(b)+ Kt +
l2

I Lt (t, x(t),u(t),b) dt, l<y < p
¡l

ancJ the constants K" , Kt are given by

lJ

ru = J f¡ $,x,(t),u^(t),b-) dt' l<i1n' s =Q'l'

,, 'l
*', = i Lt (t,x,(t),u.(t),b.)dt+ I t'U,x*(t),u.(t),b*)dt,Isy <p

,O lZ

Proof. We introduce the functions

y=(yt,!',...,y''), 2=(zt,z2, ,zP), *=(*' ,w' ,...,wP')

by
yj(t)=bj, l<j<r,

t

zY çt¡ = [ t' Q,x(r),u(t), y(t)) dt, l<T < P,

lo

wt(t)=21 (tt), l<YlP',

for any I e[to, rr],
Then Problem P can be written as follows:

Minimize

'i 
tru {r, x(t), u(t)) + 7frff ,r-dt
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3. COMMENTARIES

REVUE D'ANALYSE NUMÉRIQUE ET DE THÉORIE DE L'APPROXIMATION
TOME XXVII, No 2, 1998, pp. 32r_329

1. Taking t.r=t1,, the similar particular result given by $t.Miricã [2] is
obtained.

2. As it will be shown paper, the above results are useful for. solving the
optimal control problem of mechanical systems with velocity restraints.

S{IR L'APPRO)OMATION DES ENSEMBLES
D'EFFICIENCE
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on sait que la plupart des méthodes numériques de résolution des problèraesd'optimisation vectorielle conduisent à certaines suites de solutions efficientesapproximatives. Dans ce travail nous nous proposons de relier la notion cle suiteefficiente, introduite par v. v. podinowsm åt v. D. Noghin [5] et générarisée parnous dans [6], à celles d'é,cartd'effrcience introduite puinou, aäns [7] et de pointsde compromis au sens de p. L. yu [s], commençons par rappeler quelques noiionsfondamentales.

Désignons par (E,ll.ll,C) e.n.o. un espace normé réel (E,ll.lj) ordonné
par nn cône convexe et pointu C, i.e. R*.Cc C+CcC eï. _CnC={0}, La
relation d'ordre induite par C sera notée par ìc, i,e,. ,?, lëx_yeC. De
plus' considérons les relations binaires suivantes: x2crç>x-yeC\{0} et
x > c ! ë x - y eintC, si l,intérieur du cône Cestnon vide.

Pour tout sous-ensemble non vid,e A de E, [c]A=ct{x+C:x er} désigne
I'ensemble polaire de A et IMax(AlC)=An[ClA représent l,ensemble clespoints idéal-nnximaux da1sr. pour chaque point ,x eE rasection der parx estI'ensemble A., = Arì(-r+); si ¡ e A, arorsra section A*estdite propre, un point
x0 eA est fficient si Aro ={x0}. L'ensemble des points effîcients de A sera
noté par Max(AlC). On a donc

. Max(AlC)={x0 e A:AxeA telque rà. xo}.
si int c * Ø,1'ensembre des pointsfaibtement-fficients estdéfìni par

WMax (AIC) - {"0 u A:Åx e A tel que ¡ >c x0 }.
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