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The approximation algorithm of differential difference equations by system

of ordinary ãir","ntiut eqíations n" oï;,,îî::iï'i.',i 
îill"lJ'Ïü,ì åli.',]

d Yu. M. Repin [1] approximation sys-

il. 
*^ applied to neutral type equations

o improve precision of Krasovsky-Repin

approximatìon plan of differential equationì with delay by system of ordinary

dìiferential equãtions and ro consruðr the algorithm for computing nonasymp-

totic roots of quasiPolYnomials.

Let's considered the initial problem

t ] I i) I

i,tiì1 t'¿:t i:i 't:;, 
,:tl'lt:l tl.l liiì tllttlíli1 l'tlì [:.xtr'¿t]rl:;" 'il'ì¿lltJiti:'i;i l'lllillijl''iì

Fig. 5. - Pressure coefficient/chordl Kármán-Tretïtz profile'
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(l)
(2)

x'(t) = f(t, x(t),.r(r - r)), t € [0' Í]'
x(r)=rP(t)' t€ [-r'0]'

where r > 0 - constant, <p(r) - given continuous function; f(t' u' v) - continuous

funcrion, which satisriåìùã Liischitz condition by u and v with constant L1 and

Ia.Theinterval [-t, 0l is divided into rn partsby points', ---#' i =l'^' m e

N and the functions -vi(t) = "It -#), .i =0,* are introduced'

The initial problem ( l)-ì2) in U l is assigned to system of ordinary differ-

ential equations 
z6(t) = f (t, z",G),2,,,(t)),

(3) 
z'¡Q)=f,k¡-Jt)- z¡Q)), i =lfi,

L) ttive rsi!1' of But'hurest, þ'ucul tv o.f M athenrctl it's,
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with initial conditions

(4)

Lsuvn I

(e)
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e¡(o) = r(-#),

r(-#), z'¡(o) = r'(.-#),

with initial condiîions

(10)

)

j =0,m,

N. N. Krasovsky shows [ ] that uniformly for all bounded functions <p(r)

maxto, rl lt(¡l - zo(¡)l = a(n) -->0, for m + *. .

If the solution of the problem (l)-(2) satisfies the Lipschitz condition, rhen

(5) ludùl<ft, K>0,

So, the replacing of delay equatiott (l) by system (3) is conect on fixed interval

[0, fl if n is taken large enough, We can consider system (3) as series of secci-
sive jointed delay elements [ ]. Formally we can obtain it if we use two elements

of the decompositi<;n of function t¡-t(t)= l, -#*f ) in a Taylor series in
\ m ,r)

( , -y)point environs. Now if we restrict to three elements of the deomposition
| ^)'
in Taylor series

(6) t ¡-ít) =,(, -#**)= r,r, +fit'¡(t).+(#)' {(t)+...,

then we assigned equation (l) to a system of ordinary differential equations

zlo?)= fQ,zo,z,r),
(l) tt,\z,.. I ¿

+(#)' zi|)+Lz'i+ zi = zi-t, i =r,m.

Initial conditions for system (7) are

(8) z6(0) = Q(0), z¡(0)= j =l,m

Further we show, that Caushy problem (7)-(8) approximates the problem (l)-(2)
for delays equations and state the value of precision approximation.

z¡(0) = x _jr
m

z'¡(0) =
Ja
m

j =1,m,

x(t) e Ct[-r,4, l(t) satisfies the Lipschitz condírion, T, T > 0 are con_
Then

where
stqnts.

(l l)

(14)

z¡(t) - x t_i, A
m

j =1,mm

e(/) = K(t,s)9(s)ds,

is valid, where A > 0 ls constant which doesn,t depends on j and m.

Proof. We assume that x(r) e O[-r, fl and consider the problem

-2(12) Tr' * xz' + z = x(t), z(0) = ¡1-r1, z'ç0¡ = x,(-Ð.

Denote y(t) = x(t - t) and estimate the value of difference e() = 7(t) - y(t), which
is the solution of the problem

(13) e'(t)=?r'rtr*#t rr= e(/), e(r) = q(r), E(0) = Q, r,(0) = e,

where vG)=þvrù- x(t -r)- x'(r -r)l- x'(t-t). If x'(r) satisfies the Lip-

schitz conditions with consrant Kr, then lofr¡¡3 Krr. rf x-(r) exists and is

bounded by Mz,then l<p(r)l t|*rr.
For the solution of (13) we get

I

J
0

2. DELAY ELEMENT APPROXIMATION

lzt's consider nhe system of linear dffirential equations

+(#)'zi+tzi*zt=x(t)
llr\2.,-r,tr- -- :

2\*) z¡- tnzjtzj=zj_tr J=z1t|I

where K(t, s)= r"# rt"(!l.)
using the following property of function <p(Ð and K(r, s) from (14) obtain

( 15) 
lo(r)l < crr,

whereC=KzorC=Mz/6.

Now we consider system of equarions (6). Denore l¡(t)=-(, -+) and con--r 
\ 

*)

sider the difference e¡U)=z¡(t)-l¡Q). For e,(l) and according ro (15) we ger

lu, (,)l = lzl (r) - y, (r)l =, (*)'
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Continuing similarly, we receive

(16) 
le;(r)l< ir(*)' tr#

Now we do the conditions on x(r) more weakly. We assume that .r'(¡) satisfies

the Lipschitz conditions with constanr K1 and lx'(¡lcVr. Consider the

smoothing function

the second derivative of the function satisfies the Lipschitz condition with con-
2K,

stant J-.
Let's estimate the value of function x2U) = x(t,) - x,(r) and its derivative

4 -5 Approxirnations ol Dilfèrential Diftèrcnce Equarions t9

Lernma I is

For x2(r - t) the estimation ( l7) is true. Therefore lz(r) - x(t - ùlr?+ + 2Bh.

If we consider the system of equations (9), where .r(Ð = .rt(/) + xr(Ð, and estimate

simirarry, we receive 
l.r<,,-"(r-#) = 

i#+28h3'#+zBh. putring

-3/ 2h=' , we'll have
Ìn

proved.

(23)

zr(t) - "I
.2r3t2 (K, + B) _ At_t'E

tn tn tÌt
t+h

=f J x(s)d.s, tel<,Tf,
I

(/)

t+h

f J f.<rl - (s - ¿),r'(os)ldsr)-
t+h

x{t)-}Jx(s)d.r=x(

[x(t + h)- x(t¡1 <lx

x

(17) lx2(r¡l=

( l8) l*á¡¡l=l-'<,1- |

3. DELAY'S EQUATION APPROXIMATION

Consider the question about the closeness of the solutions of (l), (2) and
(7), (8).

TgBORptr¡ l. Let's ússume that the initial function <p(t) e Cl[-t, 0] and
satisfie s the " matching " condition

(2t) 
.!X_ O'{r) = q(0, tp(O), <(-r))

function flt, u, v) is continuous and satisfies the Lipschitz r:ondition by u and v

with constant Lt, L2. Then it is îue

(22) 
,$f|,|'{'l - zo(s)l = "(*),

where lim o(r) = Q.
r-;0

Proof.lf the condition (21) is satisfied, then the solution of (1), (2), -r(Ð is

in Cr[-t,7]. Let's z¡(t), j=0,^ is the solution of differential equation ryri.t

Consider problem (12), where x(t¡=rr(t)+ xr(t). Let 7= ?.t t zz, where z¡ and

z2 are lhe solutions of problems

x2 -,
2.t +rzi + z1=x¡(r), z¡(0) =xr(-t), zilO;= xi{-r),

T3t
ï rí * rzi + 2,, = x2(t), z2(0) = xzÇr), zirlO¡ = x;(-x).

Esrimare rhe difference z(t) x(t r), we have lz(t) 
_ x(t _ 

")l 
<

< l.' (r) + z2Q) - xít - r) - x2Q - r)l < lz¡ (r) - x, (/ - r)l + 
lz2 

(r)l + lx, (r - t)1.

As function.r¡(r) is sufficiently smooth, the according to (15)

(19) lr,(r)-x,(r - r)l =?Of
For'function zz?)i, take into account (17), (lg), we can receive estimation

l.t(t)l< hB, where

(20)

.hMt
2

(7), (8), Let us denote R¡(t)=,pîål.,frl-r('-#) , i=(ùm.

Putting z¡ = zj\ * ,'l' ,where ,',t' , ,1" are solutions of problems

T, t(11

tn'
T t(l\
tn'

(o) = zlx(+zl

r -( ) _.(l)
' i2 -!l '

r) _ l
zit), =.(#)

B =rKt * r.(r *412 ',l 2)
r z,u) ¡ 7 t\ - r(l),. "(l)l0l = ,o - ,(-mt\
m"ut "lt "l-t' "lt, t "nt \ m !
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#rirt, + zl2) = z¡ (f ) - x(f ), z[2){0¡ = 0,

L r!r, + z\zt = rf,t , z!2){0¡ = 0,
m-

3. P. Szczepaniak, H, Burmisler, On the (ryPro.\innle soluliott of neutral differentiul-difference

e qu ut ion, Postcpy cubernetyki, 7, 2 ( I 984), 69 -82'
¿. V, Latstrmikantanr, S. Leela, A. A. Martynyuk' Usto.r'cåivost dvighenil'a: nßt](l 'sravne¡ti\'¿t'

Kiev, Nauk. dumka' 199 l.

(24)
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C he ïnivt sv Src¡te U tt i ¡' e r si l)',
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Ukraine

*riÍ" + zfl = z,f]1, z[2) io¡ = ¡

For system (23) the conditions of lemma 1 are fulfilled' then

Z¡1 -x
irt-' j =7,m
m

The solution of sysrem (24) satisfies inequality lz;rfrll<,iR'(/), i =1,m. There-

fore, we obtain

(2s) fij(r)< L+RoQ), j =l,m

Let's perform (1) and (4) in integral form

x(t) = ¡'16¡ *
J
0

/(s, x(s), x(s - t))ds

z6 (r) = x(o) + 
J ,f{r, .o {t), 2,, (s))ds.

0

Using the property of function.f (t,u,v) and inequality (25) we obtain

lx(r) - zo(r)1. i[r'oo,r, + ¿2R,,,(s)]d" if,', + 12)R¡(s) - #)o'
6 0-

Using Gronwall's Lemma [4] we obtain

n0l = p?å1"(s) - zo(s)l tGiîr(ert'+Lst - t).

From the last inequality it follows, that the solution x(r) of the initial problem

(l)_(2) is uniformiy approximated by the funcrion zo(Ð that can be defined from

approximatesystem(7)-(8)onanyboundedinterval[0'fl'Theoremlisproved'
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