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TESTS OF EFFICIENCY FOR A DISCRETE
MULTICRITERIA OPTIMIZATION PROBLEM"

V. A. EMELICHEV, O. A. YANUSHKEVICH

For the multicriteria optimization problem, various necessary and sufficient
conditions for a solution to be efficient are well-known (results by T. C.
Koopmans, A. Wald, S. Karlin, L. Hurwicz, A. M. Geoffrion, Yu. B. Germeyir,
P. L. Yu, V. V. Podinovskey, V. D. Nogin, A. Chames, W. W. Cooper,
R. E. Burkard, and others, see, for example, [1-13]). These conditions are the
bases of the elaboration of numerical algorithms for finding efficient solutions.

In this paper we give some new simultaneously necessary and sufficient
conditions for a vector valuation to be efficient in a multicriteria optimization
problem with a finite criterion-valued set.

Let the multiobjective function

y:(J’|,J’2,-~,yn)1X—>Rn, n22,
with the particular criteria
y,.(x)—)rri,in\fi eN ={1,2,...,n},

be defined on the arbitrary set X of admissible solutions.
Further, we assume that the criterion-valued set

Y=y(X)={yeR":y=y(x), x e X}

is finite.
We consider the n-criterion discrete problem of search of the Pareto set

P(Y)={yeY:n(y)=0},
where
n(y)={y'eYiy2y', y2y'}.
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The elements of this set are cﬁlled the efficient valuations or the Pareto

optimal valuations.

The traditional method for finding efficient valuations in the n-criterion
problem is the linear convolution of criteria ([7] and [8]), which can be expressed
in the form of the following almost evident inclusion g

(1) ' AN P(Y),"
where

A= U AT,

heA,

n

A, = Ay, A eRY:DT A =LA, >0VieN,},

i=1

A(Y, L) =argmin {{(A, y):y e¥},

(A, yy= Z A;y,(x) is a linear convolution of the particular criteria and
i=1
argmin {-} is the set of all optimal solutions of the corresponding minimization
problem. :
In other words, for any vector A €A, the optimal valuation of the one-

criterion problem
2 min {(&, y):y €¥}
is an efficient valuation of the n-criterion problem.

Unfortunately, there exist efficient valuations of some n-criterion problems
that are not optimal valuations of problem (2) for any vector A €A, i.e., these

efficient valuations cannot be found by means of a linear convolution of particular
criteria (see, for example, [7], [11] and 14-16}).
We shall introduce another set of elements

C(¥)={yer:£(»)=0},
where
E)={y econvl:y2y', y=y}
and conv Y is the convex hull of the criterion-valued set Y in R".

LEMMA 1.[10, 11]
C(¥)=AQ).

LEMMA 2. Let Y <R . If the formula
(3) VieN, Vy,y'eX(yi<yi'i>ny,5yi')
is true, then P(Y) = A (7).
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Proof. According to (1) to prove the Lemma it is enough to show the
inclusion P(Y)c A(Y). We shall prove it by contradiction. If y° € P(Y)\ A(Y),

then, by Lemma 1, the vector y° ¢C(Y), i.e., &(y°)#0. So there is a vector
y" €&(y°) complying with the condition

Jy econvY:y >y, y £y,

as the polyhedrom convY R’ is bounded and extended. This means that the

vector y* belongs to several bound H, dim H<n— 1, of the polyhedron conv Y.
Whence on the bases of the known relations

H=convvert H, vertHcY

(see {17, Theorem 2.2 and Corollary 2.4 in Chapter 1]) and Caratheodory theorem
(see [17, Theorem 1.8 in Chapter 1]) the vector y” =( yi* ; y; k) y: ) .is represen-
table in the form

k #
(4) y =ijy’: ksna
Jj=1

Where yj EYa}’j :’tyo v.] ENk (asy‘ EE.»(yo))’ ()"131'25---’}‘%) GA/('

Therefore, since y° € P(Y), for any number jeN , there is an index
i(j) € N, complying with the inequality

Yity <Viep-

Hence, on the account of the implication of formula (3), the inequalities
) ity Syij&j) VjieN, ol
are valid.

Further, taking into account relation (4) and inclusions Y<R” and

y" €E(y°), we derive
k
Vi i = 2 MYy 2hviy i €Ny
moreover, there is such an index j* e N « for which the strict inequality

LS 2P
Yiiy 7 it

is valid.
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Hence, by (5) we obtain

1
n J n

Then we have

k
XA <rst
s n
k
but Z A, =1, because (A;,Ay,...,A,)€A,, a contradiction which proves
j=1
Lemma 2.
Let
(6) (X=}’Z”A,

where A=min{y, -y/>0:y,y €Y, ieN,}.
THEOREM 1. Let |Y|<. For any number a>a the vector y €Y is an
efficient valuation iff there is a vector h €A, , such that
n v n
Z A,a” =min Z Na¥iyeY
i=1 i
Proof. From formula (6) we derive the proposition
VYazaVieN, Vy,y' €Y (a” <a” =na” <a”).
So, on the basis of Lemma 2, for any a > o
P(Y,) = A(E,).
Here
I,={yeR":y=g,(x), xeX},
g, (x)= (af|(X) ) PLASY L aln® ).

This is equivalent to the conclusion of Theorem 1.
Let

[3=logn/logmin{y‘ >l:y,y' eY,ieN }
Y

1

THEOREM 2. Let |Y|<w and Y R;. For any number b2 the vector
y €Y is an efficient valuation iff there is a vector ) € A, such that

® = min Zky, 1y ey,

i=1

li M:

— —
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Proof. The proof is analogous to that of Theorem 1.
In conclusion, for comparison, we state the known result which is analogous

to Theorem 2.

THEOREM 3. [12] (see also [16)). Let |Y|<o and Y cR}. There is a vector
k=(ki, ky,.. k) b, >0V €N,, such that the vector ¥ €Y is an efficient
valuation iff there is a vector ) e A, such that

i 1,3 = min Z Ayl iy GY}.
i=] i=1

In [12]  the components of the vector k= (ky,ky,...,k,) have been
constructed with the help of the following recursion procedure:

logﬁ

Lo 3923008,
loge,

k'=1 k >

where
i—1
k; Lk B
a;=max4 3 A (¥ =97 )i,y el (A, hgsein i ) €A, b,
Jj=1 [

H

i-1

b, = min 27\ (y} ’“yj )>0:y,y€¥; M Agsnhi ) €Ay,

Jj=1

i

¢ =min{&>l:y,y GY},
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