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TESTS OF EFFICIENCY FOR A DISCRETE
MULTICRITERIA OPTIMIZATION PROBLEM-

V. A. EMELICIIEV, O. A. YANUSHKEVICH

For the multicriteria optimization problem, various necessary ancl sufficient
conditions for a solution to be effrcient are well-known (results by T, c.
Koopmans, A. Wald, S. Karlin, L. Hurwicz, A. M, Geoffrion, yu. B. Germeyir,
P. L. Yu, V. V. Podinovskey, V. D. Nogin, A. Chames, W. W, Cooper,
R. E. Burkard, and others, see, for example, tl-13]). These conditions are the
bases of the elaboration of numerical algorithms for finding efficient solutions.

In this paper we give some new simultaneously necessary anci sufficient
conditions for a vector valuation to be efÏcient in a multicriteria optiniiz-ation
problem with a finite criterion-valued set.

Let the multiobjective function

| = (lt, /2,.,., Y,) i X I R', n) 2,

with the particular criteria

y ¡(x) -+ Tl" Vt e N n = {1,2,...,n},

be defined on the arbitrary set Xof admissible solutions.
Further, we assume that the criterion-valued set

Y=y(X) ={.y c [R''.y =y(x), xeX]
is finite.

We consider the n-criterion discrete problem of search of the Pareto set

P(Y)= {y eY:n(y)=Ø},
where

n(y) = {y' eY: l)- !' , y + y').
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differentiation) is necessary. The (validating) Riemann scheme is comparable with

classical methods concerning accurâcy, whereas, of course, the computation is as

twice as much.

Accuracy

Low-mid high

Mid-hish hish

Low

Main area of application

Continuous kemels

Kemels with series expansion

Weakly continuous kemels

Method

Riemann approach

Decomposition of the kemel

Decomposition of the domain

Low, mid-high and high mean that the number of correct digits in the

verified solution is about l-2,3-5 and from 6 upward.
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Proof. According to (l) to prove the Lemma it is enough to show the
inclusion P(y)cÂ(l). We shall prove it by conhadiction. If y" ep(Ð\^(Ð,
then, by Lemma 1, the vector y'çC(Y), i."., 4(yo)+Ø. So there is a vector

y. e\(yo ) complying with the condition

SyeconvYry*r-!, y* *y,

as the polyhedrom convrcRl is borurded and extended. This means that the

vectory. belongs to several bound rT dim H3n- 1, of the polyhedron conv r.
Whence on the bases of the known relations

.Il = conv vert H, vert H c Y

(see [17, Theorem 2.2 and corollary 2;4 in chapter 1]) and caratheodory theorem
(see [17, Theorem 1.8 in Chapter 1]) the vector y' =(yi,/i,...,yJ) ir represen-

table in the form

(4)

where yi eY,yi + yo Vj eN o @sy" e\(y')), (À,,)u2,...,Ào) eÄr.
Therefore, since y' e P(n, for any number j e N t there is an index

i(j) e N, complying with the inequality

rft¡¡ < llq¡¡.

Hence, on the account of the implication of formula (3), the inequalities :

(5) wft¡t < !11¡¡ vi e N o

are valid.

Further, taking into account relation (4) and inclusions IcRi and

y. e\(yo ), we derive

k

vi<¡s>- lir¡t = I ^"r,ì.,, 
>-tu¡tlr¡¡ Vj eN o;

moreover, there is such an rrd.. ;' e .lfo for which the strict inequality

vi<i¡, L ¡ rlr,¡,
is valid.

3

k

!. -l?",),' , k1n,
J=l
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The elements of this set are called the efficient valuations or the Pareto

optimal valuations.
The traclitional method for finding efficient valuations in the n-criterion

problem is the linear convolution ofcriteria ([7] and [8]), which can be expressed

in the form of the following almost evident inclusion

(l) 
^(Ðc 

P(Y), i:r

where

^(Ð 
= u L(Y,)u),

<x,v):L
t= I

algmin {'} is the set of all optirnal soiutions of the corresponding minimization
ploblem.

In other words, for any vector I e À, the optimal valuation of the one-

crit*rion problcm

(2) min {(}", y): y eY}

is an efficient valuation of the n-criterion problem.
Unfortunately, there exist efficient valuations of some ¡¿-criterion problems

that are not optimal valuations of problem (2) for any vector À eÂ,, i.e., these

efficient valuations cannot be found by means of a linear convolution of particular
criteria (see, for example, [7], [11] and l4-161).

We shall introduce another set of elements

C(Y)= {y eY:E0)=Ø},
where

1þ)= {y,e convl:y>y,, y+y'}
and conv Iis the convex hull of the criterion-valued set lin Rn

LEN/ß,IA t. [10, 11]

C(Ð = L(Ð'

Lrvnr¡a 2. Let Y cR i . If the formula

(3) Vi e N, Vy,y' eX (!¡ < yi+ nt¡ < ti)
is true, then P(Y): 

^ 
(Ð.

À eÂ,,

Â, ={À,,Lr,...,À,) en''Ë À, =1,À, >o VieN,},
i=l

^(f; 
À) = argmin {(}', Y): Y eY\,

L,!,(x) is a linear convolution of the particular criteria and

2
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Proof. The proof is analogous to that of Theorem l.
In.conclusion, for comparison, we state the known result which is analogous

to Theorem 2.

TI{EoREM 3. U2l (see also 116)). Let l),1< * and y c.Ri. There is c vector
k=(kt,kr,...,kn),k, >0Vi eNn, such that the vector I ey is an fficient
valuation iffthere is avector l, er\., , such that

n (' I

2 r,y,o, ='ni"] i x,y!,, y .vl.
i=t |.,-r )

In [12] the components of the vector k=(kt,kz,...,kn) have been
constructed with the help of the following recursion procedure:

5

kr =1, ki > ,) .,fr,

,"tT
logc, ' 3

where

Q¡ =ma'x
{,!-, ^, 

0i'-¡l'):v,i'e )'; (t, ,x,,...,À,-,,.n,-,}

( ¡-t
b¡ = minl I l, !o,t - ¡ot ) > o :.y, jt eY; (À", ,),r,

lr= I

,I,_,)€Â¡-l

{î"'''j''4'
ì,, =1i¡¡:2.
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Hence, by (5) we obtain

I

n
Then we have

f^''4=''?t'n
k

but I I, =1, because (À,,Àr,...,Lk).À0, a contradiction which proves

Lemma2.
Let

(6) o"= ktta ,

where A = min {y, - yi, 0, y, l' eY, I eN, }.

Trmongu 1. Let l)'l<*. For any number a2.a the vector I eY is an

fficient valuation iff there is a vector l" e Â, , such that

n f, I
2 Ì",r,, = rin] Z Ì",o,' : y eyl .

¡=I |.'-' )

Proof. From formula (6) we derive the proposition

Yct2c-VieNnVy,y'eY (a'' <avi =+na'' <a'i).

So, on the basis of Lemma 2,for any a) a

P(Y,) = L(Y,).
Here

Yn = UeR' :y = go(x), x eX|,

g,(x) = (aûG) , qlz}) , . .., qfu?) ).

This is equivalent to the conclusion of Theorem 1,

Let (, 
I

g = lognllogmin]å t r : !, !' eY,i e N 
^1.ly' )

TiIEOREM 2. Let lI'l<* and YcRi. For any number b2þ the vector

/ eY is an fficient valuation iff there is a vector I e r\, , such that

n f, I

Z x,7,u =.irl Z x,v! : v eYl.
Í--t l; )

4

^,t:vi 
eN o,')u,,
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ON AN ITERATTVE METHOD WITH MORE STEPS
USING AN ALGEBRAIC CONDITION

BÉLA FINTA

Let (X,p) be a metric space and BcX,B*Ø a sphere. We consider the

equation .f(x)=y('t), where f :B-+X isagivenfunctionand yeX afixed
element. we suppose that we can put in correspondence to the equation (*) the
new equation q(x) - x(t+,;, where rp : B -+ x is a function, such that the solution
of the equation (,t; is a solution for the equation (**.) and conversely. we say that
the solution of the equation (,+*,¡ is a fixed point for g.

ln order to solve the equation (,Fr,) we suppose that there exists a fi,mction
F : B' -+ X, where n > 1 is a natural number, such that the restriction of 17 to the

diagonal of the set -B' coincides with ç, i,e., F(x. x,..,,x)=e(r) for every

x e B (*,r*¡. Then we take the following iterative method with z steps:

x, = F(xo, xt,...,fr_ t ) and xk*r=F(x¡r,x¡*, ,xk*n- l)

forevery k: 1,2,. . . and xs,x11...,x,_, eB.

For assuring the convergence ofthe obtained sequence {xr} t .^ to the fixed

point of the frurction <p we have thc following known result:

Trnonur¿ l. If (X,p) is a complete metric space andthefunction F satis-

fies the following conditions :

i) nansþrms the set B' into B, ,

li) veriJies the condition (+*'F),

äi)for every yt,!2,...,1,,!n*, eB thefunction F salisfies the inequality

p(I-(yt, !2,..., y,), F (fz, 13,..., l, * t)) S

3m, .p(y,, yz) * mz.p(lz, yz) * ...t ffin .p(ln,l,*t),
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