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ON AN ITERATTVE METHOD WITH MORE STEPS
USING AN ALGEBRAIC CONDITION

BÉLA FINTA

Let (X,p) be a metric space and BcX,B*Ø a sphere. We consider the

equation .f(x)=y('t), where f :B-+X isagivenfunctionand yeX afixed
element. we suppose that we can put in correspondence to the equation (*) the
new equation q(x) - x(t+,;, where rp : B -+ x is a function, such that the solution
of the equation (,t; is a solution for the equation (**.) and conversely. we say that
the solution of the equation (,+*,¡ is a fixed point for g.

ln order to solve the equation (,Fr,) we suppose that there exists a fi,mction
F : B' -+ X, where n > 1 is a natural number, such that the restriction of 17 to the

diagonal of the set -B' coincides with ç, i,e., F(x. x,..,,x)=e(r) for every

x e B (*,r*¡. Then we take the following iterative method with z steps:

x, = F(xo, xt,...,fr_ t ) and xk*r=F(x¡r,x¡*, ,xk*n- l)

forevery k: 1,2,. . . and xs,x11...,x,_, eB.

For assuring the convergence ofthe obtained sequence {xr} t .^ to the fixed

point of the frurction <p we have thc following known result:

Trnonur¿ l. If (X,p) is a complete metric space andthefunction F satis-

fies the following conditions :

i) nansþrms the set B' into B, ,

li) veriJies the condition (+*'F),

äi)for every yt,!2,...,1,,!n*, eB thefunction F salisfies the inequality

p(I-(yt, !2,..., y,), F (fz, 13,..., l, * t)) S

3m, .p(y,, yz) * mz.p(lz, yz) * ...t ffin .p(ln,l,*t),
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Proof. We show, using the mathematical induction method, that all terms of
the sequence {xt}r.¡¡ âr€ inB. The demonstrationis identical for every fr e [N,

when we want to show that x t, * n n t e,B if x k, . .., x k * n €8. From ii) we obtain

p(x t, * n * t, x k + r) = p(F(xt * r, x k * 2 r. .., x k i n), F (x tr, x k * t,..., x t, *, _ t)) S

< mt . p(x t * t, x r) + mr' p(x o + 2, x k +, ) + ... + m, . p(x o * n, x k *, _ t).

Forevery &e 0rl wedenote at =p(xr,t,xt)>0. Soweobtaintheinequa-

lities
ak*n 3 mtak + ffizak+t *... * ffirak+, I.

We generate the new ssquence {oil o.¡ using the equalities

eL* n = mra[ + mzqL * r * , . . * ffinã| *, _ t ,

Where a'o=ao,cl=at,...,q'n-t=Qr-r. It is easy to verify by mathematical

induction that a¡<a[ for every k e [.,1. Now we determine the generaltern a'o

using the linear recurrence

d| *n-mra| +mzqL*l -..,- mna'¡..n-,, =0.

We consider the corresponding characteristic equation

tn -mrtn -mzt-ffit=0,

All the roots of this equation have modulus less than one. Indeed, if cr e 0 is a

root and we suppose that lo l) l, then

an -mran 
l- .,-ffizd-ffi1 =0, So

l+...+ m2a+mt.a"n = mr&'

Dividing the equation by crn, we obtain

,-ffi, , , ffiz , ffil
r-... _r__llJ_on,

rl
t =l \+... + ffi2, +lLl<U+...+

I o an-t ct'I lctl

1mt + mz * ,.. * mn <I,

which is a contradiction.

SO

m^ m,ztt/

lol'-' lal'-

244 Béla Finta

where fi;1, tî12,...,ffi, > 0 are real numbers such thøt mt + m2 + "' + mn <1, then

the sequence {x ù * . N obtained by the iteratíve method with n steps is convergent

for every xs2x1t,..,xn-t eB andíf we denote x- = lyf,xk, 
thenx* is the unique

fixed point for <P in B'" lt'ttid ih.ot.. appears f'or the real case, when X = R in ¡]. It is 4n easy

exercise to transpose the statement and the proof of the theorem from [l] for

metric spaces. When tr' is defined on the whole space X, then condition i) from

Theorem 1 is superfluous. ln this case theorem I appears in [2] with anothef proof'

The purpóse of this paper is to replace the theoretical condition i) from

Theorem 1 by a sufficient algebraic condition that we can verif, concretely.

TlüoREM 2. Let (X,p) be a complete space, xo ex afixed element and

B= B(ro, r) = {x eX lp(x,xo) I r} a given sphere,where r> 0' If'

r) the function F : B' -+ X satisfies condition (t''+*¡,

ä)for every lt,!2,..'tln,ln*t e B thefunction Fverifies the inequality

P(F(Yr, !2, "', Y,), F(Yz, lt ""' /,* r )) I

3 m,' p(y r, y z) t mz' P(! z, y ) * . .. t ffin' P(!,, l, * t),

where mr, ffiz,..., ffin 2 0 are real numbers such that mt + m2 + "' + m n < l,

äi) the complex numbers 21122;...,2n are the roots (withmultiplicity one) of

the equation P(t)=tn -mnt'-t -...-ffi2't-mr=0 and þr,þr,"',þn are the

solution of the Vandermonde-type system of

Þ, + Þz + ... 10, = p(rúr , ro )

þ,2, +þrz, r ... rþ ,z n = p(x2, xl)

þ,ti-' +þzzi-' +... + þ,tI- 
t 

= P(x,,x,- t)

with xr,xz,...,xn-1,x, eB, where xn = F(xorx1,"',xn-r) so that

IPJ - lÞrl - * lF,l .',
'¡7¡* t-¡rr- 

"' t-lz,l 2

thenthe sequence {xt\t.^ obtainedby the iterative methodwithn steps is well

defined, i,e., the terms of the sequence are in B, it is convergent andif we denote

x- = /gîxr, then x' is the unique fixed point for q in B.

2



Because the Vandermonde determinant of the linear system is different from

zero,there exist the values þ,,i = 1¿. Con.equently, ao 3þ,zf +þzz! + ...+þ,2!
for every k e t\ . Now we show that xo *, n, e B'.

p(xt * n*1, To) ( p(xr * n n1, x¡ * r) * .

3þ,("i.u +...+ r,+1)+8, @ino *...+ z, +1) +

5 On an Interative Method 24'7

+ p(x, ,.xs ) <

. +þ 
^@i,- 

k + ... + z, -r l) =

1 _-n+k+l 1 _on+k+l
=Þ, '._i1--+þ.'?-+

I- zt L- zz,

The previous expression is a real number, so

I ntk+l t n+k+lI l-zL o l*zZ
-lHt . -v2 T-I l-7. l-7-

l^-l

< lp, l. 
11,:i.o]'[+ 

lþ,1. 
lr,,'i. ul,' 

I r
lt- ztl lL- zzl

<lB,l' =++lgzl' -+l-lr,l " '' L-lrrlr" '+lP'l 4r;t'
Thus, it is possible to define the sequence lx¡j u.¡ by using the function F.

In the sequel, we show that {xo }0. 
^ 

is a Cauchy sequence. Indeed:

P(x t * p, x u) ! P(x r * p, x k * p -r ) + p(x¿ + p - t, x k * p, 2) +.'. + P(xr * t, x t ) 1

<þ,'el+ p-t *...+zf)+gz . e:*'-t +...+t!)+...+ þ,'þl- p-1 +...+ zf¡=

=þFf é.þ*: e+ +þ.2! e
This last expression is less than every small e > 0 if f e [,] is sufficiently

large, for every p e h,l. But X is a complete metric space, so there exists

function, so it is continuous in every argument. Taking the limit in the recurrence

relation and using i), we obtain x' = F(x*,...,x*)=e(¡-). This fixed point is

unique in B. Indeed , if y* e.B is another fìxed point for q, then p(x* , y* ) =

=p(g(x.),q(.y.))=p(F(x.,...r**),F(y',...,y.))1mt'p(x*,y.)+ryp(x*,y*)+
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Without losing the generality of our problem, we can suppose that the roots
ofthe characteristic equation are different painvise.

Indeed, if the root /* has the multiplicity at least two, then it verifies the
equations

t*n -mnt*'- ffirt* -ffi1 =0 and

n. t*n-t - (n_ l). mn' t*'-2 -...-ffi2 = 0.

If t,,t2,...ttn , e G are the roots ofthe derived equation, it is sufficient to

change the value z1 in order to make sure that they will not be roots of the
characteristic equation. Consequently, \ryg choose u, =ffi,,...,u2 = H2 and

or >0 such that the inequality crr+uzr...*rn (1 remains true and dttmt
and cr, ç{ti -*,tl-' mt.t,li=t,n- t¡. Such a choice of o1 is possible
and does not modiff the essence of oru problem.

So we consider the recurrence

eI *, = ara'o' + aza'i tl *... * a ral * n t,

wherc a'í=a'o,al'=al ,...,a'i_t=a'n_, . By mathematical induction it is easy to

verif, that a't <a'í for every È e Drl and from qr <a,t we obtain that ao <a,i fot.

every k e 0{. withoutlosingthegeneralityof ourproblem, if z¡,22,...,2n are
the pairwise different roots ofthe new characteristic equation

z' -G,rzn-' - ,.._ orr-Gr = 0,

then we can determine the values ai inthe following form

4

ai =þ,zf +þrzl +...+þ,2!,

,þ,, are the solution of the following linear Vanclermonde-typewhere þ,,þ2,
system:

where x, =

Fr +Þz +... + þn = o'í = do =p(x,,xo)
B,z, +þ"2" + , .. + þ,r2,, = a'l = at = p(xr, xr)

F.tti'-' +þzzi'' +... + F,ri, t 
= a'n'-t = an_t = p(x,, xn_ t),

F(xrr, x, , ..., xn _t) ,
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TIßOREM 4. Let (X, p) be a complete metric space, x0 e X a fixed element

and B=B(xs,r)={xeXlp(x,¡o)<r} a given sphere, where r>0. If the

function F : 82 -+ X verifies the following condìtions;

i) F(x,x) = q(x) for every x eB,

ä) there exist tl¡e constants n11 I Í112 ) 0, ntt + r1t2 <I so that

p(F(yt, !z), F(tz, /t)) s \'p(!t, yz) + mz.p(yz, ys)

for every !t,lz,lt eB,

i11) the real numbers 21 , 22 aïe the roots of the equation z2 - rlt2z - Ht = 0

with z, < z 2 s o that laoz, - arl. (l - zr) +larz, - a rl. (l - z r) < (r, - ",) 
(t - nq - ù. ;,

where x, eB(xo,r), xz = F(xo, xr) € B, ao = p(xo, x¡), at = p(xr,x2), then the

sequence {x t ) t . 
^ 

obtained by the iterative method with two steps is well defined,

i.e., the terms of the sequence are in B, it is convergent and 
ol51 

*o = x* , where xn

is the unique fixed point for rp in B : F (x*, r* ) = g(r. ) -,v- .

Proof. ln this case the characteristic equation has the form

z' -mrr-ffir =0,

with real roots: zt =
m2- ml + 4m, +m2 ml + 4m,

7

An elementary
2 2

calculus gives us that z, el-1,0] and z', e(0,1) if m, * mz 11. We deternine the

values B¡ and B2 from the system:

fF' 
+Ê, - do =1"' -"ol

fF,r, * þzzz = a, =lx, ..'x,l'

The searched algebraic condition has the following form

aoz2 - al

.2

2

-+
lt- 'J

1", 
- oot,l _2_s r, i.e.,

| ",-r, I lt-zzl

larrz - a,l' (l- zr) + la, - aoz,l. (l- z) S (2, - zt) (- z,) (l - zr¡' L =
2

Q.E.D
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+ .,, + mn' p(x', y. ) < p(x-, y* ;, which means a contradiction because mt + m2 +

+...+mn <1. Q.E.D.

For n: I from Theorem 2 we obtain the following

TrmonBu 3. Let (X, p) be a complete metric space, x, e X a fixed element,

and B=B(xo,r')={xeXlp(x,xo)<r} a given sphere, where r>0. i¡ the

function <p : B -+ X verifies the following conditions

i) p(.p(yr),q(yr))<m'p(!t,!z) for every tt,tz eB and 0<m<1,

ii) p(tp(xo ), xo ) = p(x¡ , x6 ) < (1- ù'I ,

then the sequence {xr}t,.^ obtained Uy ín, fterative method xk*1=<p(xo) is

well defined, í.e., the terms of the sequence cre in B, it is convergent and if we

denote x* = lim x, , then x* is the unique fixed point þr g in B.
k+ø

ProoJ. The condition ii) assures that x, eB because

p(x,,xo)<(l- ù'l<r.'2
We apply Theorem 2. In this case we have z - m = 0, Zt = ffi,f31 = P(xr, xo), so the

condition ]+ < | gives us that p(rr, xo ) < ( I - m)' +.

Remark 1. Theorem 3 is true if instead of ii) we consider the condition

p(x, , xs ) < (l - n)'r (see [1]).

Example l. Further on we eonsider a nunerical example.

Let X=[R,xo =0, r=l,B=B(0,1) =l-l,I],f:[-1,1.1+R,/lx) -_-!n-* -r.
5

Because Í(-l) > 0,"/(l) <0 and/is continuous there exists root of the equation

f(x)=O in B. To solve this equation we take the function Q:[-1,1]+R.,
1

<p(x) = ;e-' and we apply Theorem 3. Indeed, from Lagrange theorem u'e get
)

6

the value m:lqjt) -q(yz)l = elt - ef2 =I'' 'lv, - vrt<i lt,- v,l, where

,\l r
--l'-=(l-m)'-y2 2

1
5

1

5

qel-1,11, so nt =9 andlq(xo) -'ol=lr, -tof =J=(f

For n= 2 from Theorem 2 we obtain the following
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. DEGREE OF APPROKMATION OF CONTINUOUS
, .FLTNCTIONS DY.SOI\Æ SINGULAR INTEGRALS

SORIN G. GAL

1- INTRODUCTION

Let us denote

Czn = {.f :R + R; f is2n-periodic and continuous on R}

and for o e(0,l]
Lipa= {"f eCrn;iM> 0 with lf e)-,f 0)l<Mlr-yl, Vx,y e R}

For / eCrn and ( > 0 let us consider

+@

P(x,\)=(28)' I ¡fr+t)e-t'ttE 6¡,

Í
QQ,E) = 1\ t n) I t¡t, + t) t (t2 + q2 ¡1dt,

n

f,

W(x,4) = (n\)-t/' I Í @ * t¡ e-'' tE dt,

called the Pir.:ard" Poisson-Cauohy aml Gauss-Weierstrass singular inLegrals.
respectively (see, e.g,, [8]).

For f eCrn and p c [tl, thep-th modulus of smoothness of/is defined by
(see, e.g., 15,p.471)

u o(í;Í) = sup ü¡iÍQ)i; x,x+ ph e R, û <h<t'1,
where

P (n\
t'oÍQ)= I (-t)/ kl'l¡1x+tcn¡.

k=o \k)
The modulus o r (,f ; l) is denored by a(Í;t).

AMS Subject Classifi cation: 4l A25, 4l A3 5

250 Béla Finta 8

Example 2. Further on we consider an another numerical example. Let X = R,

ro = 0, r=7, B:B(0, l)=[-l ll;, f :l-l,l]+ R, f(*)=å"-' -r,q:[-1, ll-+R,

q(x) = *" ' Let us consider F : Bz -+R. ,F( x. v) = ! n-' * L, ' ,""'20 20
SO

F(x, x) = e(r). From the Lagrange's mean value theorem we obtaïn the values ru1

and m;.

lF(yt,yz)- F(yz,yt)l=

=l( L"-,, - | "-,,\*( Lu-,, - t r,,l i=-l\zo" 20' /'[zo" 20" )l-

'*nn''lv, - v,l**"' ú, - vrl<filt, - vzl+fiú, - trl,

where Qt,Qz ef-l,lf, so m, - ü12 - ft. m"equation z' - mrz- ffit =0 has the

forrn 2022 - ez - e 0 with roots zr =
e- e2 +B}e e+ e2 +80e

We
40

122 =
40

choose xr = 0 e[-1, l] and we calculate x, = F(xo, t, ) = å, ao =lxo- xr l= 0,

I
ar = l.yr - xzl= l0 So we verifu the inequality iii) from Theorem 4:

I

20

e+ e2 +80e I+- e- e2 +80e e2 +80e - ¿l 1l__1._. Le..lu 2'
1-

40 20 40 20

2(40 - e) < e2 +80e'(10-e),
wlúch is true
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