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. DEGREE OF APPROKMATION OF CONTINUOUS
, .FLTNCTIONS DY.SOI\Æ SINGULAR INTEGRALS

SORIN G. GAL

1- INTRODUCTION

Let us denote

Czn = {.f :R + R; f is2n-periodic and continuous on R}

and for o e(0,l]
Lipa= {"f eCrn;iM> 0 with lf e)-,f 0)l<Mlr-yl, Vx,y e R}

For / eCrn and ( > 0 let us consider

+@

P(x,\)=(28)' I ¡fr+t)e-t'ttE 6¡,

Í
QQ,E) = 1\ t n) I t¡t, + t) t (t2 + q2 ¡1dt,

n

f,

W(x,4) = (n\)-t/' I Í @ * t¡ e-'' tE dt,

called the Pir.:ard" Poisson-Cauohy aml Gauss-Weierstrass singular inLegrals.
respectively (see, e.g,, [8]).

For f eCrn and p c [tl, thep-th modulus of smoothness of/is defined by
(see, e.g., 15,p.471)

u o(í;Í) = sup ü¡iÍQ)i; x,x+ ph e R, û <h<t'1,
where

P (n\
t'oÍQ)= I (-t)/ kl'l¡1x+tcn¡.

k=o \k)
The modulus o r (,f ; l) is denored by a(Í;t).
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Example 2. Further on we consider an another numerical example. Let X = R,

ro = 0, r=7, B:B(0, l)=[-l ll;, f :l-l,l]+ R, f(*)=å"-' -r,q:[-1, ll-+R,

q(x) = *" ' Let us consider F : Bz -+R. ,F( x. v) = ! n-' * L, ' ,""'20 20
SO

F(x, x) = e(r). From the Lagrange's mean value theorem we obtaïn the values ru1

and m;.

lF(yt,yz)- F(yz,yt)l=

=l( L"-,, - | "-,,\*( Lu-,, - t r,,l i=-l\zo" 20' /'[zo" 20" )l-

'*nn''lv, - v,l**"' ú, - vrl<filt, - vzl+fiú, - trl,

where Qt,Qz ef-l,lf, so m, - ü12 - ft. m"equation z' - mrz- ffit =0 has the

forrn 2022 - ez - e 0 with roots zr =
e- e2 +B}e e+ e2 +80e

We
40

122 =
40

choose xr = 0 e[-1, l] and we calculate x, = F(xo, t, ) = å, ao =lxo- xr l= 0,

I
ar = l.yr - xzl= l0 So we verifu the inequality iii) from Theorem 4:

I

20

e+ e2 +80e I+- e- e2 +80e e2 +80e - ¿l 1l__1._. Le..lu 2'
1-

40 20 40 20

2(40 - e) < e2 +80e'(10-e),
wlúch is true
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where by a simple calculus we have

c-j
0

(1+2u+u2)e-" duI2=5I2

Passing to supremum with x e R , we get the desired estimate.

(ii)If f ' e Lip cr then we get

llf @) - P(x,E)ll< (5/2) a z(î ;\) <(s t 2)Ea(J'' ;å) < (s t 2) \' * " .

Remark. Obviously, the order of approximation in Theorem 2. I (ii) camrot be

obtained by Theorem 1.1.

Now, following the ideas in 15,p.57, relation (7)1, we shall generalizethe
Picard's singular integral in the following way.

ForpeNletusconsider

Pp(x,1) = -(21)-1Ï,-,,- [t: 
t'l -! 

ru+ kt) e-t'ttE¿¡, 6 >0.
k-t \ K ) .-",

We shall prove

Tnnonnpr 2.2. (1) IJ' f eCr, then we have

,î@) _ P,(x,*'rr=[*i, (r; ') _ a o. t(f;\), V6 > 0'

(ii) If there exist /(p) e Cr* then we get

ll"f (x) - r, (x, É) ll <
P+1I p+

)
kt. {a(f (');\), vq > o

/<=0 k

Proof. We have

-f (*)- P,,(x,\)= f (x)(2Ð-' 
J

e''t\dt +

+Ø p+l

I (-t)o
p+

)l t," + kt) e-t'|tt1¿¡ =+(zE)'J
k

@ k =1

+

= (Z\)-t J t-ti, 
n 

' L,,' t f (r) "- 
trttl6¡,
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Regardingtheapproximationby-theprevioussingularintegrals,the
following estimates are obtained in ([8], [4]):

TFDoREM l.l. IÍ f eCrn then as ( + 0 + we hsve

ll,/(")- P(x, €)ll = @@(f ;€)), ll.f(¡) - QQ'Ðll= @@U; €)lln(l / €)l)'

llf (x) -7í/(x,\)ll= @@(f ;\)E''' ),

where the uniþrm ll'll is applied to x'

The main purpose of this paper is to obtain error bounds in terms of higher

order moduli of smoothn.$, r,1¡; O, for approximation by singular integrals of

the previous type. Thus, \f .f @ e Lip ct , then better approximation orders can be

obtained. Also, in comparison with [s] and [4], the most estimates are obtained

with exPlicit constants,

2.APPRoXTMATIONBYSINGULARINTEGRALSoFPICARD-TYPE

Firstly, we shall improve the estimate in Theorem 1' 1'

TmoREM 2.1.1Í f eCrn thenwe have

ll/(") - P(x, E)ll< Q I 2) a z(f ;\), Vq > 0'

(ä) If there exists f ' eLiPa then

ll/(x) - P(¡, E)ll< 6 I 2)Et*", v6 > 0'

Proof. (i) By the proof of Theorem 1 in [8] we have

P(x,\)- f (x)= (28)-' i
0

{,1t) e-'lq dr,

where
0,(r)= f (x+t)-2f (*)+f (x-t).

Hence
+Ø

I ^rU,t)e-ttt 
dt=

0
lp(*,\)- l(x)l<(2q)-' J l0,ttlle-'tE dt <(2E)-'

0

+ @

=(28)-' t ,r!t(t/E)E) e-'tE dt<(2\)' J tr*r l\12 e-'tE dt=
0 0

+ @

=(2å)-r azU;\)\ I tt* 2u+u2)e-u du=C@zU;\),
0
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+

Lfe,l(x,€) = ¡Ë-' J .-',' 
+1tÐ dt =

0

=ÍxE-t / (l + 1 / Ol [-e-¡tt. ttell +

l=x/(€+1),
+

Llerl(x,E)= *'E-' J e-'tz*trcl dt = x2 l(2\+l).

For fixed x e[0,1] we get

L[(et - Ð2 ]Q,E) = xt I (2\+ l) - 2x2 / (( + 1) + x' =

=z*'\'/t(( + l) (2( + t)l .2rrE, .

Now, taking into acconnt that /, is a positive linear operator, by [3, Theorem
2.31 we immediately obtain

lLlf)(x,\) -,f (x)l<zro(Í;Jl.r,r¡ < 4a(f ;\x);
which proves the theorem.

At the end of this section we shall extend the Picard's singular integral to
functions of two variables, in the following way.

Let us consider

Crn.rn = {/ :R x R -+ R; / is continuous on R x R

and 2x-periodic in each variable),

llf ll= sup{l/(.r, y)l; x,y € R}, V.f .Crn,rn

a(f ;E,n)=sup{l"f Q+h,y+k)-"f (x,y)l; 0< h<8,0<k1\, r,"ye R},

€, 11> o,

and for f .Cru,rn

P(x, y,6, n) = (a|n)-'

We shall prove

ï I ¡fr+t,y+s) s-lrtrc ..-lsl/n dr ds, (, r¡> 0.
@

THEoREM 2.4. If f e Czn,zn then we hqve

llf @, y) - P(x, y,E,n)ll<3rro(f ;E,n), V E, î > 0,

where the uniform norm ll.ll is applied to x and y,
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wherefrom

lf G)- rr@,E)l<Q\)' I tr.,U;lt¡;.-rtrrÉdt=

+ +

=\-t J rr. Jf ;t)"-tt|r16¡-1-t J rr* Jl;Q lÐE)e-'tïdt<
0 0

(see [5, p, 48])

.|-tro*,U;Ð f tt* tl\¡n+r e-'tEdt=
0

+@

=a p*rU;Ð I tt* u)p*t e-" du=cr*p o*t(f ;E),
0

where

cp*t= 
Ï,,- 

u)P*te-"du=Ër( 
o)0,

Passing to supremum with .x e R, we get the desired estimate.

By coo+ ,U;Ð<qr'rç¡tt);6), (ii) is an immediate consequence of (i)

Remark. A natural question which arises refers to the construction of
singular integrals of Picard type which approximate the continuous functions
defined on compact intervals. Thus, for example, if/is continuous on [0, l] (we
write f e C[0, 1]), then we can define

+@

Llfl',€)=6-t I f@r-'¡e'tE dt, xe[0,1], q>0.
0

In this case. the followine pointwise estimate holcls:

TrßoREM 2.3.11 f e C[0,1] then

lLlf l@,Ð- f (x)l<4a(f ;\x), V; e[0,1], VE > 0.
_,.t^^..^
vy t,Yt c

a(î ;t)= sup{l/(x) - f 0)l: lx - yltt, x,y e[0, 1]].

Proof.Denoting e,(t) = t' ,i = 0,1,2, we get

L[er](x,€) = 1,
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Proof. We have and

lP(*, y,€, n) - "f (x, y) l= llÍQ) -w(x,\)ll=@(e")
+Ø +@ Proof. (i) By the proof of Theorem I in [8] (relations (4.3), (4.4), (4.8) and

(4.9)) we get 
n

e.e,E)-.f (x)=ç\tn) J t0,{r) t(t2 +\'\at-f (x) E(\),
0

=(4€n)-' I I VA+t,y+s)--f (*,t)le-ttvr '"-lsl/n d¡ds<

! ,U;ltl,lsl) e-tttt¡. '"-lsl/tt ¿¡ ¿t -= (4€q)-' j

+@

ï r,t, (t I E)8,(r/l) \) e-"Ê.e-"/n dt ds<

W(x,\)- f (x)=(n\)-"'

where for all ( > 0 we have

i
0

0,(t) "-"re 
d,t - R(x,\),

=(6n)-' f
@

+@ +@

0

dt I (t2 +E')=l-(21 n)arctg(nl\)<(21 n2)\<(€ïl)-'r(y';E,n) I J tr*, l\+s lnle-'/€'e-"/r d/ds=3r¡(/;E,n), lE'(q)l = E (\) = | - (2\ t n)

and
wherefrom passing to supremum with x, 

"y 
e R, we get our estimate

lR(x,E)l<(Jn)-' llf ll"-"''E <(Jã)-' Gtr'z)llf ll

Hence, for x e R and (> 0 we obtain
3. POISSON-CAUCHY AND GAUSS.WEIERSTRASS-TYPE INTEGRALS

Some ideas in the previous section will be considered in the case of the

Poisson-Cauchy and Gauss-Weiersffass singular integrals, too.

Firstly, we shall prove

TFIEoREM 3.1.(Ð If f eCr^ thenwe have

(1) ll.f@)-Q@,€)ll<t1+(1/æ)ln(n2 +1)l É-'t¡, (f;Ð+(2 I n2) qll/ll,

( e(0, ll

(3)

and

(4)

IQQ,E)- "f 
(x)l=(\tn) ï

0

la r(.f ;t) t (t2 + E2 )l d/ + lll ll 
. l¿([) I

lW(x,\)- f (x)13(nE) ''' ï
0

a z(f ; t) s-t2 rt, dr + ln(x, O I

But
Í

J
0

and

(2) ll/(x) -w(x,E)ll< (1 t ^[ilt^[" l2 +t+'[l t +¡8"-'rr(Í;\) +

+(\ltr5t2 ) ll/ll, ( e (0,11

If,'moreover, f +C (cqnslant)thenas (+0+ weget

ll/(") - QQ,E)ll=@(\-',or(f ;Ð)

llf Q) -w(x,\)ll=@(\-'¡oz(f ;t,))'

(ii)If /#C (constant)and f ' e Lipcr thenas (+0+ wehave

ll/(x)- QQ,Ðll='@(\")

(\l n) I lri'r(Í;t) l(t2 +€')l 6¡=ç\tn) lr¡r(f ;(t lqÐ I Qz +E')lAt <

I

<Gt n) az(f ;€l J ttt + t t \)2 t (t2 +E')ldr =
0

tr

=(\tn)az(f ;6) J tt /\2 +2t tl4(r' +12¡1¡ dt =
0

=1\ l n)@z(f;Ðtn l€' +(l / Oln((n? +1?¡ t6')l= llz(f ;Ð l \+
+(tln)@r(-f ;l) ln((æ'? +\')lE')<[t +(lln) ln(n2 +l)]E-'o, (f ;t)t,
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The method in [5, p, 57, relation (7)] can be used in the poisson-cauchy and
Gauss-Weierstrass integrals, too. As, for example, the Gauss-Weierstrass singular
integrals can be generalized by

p+l
Iro(x,q¡ = -[ti (2c(\Ðl I (-r)'

k =l

p+
I f Q * kt¡ e-'' /E' dt,

where p € hl U {0}, 1> 0,r > p l2+2 and C(E) = I
0

e-'ttE' d/, then an analogue

with Theorem2.2 (in Section 2) canbe proved in this case, too.
Firstly, we need the following.

LENfi\4A 3.2. We have

1Ï "-"'da< 
c(g <\Ji tz, o<q< 1.

0

Proof. We can write (see, e.8., U, p, 17, problem 1.40, c)])

V€>0.

On the other hand, for ( < I we get

since e-" > 0 and fi l4>n, which proves the lemma.

Similar with Theorem 2.2

THEoREM 3.3.14e have

(5) ll"f Q)-Wo(x,E¡¡¡=@(a o*,U;EÐ, V0 < 6 < 1.

D,,^^l ltt^ -^+t ,uuJ. vvv 6vL

.f (x,) - w, (x, e) = I I (2C (1Ðl 
_!^(- 

1) o., nI., f (r) "-'', 
E' d,l,

which implies

9

)k

T

-r

l"f @)-nr7,\)l<tttc\)l I rr*, 7¡;t¡e-''tE'ü <

<[l/c(Ë)] ar*t(f ;E) [I+t'lE)P*r 
"-r2rE2 

6, -

nlÊ

le ''tEdt=E l"-" du<E ! "-,'¡u=q"[llz,000

¡lE Í
\ l"-" du>-\ [ e-"'du,

00

I
0
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for all ( e (0, l], since it is easy to prove that

ln[(n2 +4t)lE']<(t t\)ln(nz +t),

Then by (3) we immediately get (l).
Analogously, in the case of W(x,E) we have

n

0

(n\)-''' !^rUtt)s-ÌrE ü<Qc\)-tt2az6;å) J fr +t t\)2 e-''/Êdt<

8

V[ e(0,1]

1l

0

' *?, _,r,1<(nE)-"'az(f ;E).{{n€)"' l2+t+\-1t2 ! r- " 
- dut="""t',J

(by [7, p. 17, Problem 1.40, c)])

= (nE)-t'' a, (-f ; \) {(n\),,, I 2 + I + E-t 
i2 (j; I Ð} <

<O t "li) dl t z+t+ Jl t 4)\-'arç;\), for au ( e(0, 11,

which, together with (4), immediately proves (2). 
:

The e ondition + C (constant) implies @ z(f ;æ) + 0. lndeed, if
az(f ;n) = 0, then by [5, p. 52, Problem 4] we easily get that/is linear on each

intewal, which combined with f eCrn, implies the contradiction f =C
(constant) on R.

Then by 12, p. 488, Property 7l we get

\ = \-t Et = e-t @ (ì 2U ;Ð) = @ (\-t lr>(f ;\)),

which, together with (1) and(2), immediately gives

llf (*) - QQ, E)ll = @ (1-' a, (.f ; \)),

ll"f Q) -t{(x,\)ll=@(r,-t ¡u¡r("f ;Ð).
(ii) By (i) we get

llÍQ) - QQ,E)ll=@(E-t¡.or(f;Ð) =@(E-t\a(f ';ED=@(\" ).

'ilie prooi iü ilie case of ä (x,() is cniireiy anaiogous.

Remqrk. obviously, the estimates in Theorem 3.1 cannot be obtained by
Theorem l.l, on the other hancl, note that the same conditi on f * c (constant) is
necessary for the validity of the estimates in Theorem l.l, too, concerning the
approxinrationby Q@,Ç) and W(x,\) .
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(Lemma 3.2)

10

=@(rÐrr,U;\)), o<€<1,

which proves the theorem.

4. FINAL RTMARKS

Remark 4.1. Related with Q@,€), the Poisson-Cauchy singular integral in

Introduction, it is the well-known Poisson integral defined by

f)egree of 261

Remark 4.4. with respect to the poisson singular integral I(x,E), it is
known the following Hardy-Littlewood's result (see, e.g., [9, p. 101]):

f eLipa (0<u<l) iff ôI(x,Ç)lôx=@(E" t), (_+0+.

A question which arises is to give an analogous characterization for
ôP(x,\) lôx, ôPoG,E) I ôx, ôQ(x,\) I ôx, ôlil(x,\) lôx and. õWoe,E) lôx, roo.

Remark 4.5. Direct and converse approximation results in unifolm appro-
ximation by linear combinations of Gauss-Weierstrass-type operators obtained in
W(x,E) by replacing n with * oo and - r with - oo, were given in [10].

Also, the results in [10] are given in terms of the Lp -norm in Il l].
Then it would be of interest to obtain the estimates in the present paper by

replacing the uniform norm with the Lp -nonn,p > 0.
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11

=tEtc(\)10)p* (.f ;el ltfr *ufP+t 
"

0

I
du

=[*,[* j" "rl] a o*,(.rier itr* uJP+t 
"-u' 

u,-

= 
[t, 

j "-,'aufl ï" +urp*, .-,,'0,] a,*r(.r;\)=

I(x,E)=(fln) I t¡t*+t)l(t2 +\2)ldt, 6>0.
+

As concerns this integral, Th. Anghelu!ä proved in [1] the estimate

ll"f @)-1(x,E)ll=@@(f ;Olln(l/Ol), as f -+ 0+, .f .Cr,

Comparing with Theorem Ll, we note that although Q@,E) and I(x,\)
differ in their limits of integration, they give the same order of approximation.

Remark 4.2. It is not difficult to verifu that, for example, Q@,\) and

lY(x,E) are positive linear operators on Crn, satisffing the conditions in the

classical Korovkin' s result.
However, it is easy to verifu that the estimates which can be derived by, e.g.,

[3] are weaker than those given by our previous results.

Remark4.3. As regards the Poisson singular integral I(x,E) in Remark 4'1,

a saturation theorem is proved in [6]. Then it would be of interest to obtain

saturationtheoremsfor P(x, \), Pr(x,€), QQ,E),l((x,€) and Wr(x,O, too.


