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A DENSITY PROPERTY OF THE C*-ALGEBRA PA4P(R)
AND ITS APPLICATIONS

SILVIA-OTILIA CORDUNEANU

1. INTRODUCTION

Let €(R) be the C*

ions on R, with the supremum norm. Denote by m the Lebesgue measure on R,

For feC(R) and a € R, the translate of f by ais the function R.f(x)=f(x+a),
x € R.A subset & of €(R) is said to be translation invariant if R, & < &, for all
a € R. Throughout this paper, || - || denotes the supremum norm on é(R).

DEFINITION 1.1 [4]. A function g€ZR) is called an almost periodic
Junction on R,

if for each & > 0, there exists an l; >0 such that every interval of
length . contains a number T with the property that

-algebra of bounded continuous complex-valued funct-

R,g-gll<e.
Denote by AP(IR) the set of all such functions.

Remark 1.1. The sct AP(R) is a translation invariant C*-subalgebra of @([Rf
containing the constant functions,

Set
PAP, (lR)={(p € ¢(R): lim 2—1[ [ [(p(x)]dx:O}.

Remark 1.2. The set PAPF(R) is a translation invariant C*-subalgebra of
€(R). -
DEFINITION 1.2 [4]. A function S e€R

) is called a pseudo almost periodic
Junctionon Rif f =g+ 0,

where g € AP(R) and o € PAF,(R).
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Denote by PAP(R) the set of all pseudo almost periodic functions on R.

THEOREM 1.1 [4]. PAP(R) is a translation invariant C*-subalgebra of €(R)
containing the constant functions. Furthermore,

PAP(R) = AP(R) ® PAP,(R).

DEFINITION 1.3 [4]. A closed subset C of R is said to be an ergodic zero set
inRif
i THENL=LTD)
tor@ 2t
THEOREM 12 [4]. Let @ be a function in @(R). Then ¢ e PAR(R) if
and only if, for every £>0, the set. C, = {x € R:|p(x)|2€} is an ergodic zero

subset in R.

Remark 1.3.If f € PAP(R), then the limit
1 t
lim — jr fx)dx
exists and is finite.

DEFINITION 1.4 [3]. For f € PAP(R), we shall call the mean value of the
function f, and we shall denote it by M(f), the limit

t

M= lim — | f(x)dx

2. A DENSITY PROPERTY OF THE C*-ALGEBRA PAP(R)

PROPOSITION 2.1. a) A closed subset of an ergodic zero set in R is an

ergodic zero sel.
b) The intersection of the sets of an arbitrary family of ergodic zero sets is

an ergodic zero set.
¢) The union of the sets of a finite family of ergodic zero sets is an ergodic

+ zero set. :
d) The translate of an ergodic zero set is an ergodic zero set.
Proof. The first three assertions immediately follow from the definition of an

ergodic zero set. We shall prove d). :
Let C be an ergodic zero set in R and let a be a real number. Without loss of

generality, we may assume that the number a is in (0, ). Let ¢ be a positive,
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> . AC d

m((a+CYN[-t,t])  m(CN[~t-a, t—al)
_ 2 3 ek | %) D =
m((cn[—z—a,t—a])n[—z,t])+m((cn‘[—z—a, t—a)\[-1,1])
2t 2t S
m(CN[-t¢, t]) N m([~t-a, t —a]\[-t,¢])
2t 2
_m(CN[-t,1]) L2
2t 2t

Since
> 2t —O

3

it follows

lim m{(a+C)N[=t,1]) 10
t o 2t '
Q.E.D.
Remark 2.1. 1t follows from Theorem 1.2 that PAP (R) is the set of all

bounded continuous complex-valued functions S on R, such that for every £ > 0.

there exists an ergodic zero set C in R (de i
pending on fand ¢) such that |£(;
for all x e R\C. e el B

Let €,_,, (R) be the set of all bounded continuous complex-valued

functions fon R such that there exists an ergodic zero set C in R (depending on f)
such that fix) =0 for all x e R\C. In other words, €, ., (R) is the set of all

bounded continuous functions on R with ergodic zero support.
THEOREM 2.1. 2) €,,_,,, (R) is a subalgebra of the algebra PAP,(R).
b) €,_,,, (R) is uniformly dense in PAP,(R).

Proof. a) Our claim follows from the i i
) properties of the support of
and from Proposition 2.1, We shall prove b). : it

Let f be a function in PAP)(R) and let € be a positive number. Thus, the

%5 i
set C, = {x eR:|f(x)|2 5} is an ergodic zero set. It follows

R SN
[ 2t
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and, therefore,
 m((R\C,)N[~1,1])
lim
t—>w 2t
Taking into account that R\C, is an open set, hence Lebesgue measurable,

we can find a closed subset F, = R\C, such that

m((R\C,)\F,) <1.

=1

Therefore
. m(((R\C)H\F,)N[-1,¢]) N
lim =
t—» 0 2t
Clearly, we have
m(R\C,)N[-¢,¢]) _ m((R\C)H\F, ) N[-1,2]) N m(F, N[—t,t]) '
2t 2t 2t

Combining the above equality with (1) and (2), we obtain

. m(F, N[~t,t])
lim ————=1.
(o 2t

0.

Making use of the fact that F, and C, are disjoint closed sets in R, which is a
T, space, we find an open set D, such that

F.cD,cD,cR\C,.
It follows from the inclusions above and from the equalities

i PEOL01D) L m(RANC)N-41])

[ 21 L 2t
that =
- - m(D. N[-t,t
limm(Deﬂ[ r,t]):ﬁmm( . N[ ])=1.
{0 2}‘ tﬁ.w 21‘

Furthermore,
. m((R\D)N[-t,¢])
lim =
15w 2t

0,

hence R\ D, is an ergodic zero set.

Now we use the fact that R is a normal space and applying Uryson’s
theorem, we find that there exists a continuous function g,8:'R—>[0,1], such
that g(x) =1 forall x eC, and g(x)=0 forall x eD,.

Afterwards, we consider the continuous function F:R > C defined by

F(x)=f(x)-g(x) for all xeR. It is obvious that F(x)= f(x) for all x eC,
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and F(x)=0 forall x eD,. We obtain that F(x)=0 for all x €D, =R\(R\D,)
and R\ D, is an ergodic zero set. This means that F €€, . (R).

On the other hand, we have that for all x e R, |F(x)|<|f(x)| and from this
inequality it follows that for all x € R
|/ (x)-F(x)|<e. QE.D.

Denote by R the group of the characters of the group R and by (HAQ) the
subspace generated by the set R in the Banach space €(R).
COROLLARY 2.1. PAP(R) is the smallest C*-subalgebra of the C *-algebra

@(R) containing the characters of the group R and the functions of the algebra
€ oy (R).

Proof. Let A be a C*-subalgebra of the C*-algebra @ (R), containing the charac-
ters of the group R and the functions of the algebra €,_,,. (R). It is known that
(R)=AP(R)

in the sense of uniform convergence on R [1]; combining this fact with the
hypothesis that 4 is a Banach algebra, we obtain the inclusion AP(R)c 4. Now,
applying Theorem 2.1, it follows that

@ oy (R) = PAP,(R) |
in the sense of uniform convergence on R and by virtue of the same property of
the algebra 4 we see that PAF,(R)c 4. So, PAP(R) < A. Q.E.D.
Remark 2.2. Observe that L

PAP(R)=(R) & @,_,,. (R)

in the sense of uniform convergence on R.

3. SOME APPLICATIONS OF THE DENSITY PROPERTY
OF THE C*ALGEBRA PAP(R)
PROPOSITION 3.1. Let s ; PAP(R)— C be a linear functionial such that:
a) p(f)20 forall fe PAP(R), f>0;
b) W(f)=1for f=1;
¢) n(y)=w(Ry) forall ae R and for all y € ﬂi;
d) we)=0 forall g €,_,, (R).
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Then p= M (M is the mean value defined on PAP(R)).
Proof. For every f € PAP(R) we obtain that

(NI

It follows that p is a continuous functional on PAP(R).

Set
A={f e PAP(R):n(f)= (R, f) forall aeR}.

We can easily see that A4 is a closed subspace of the Banach space PAP(R).
From the hypothesis we have Rc 4 and, therefore, ([}i)z AP(R)c A. (The

closure (ﬁ) of ([IAQ) is considered in the sense of uniform convergence on R).
Applying Theorem 18.9 in [2], we obtain the equality p= M on AP(R).

Let ¢ be a function in PAP,(R). By Theorem 2.1, we find a sequence
(@,),.n of functions of the algebra &,_,, (R) such that nIEI:oH(P" -||=0.

Clearly, we have
p(e) =p(lim ¢,)= lim p(p,)="0.
noom nyrw

Thus p=0 on PAP,(R), and, furthermore, p= M on PAP(R). Q.E.D.

PROPOSITION 3.2. Let (T), . be a sequence of positive linear operators,
T, : PAP(R) — PAP(R) for all ne N, such that:

a) lim T f = f uniformly for each f eR and for each [ €€, . (R);

n—

b) T,f=f for f =1, forallne N
Then lim T,f = f uniformly for each f € PAP(R).
n—ro

Proof. Set
A={f ePAP(R): lim [T, f ~ f||=0}.

We shall prove that 4 is a closed subspace of the Banach space PAP(R).
Consider a sequence (f, ), . of functions of 4 such that

lim [1f, — £ol1=0,

where f, € PAP(R).
If T:PAP(R)— PAP(R) is a positive linear operator, then the following

inequality holds for each f e PAP(R)
IZF <A NI
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It follows for all n,k € IN and for all f € PAP(IR)

IZ.f =~ FISNTS =LA N+ NT S = S|+
e = SUNNTS e = Ll +21Lf = S

Let € be a positive number.
By kli_r)n |/« = foll=0 we have that there exists a k, € IN such that for all

€ ' .
k>ky, |l fe —f0||<§. Now, using the fact that lim |7 fx, = fi, 1= 0, we find a
n— o

number #n; € IN such that for all n>n,, TS ey = S, ||<§.

It follows from (3) that for all n> n,
1T,/ = Foll<e.
Hence, lim ||T, f, - f,[|=0. This means that f, €4, so 4 is a closed
h—r 0

subspace of the Banach space PAP(R).
On the other hand we have that

PAP(R)=(RY® @, _,_(R)

and, taking into account that Rcd and @
A=PAP(R). QED.

0-eg (R) 4, we obtain
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