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The spline numerical methods are'an accurate instrument for obtainingglobal approximations of the solutions 
"roner á"äir.*'äir'u.rives. Due to theirhigh order, thev often fa'to have good siability prop.rti.l;rh;; become uselessfor an imporranr crass of oDEs suJh .; rh;-rr,ff p"r"dräïiü; ir is construcred aspline merhod which has stability prop.ni., thát make ir ,ui;utl; for sorving srifî

ärffir: 
(stiff stabilirv)' In ttre ronowing, an astable method oi a similar rype is

(1)

Consider the initial value problem

y,(t) = "f (t, y(t)

y(o) = yo

for /e[0, Tl, f ecp([O,2]xlR',R'),p>0. Assume that/satisfies the Lips_chitz conditions

(2) ll_fk)(t,e_ ¡rrt (¡,v)ll< Lllu_vl!
for all t ef1,I.), u,v eR, and q = 0, ,.., p.

In (2) we define ¡h) inthe following way:

¡G+t):=¡(ø) +Í!r)_f , Q=0,...0p.

f (o)

Define on [0, fl the uniform mesh

Â;0=to1tt(.

Í

1tn_t ltn = T,

AMS subject classification: 6jLl0, 65e05.
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n >1 with the step h'.=tr*,-/o for all k=0,

lor k =0,...,fl and ./ = 0,.-., P'

(3)

, n - 1. Denofe yÍ,i) := Y(i) U k)

2, THE FIRST APPROXIMATION PROCESS

Lety be the exact solution of the problem. By integrating from /¡ to ,. we get

y(t)=y*+ ! f @,-y(x))dx
l¡

and for t'.= t k +t
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The 2p + 3 deg¡ee inte¡polator becomes

Eo*,(t)=î' î' sr(ùrÍi)=,Ï 
",(r).i=k j=o i=k

Now we can consider the following Taylor expansions for the polynomials €l I
u' (')

(8) s,(t) =,5-' u-¡,)' ot (g¿)l
u,(t) lu j! dti \u¡(tl) l, _,;

Substituting (8) in (7) and taking into account (6), (7) becomes

(e) nk* (/)= í,,rr'i, tyå (rrl,,(#)"
and, after rearranging the summation order and indices in (9), we obtain

(t - t,)' dt- ¡

lt. dtt- ¡

comparing (7) and (10), we get an expression for the full Hermite funclamental
polynomials

p+1

2

lk+t

/*r(/) =lnt I f7,y(x))d;r.
tk

rüe consider {rÍÐ lk = 0, ..'' n; j = 0, "', P *l), approximations for

{yu) (t o) | 
k = 0, . .., n; j = 0, ..., p + 1} defined in the following way: (ro) Ho* Q)=,i-i ("rp,$

lk+l

(4)

form:

(s)

It tt = lt r I f G,Ho., (t)) dt,
t¡

where IJt *, i, the full Hermite-interpolation polynomial for the knots /¿ , /r n t

andthevalues {yÍ')}¡=0, .,p+r, rÇspectively {yff'}r=u,.,p*t"Hk*' isapolyno-

mial of degree 2p+3 and for xefto, tt*rf it can be written in the following or, in an equivalent formulation,

(1r) B¡(t)=+' 
Ð,' rffi pt:,2-i- (q#) 

1,,

wilh D¿ ,=4, i=k, k+1, j=0,...,p+1.'dt
We define the approximations y[/.]'), fo, j =0,...,r, inthe follorving way:

(12) yÍ,**r[=Í(i)(tttt,yt *t), j=0,...,r.

The equations (4) and (12) form the first approximation process.

Obviously, y[i) =y[,), fot j=0,...,r+1.

E¡G) = u,G)Z (t - t,)' dt ¡(t\
t, ll dtt- ¡

prl P*l

Ho*,U)=L go¡(Ð yÍi) +l su,,¡(t) fltl,,
j=o j=0

where the full Hermite fundamental polynomials g¡ are defined by

(6) E[,') lt,,)=ö,,,-uôi¡, i=0,\, ffi=k' k+l and i'l=0'"''r+l'

Let
w(t) = (t - t u)' 

t t (t - t o *,)'*'

u¡(t)=fL-, u-, i= k,k+l'
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TFIEOREM L The implicit non-linear system in lt *t given by (4H12) 
's

uniquely solvable, provided h is sufficiently small'

Proof. Using (4H12)' the system becomes

l**t = !r t
rÁrr ( p,l ... Prl .l .

- " 

i A *,'f ro,@) yÍi)*8t,r,o G)It*' + I gr,t¡(x) Í(t) (tr*1'l" )l d*'
' 

,tr, \ 
,,Íou'r'-/r* oÀts"v\ ¿7^ 

i=l )

We only have to prove now that llgu ll_3r,¡, where c¡ are constants inde-

pendent of å. Using (ll), for i=k, k+2, j -0,...,p+l

llg,;ll-< +'.Zt @+z)...(2p+3- i-t)þ-2r-+*i*t.

Consider the aPPlicatlon A:[R'' -) [R'' ,

.ll(u)= /r +

.h"'Çi ep+3-i-t)t .{loî, ep+z-i-r)t- jt fi (p+l)! (p+2-j-t)t- jt t, (p+l)t(p+t-j-t)t'

Using the previous estimate and (13), we see that for å small enough Lo .1.
so I is a contraction and system (4Hr2) is. uniquely solvable, following the
Picard-Banach fixed point theorem. !

LEtvtrvfA 2. The inequalitylktt / ,¡l P+l \

* "l' /r,'f ro,Q)rl,') * E*nt r(x) u+f ,r, ;(x) -f 
(') (to. ' 'l I

r¿ \ "/=u i=l 
' ') dx

Tlren the system becomes u= Au.Consider 4 v e [R'. Applying the norm proper-

ties ancl the Lipschitz conditions (2), we obtain holds for k:0,
of h.

lly o *, -.vr* r ll s Hly t - y oll+ ffin'.'z
,., r1 - 1, where M, c1 and c2 et € positive constants, independent

tk * I Proof. Denote by Ho*r the full Hermite-interpolation polynomial for the

knots ro ,to*, andthe values {yÍ,i)},=0. ,p+1, rospoctively {y[f ,]r=0, .,p*r. For

y eCP* '([0, f]), using a result from the theory of interpolation,

(14) llyþ)-H¿., (")ll< MHp*l , x eltu,tt *,)

wilh M a positive constant, independent of å. So, using (2), (3) and (14), we get the
estimates

lAu- Avll<L J lso.,.o(x)l llz-vlld;r+
l¡

+L
tk+t p+l

J I lt-*,;(r)l lll'u) (to*1,u)- f(i)(r¡,*r'vlldr <

r¡ I =l

p+l

< Lhllgt *,,oll- llø- vll+ L'zhl llsr*'rll- llr-ull<
tk + t

(rru, r.,, o ll- + r' nllllso n,; t;) tt, - "tt.

llvt *t -Vt,*tll<llvr - yrll+ I lll@, y(x))- f(x,lr-,(x))lld¡<
l¡

tk +t

By lì ll- we intend the uniform functional nofm on the interval lt¡,t¡*1)
<llyo - y*ll+ L J tt"uf"ll -Er *,('))lldx <

t¡

l)enote lk+t

L^ =(Br* .o - * r'Ð, r0.,, *) Lh,
<llyo - yoll+ L J tt"ut'll - Ho *,(x))lld¡+

l¡

lL +r

so we get + I tlno*, (¡)) - Ht r' (x))ll dx <lly,, - yoll+ LMhpn2 +
ll.nu- Avll< Lo llr- ull l¡
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<llyo - yoll+ LMïP*2 +

p+l

+ lly o - y oll h ll s t,. oll. + llyo - y ull LhZ I lso, Il- *

'írr, (r) 0Íi) - vÍi) *î, o.,, (') (tÍ,i) - tf?, 
ll

We estimatetk +

I
l¡

+ dx (cr + )h
l- crh

= (t.
k+l

.[1,. 
n-c2rt

L\

n

n-c2T

< r(ct+cz)T

p+l

+ llyo- t - !t *,llhllgo*',oll** lly 0,, -Vo.,ll LhI llgo*'ill* I
j=t

<lly o - y t ll+ c,hlly u - y oll+ crhll.vr *' -.vr *, ll + LMhp 
* 2'

or, for l¡ small enough,

llv u tt -/r.r lll Hlv u - v oll* ffin'*2' tl

RemLark.The previous result shows that the method has the local orderp I 2'

Trno¡.PIr¡ .3. The inequalitY

llvl'l' -t;'?' ll< cahP+1

holdsforallk--0,"',fl-l,j=0,"',r+l'whereczisapositiveconstant'inde-
pendent ofh.

Proof'For7=0,fromLemma2.l,multiplyingbyasuitablefactor,weget
forall i e 0,...,k, k=I,...,fl-1, that

(Ï!- )r 
-',,r, 

*, - t,,,', = (ìlÍu) 
o -''',,,, 

- v,tt+ ry# 
" 
"

And, by summing the previous inequalities from l: I to l: fr, we get

ll.v¿.r-./r*,ll< LMi, t1.-"''ì:; hp+2 -
i=r (l- crh)'

((t*",l,lo''-l 
rr.'.Mçc,_t_",,[[l-;) 

I
L- crh

and taking c, := LM(c, + cr) (e@t + c2)r - l) we have

llY t,. t - ! t *,llt "rho 
*' 

.

Using (12) and the Lipschitz conditions (2), we obtain

llyÍ,tÌ, - yÍj.)' ll< ll,/(i) (xo *t, tr * t) - .f(i) Go*', )rr*' )lll
< LllY,, * t - | t * rlls cohP 

n1,

where cq = Lct. l)

Remark. According to this result, the method has the global errorp + I

3. THE SECOND APPROXIMATION PROCESS

The first approximation process gives us in each meshpoint l¿ a set of
approximations {¡jl) , j--0,...,p*1} forthe values {yÍi), j =0,... ,p+l} of the

exact solution in t¡.

We define the spline approximation s €C'*'([0,I],R'') in the foliowing
way

( 1s) s(l):= Hu*rQ), t eLtk,tk+tf, k=0,...,Iy'-1

Clearly, s is a deficient spline, of degree 2p + 3 and constant defect p + 2. 'I'he

effective construction may be performed in different ways. One of them is by
using (l l).

Estimates for the global error are given by the following result:

THEOREM 4. Let y be the exact solution of (l) and s the spline constructed
in (15). Then there is a positive constant c5 independent of h J'or which the

inequalities

lly(i)(r)-s(')(/)ll scrhP*t-i, i =0,..., p+l
holdfor any t el},Tl.
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Proof.For x e [/o,tt*tl

llyØ- s(/)ll< lly(r) - Hr. 
' 
(¡)ll +llHr *,Q) - Hu*' (r)ll<

p+l
< Mhp*' +llyo - ykllhllsr,oll- +llyr - yoll LhZ llre ll- +

I 9 A Spline Method for the Numerical Solution 34't346

ll p*l P+t

< Mhp*1.11-i, st¡@)oÍ,t) -vf,'))*Z so*,;(x) of,il'-tf? )ll

with co a positive constant independent of ft. So, for the test problem (16) the

method has the order 2p + 4.

Applying the method (4H12) to (16), we get

lYt *, - |n',l"uht'*o ,

The stability function is

p+l tk +

J
l¡

t*I 8u@) drl/*r
j=o

(t7)

( 18)

R(¡'lx) =

+ ll.yr * r - ! * * tll h lls r* r, o I l. + lly r * t - | t1 *,ll Lh:î,llso ., ¡ ll. I

j =l

j=l

P+l lt'+l

1-I I tu,t¡Q)dxV*l
j =0 t1,

a' cq llgt *,,oll* h*' * 
"of Z|lgo *,¡ll*+h't2 3 crhp*t .

4. STABILITY

For studying the stability of the method, we apply the first approximation
plocess to the following lD test problem,

(16) y' =)uY, À e O

y(o) = yo.

The exact solution of (16) is in C*([0, f]). So, for the Hermite-interpolator Ho*'

with two knots and the data up to the G, + l)-th derivative, the following identity
holds

y(x) - H,, n, (x) - 
y(' !- 

o) (70-. t) (x - t t ), 
* t (* - t o* r), 

n', x elt o, t t, * tf,(2P+ 4)r'

where C is a constant independent of h. If we follow the argumentation from
Lemma 2.1 and Theorem 2.2, we obtain the following global-enor estimate for the

approxirnate solution of (16)

ly(")- Ho*,@)13ChzP'a , x efto,tt *tl,

a rational function for which both the numetator and the denominator are

polynomials of degree p + 2.

TrmonBn¡ 5. The spline method is A-stable for all p20.

Proof. The method applied to the test problem (16) has the global order
2p* 4,i.e.,

2o+4

R(z)=l+1+ ... +-3--+@(h2n*s¡, z:=?"h,ll (2p + 4)l
SO

e' = R(z)+@1h2tns¡.

This rneans that R(z) is the þ + 2, p * 2) Padé-approximation of the exponential.
Following [, Theorem 4.12 p. 601, R(z) is A-acceptable and thus the method is
A-stable. fl

Remark. As the stability function is a Padé-approximation, we have for R(z)

the following formula (see [1, p, 50])

P+l
< Mhp* ' ,- "o 

llgo,o ll^h*' + coLl llsqll. +hp*2 +

p+1

R(z) = P+l
1+ I (-1) , (p+z)l (2p+4-j)t r¡

(2p+4)t jt(p+2-j)lj=o

If we want to apply the method for stiff linear problems, we may be

interested in a better existence result than the one provided by Theolem 1. The

following theorem gives an existence condition for linear systems of differential
equations.



348 Adrian Reraric l0 1l A Spline Method for the Numerical Solution 349

Consider the system From (12) and the last equality, we get the m@ + 2) x mQt + 2) linear sysrem
(19) y'(t)= Ay(t)+b(t)

y(o) = yo

with ¡e[0,2], AeM,,",,(R), beCp ([0,2],R.). Denote by o(A) the ser of the

m eigenvahtes of the matrix l.
TrmoR¡n¡ 6. The discrete implicit method (3)-(5) applied to the system (7)

has a unique solutionfor the step h if and only if
rv øa\,¿).

where Er,k=I,...,p+2 are the roots of the polynomial

(20) P(z)=t+î (!nt)', (2P+4-i\t ,i.
F, Qp+4)t jt(p+2- j)l

Proof.If we compare (17) and (18), we observe that

lk+t

(2r) [ ro-r(x)dx =,L!*')]., (?-!.1-lL',. j=1,.. .p+2
tk QP+ )I i!(P+2- i)t'

t.. -!,q,'' 
2

_A

,'u
l0

1,,

! +t dl

o m o vi., d2

-A2 û,, Î
m o !i't, d3

tn

- Ap't \ 0,, a, T,,,
-l¿+ l)
li'+t dr*z

where

d=( u,, n î ,l! 
*'),' 

, 
(?+++ 

h, A,) , o *'o i' ur,'' F, Qp+a)l it(p+2- j¡t" " )'r t¡.

) dx

d,.r,\ A¡-i6{i)(/o*,), l=0,. ..,p+l
,/=0

and

By substitutions, we get the mxn linear system

(23) (r,,, n'i1-1¡, 141?)! \?!*0,- il'. hi Ai) !t ,, = ú,
\ F, Qp+a)t jt(p*2- j)t )r K rt

where d e lR"'isafì'eeterm,independentof yÍi1,, j =0,...,p+1.
Consider {Eo,k=7,...,p+2\, the roots of the polynomial p given by (20)

The matrix of the system (23) canbe written as

(22)
tk +

J
l¡

8r, *t¡ -' (x) d¡ = (-1) ¡ (P+2)l Qp+a- j)t j =1,'.., P+2(2p+4)t jt(p+2- j)t'

Applying the method (4H12) to the problem (19), we get after some calculations

P '1 
lh+ I

yo,,- AZ ! to.t¡@)dxtÍiÌ,= p+2

I =v t¡,

p+l tr+t

Tl tnq-Eo\,,),
k=I

=yt + AT, t so¡G)¿*rÍi, *
lk+

I ur*¡
l¡

d-r so the existe.r". utrd uniqueness conclition for the solution of (23) is
J = o t¡

and using (21H22)
p+2

det lI rn¿-60r, ) +0

i t * t * lf, e o' 8# i *" " 
*. i# h, y Í,.-,,) =

k=t

or, equivalently,

= rt t of s:u h,yf,'*-,,)o 
'*j 

u1"¡ o"/x 
ft(zP+all 

"lktt 
tk

f,f a.t (hA -EuI,, ) + o,
k=l

which proves the conclusion of the theolem. [_]
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Remark. The previous theorem proves that, except for,mQt + 2) values of the

step h,the method applied to the linear system (19) has a unique solution for every

step. thls property and the A-stability lead us to the conclusion that the spline

method proposed may be suited for numerically solving stiff systems of linear

differential equations,

5. FINAL REMARKS AND CONCLUSIONS

In the following we give an interesting interpretation of this spline method'

Considering (4), (12) and (15), we can rewrite them in the following,way:
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BOOK REVIEWS

General Inequalities 7, Edited by C' BANDLE, W: N' EVERITI' L' LOSONCZI and

w.WALTER,ISNM,Vol.l23,BirkhäuserVerlag,Basel-Boston_BerlinL997'604ppD
rsBN 3-7ó43-5722-3

Perhaps the last remaining field comprehended and used by mathematicians in all areas of the

discipline, inequalities continue to play ¡¡n essential role in mathematics' New inequalities and

exciting applications ate discovered everyyear' therefore'surveys on the present-day state of the art

are very useful. :

This volume contains the proceedings of the Generql Inequalíties 7 meeting held at ober-

wolfach in November 1995. Among the participants in the conference we mention: J' Aczel' R' Ger'

".o0.1',A.KulneI.,R.J.Nessel,J'E'Peðarió.Thecontributionsreflecttheramificationsofgeneralinequaliiies into several areas of mathematics and are classified in seven sections: f inequalities in

*utyri, (4 articles); 2. inequalities for matrices and discrete problems (4 articles); 3' inequalities for

eigenvalue p_roblems (4 articles); 4. inequalities for differential operators (5 articles); 5' conveity

(4 articles); 6. inequalities in functional analysis and fi'.¡nctionat equations (4 articles); 7' applications

(5 articles).
There is also a lively final section entitled Problems and remarl<s, containing 5 items'

The volume includes the latest results presented by the pafticipants and is a useful reference

book for both lectu¡ers and reseæch workers'

I. Raça

lk +t

(24) s(r¿*r)=s(rr)+ I .fG,s(x))d-x
l¡

(25) s(/+r) (/¿)=î(i)(/*,s(lÈ)), i=0,...,P

(26) ,(,*l) (/u*,)=¡ri)(t**t,s(fr*r)), i=0,...,p,

Relations (25) and (26) describe the two-point multiderivative collocation

method whereas relation (24) is the collocation on the meshpoints for the

equivalent integlal equation (3).

In conclusion, the spline method described in this paper is a two-point

multiderivative collocation for (l), completed with collocation on the meshpoints

for the equivalent integral formulation of (1).
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