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A NOTE ON HÖLDER'S TYPE INEQUALITIES
AND CONCAVE FUNCTIONS

J. PEÒARIÓ and S. ABRAMOVICH

'A'bstract. In this note there are some theorems and examples that emphasize the reìation
between Hölder's type inequalities and concave or convex function. In many cases, by the same
conditions that are imposed on the sequences (x,, .... .r,,)r ()t,..., ri) in onrer'to get bounds for the

Hölder'stypesums 'àrl','r:,t, ttp+ Uq=l.p> l,wegetboundsfo, jl,f(x,/.ri) when/k)is

a concave function.

1.In [1] the following theorem was proved:

THEoREM A. l¿t r?)e c' bs a concave Junction in 0 < a < x and let the
vectors 0 < r, 0 <y, 0 < d satisfy

tt n(1) l,*,=}d, =t.
i=l i=l

I¿t

(2) x¡l!¡>d¡ly¡2d¡/y¡>x¡ly¡
i=1,..,,m j =m+1,.:.,n, '

Then

(3) f,r,Ír', t ,,¡ rir,Í(d¡ / y¡).
i=l j=l

If we replace.r¡ by w¡x¡, liby w¡y¡and d¡by w¡d¡ we get the following
theorem:

TIrpoRBrr¿ L Iæt f(x)ec' be aconcavefunction in 0 <¿ < x andler the
vectors 0 < r, 0 <y, 0 < d and 0 <w satisfy
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Hölder's Type I nequalities ó5

2*,f ,u,, -i*,f (o,¡.fr,,ru, - a,)¡iqø,¡ =
i=l t=t i=l
tt tt_l k

= f:(b)Z*¡(b¡ - a¡) -2)u,fu¡ - a¡)(fiþrr) - f iØt)) > 0.
i=t k=l ,=t

Thelast inequality is a result of (6) and the fact thatf(x) is concave decreasing,
or of (6) and (6a) and the concaviry of f(x).

Remark.In [6 Th3] G. H. Toader proved the following:
Let the vectors 0 <¡,0 <zbegiven, and let 0 <y be increasing, then

kk
2*'lr, <lt r,, k = 1, . . ., n

i=l i=l
implies

kfr
2r1r,. ).n1.,. k =1....,n
i=l i=l

for0<p<q.
It is easy to see that Theorem 2 is an extension of this theorem. we get

Toader's theorem from Theorem2by the substitution xl .=a¡, ll -_b¡, 7,¡= t4t,

where,f(-t) ='Ptq, 0 < plq < L

TH¡oReu 3. kt f(x) be ct concave function for x > 0 and let the tector.s
0 <¡,0 <d,0 <! and0 <w satisfy (4) and

(8) tw¡x¡)fr,o,, k=1,...,tt-1
i=l i=l

tf (dlyv dzlyz, ..., d,ly,,) is decreusing, then (5) is valid.

Prorf. Set in Theorem2 w¡ -) l?¡.I¡, ai -) _ri l!¡, lr¡ -+ d,l¡;¡, i = l, ..., n.

Proof of rheorem I . we consider a rearrangement of the vecr.ors x, d, y, w ,
denoted by x*, d*,y* and ry*, such that for each vector, a component (i) before
the rearrangement, maintains its position, say component (7). The rearrangement
is such that {di lyi ,1 is decreasing.

In fact with respect to (2) we shall have a rearrangement between the first m
components of the vectors and between the rest of lhe rt-m components. Also,
such rearrangqment keep condition (2), so we have

,i tyi >-di tyi i=t,...,m.
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(4)

Lel

(2)

Then

(s)
i=l i=l

We give here a new proof of Theorem I in which we shall use the follow-
ing resuìt:

THEOREM 2. Let the vectors a and b with eletnenls frctrn (c, d), and let the

vector w >0 satisft' 
* r

(6) Er,o,rLr,O,. k=|,.,.,n.
i=l i=l

Let .f (x):(c,d) -+ R å¿ a concüve sectionall¡t smooth decreasing function if the

vector b is decreasing then

(7)

Furthermore if in addition to (6)

(6a)

i=l i=l

i=l i=l

holdi, then (7) holds ü'f(x) is concave sectionally smoothfunction and if f@) is
concave increasing function, b is increasing and instead of (6) we have

2*,o,=2*,b,

k

Lr,o,t2*,0, k = l,.,.,n
i=l

then (7) holds too.

Proof of Theorem 2. For any values u, v e (c, d) because of the concavity
of f(x)

f tu)- f (v)>- fi@)@-v)
so we have

f (b¡)-.f (a¡)>- fl(b¡)(b¡-a¡)
or

2

)",'*, = I
i=l i=l

x¡ I y¡> di I !¡> d ¡ I y ¡> x¡ / y,

i=1,...,m j=m+1,...,n.

w¡d¡

E*,r,f (r, I v) ílw¡y¡,f (d¡ I y¡).
n

il

n

n

2.,f (o,)=2*,1Ø).

,t

t

i=l
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kk
E*,r,f G,ly) <2y,r¡.f (d¡ /y¡), k = 1,,..,n.
i=t i=t

Proof of corollary r . It is easy to verify that if p > 0 is decreasing and
kk
2r, r}o,, k = t, ,.., n,
i= | i=l

Then

kt<
2*,*,21w¡d¡, k =1,...,n
i=l i=l

(see also [4], proof of 16.A.2a, page 405). Hence (12) is satisfied and rhe corol_lary follows from Theorem 4.

DEFINITION, For an X = (x1, ..., xn), x1, ..., xnrealnumbers, let.r(l) < ,.. << x(n) denote the components of X in increasing order, and let (¡(l), .. ., x(n))denote the decreasing reanangement of (x1, ..., x).
CoRolrRRy 2. Let 0 < f G)e C, be a conccwe decreasing.function, and let

0 < g(y)e C' be a decreasing function. Let

(x(l), ...,x(n)), (y(l), .. .,y(n)), (d(l),...,d(n))
be the increasing rearrangemenî of x >0, J > 0, d > 0 respectively.
Let

(l)

and

(14)

Then

(15)

and

k k

xi =Ed¡I
t=l t=l

x(i) / y(i)> d(i) /y(i)> d(j) /y(j) > x(j) ty(j),

i t,so,l r {x ¡ / v ¡)s ì r(; )so G Ðf G 0) t v (i )) s it Q )s o (i ))Í (cr (i ) / y (i )),j=r î=t r=t

k

i r(i)sO(i )) f' (x (i ) / v (i)) < jr (; )s 0 Ø) f (d (i ) / y (i )),i=l i=l
k =1,

Proof of Corollary 2. Let us define

G(x, y) = y¡})f(x / r-).
(ló)
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Muttiplication by wiyi and addition give

(e)

AIso we have

therefore we get

( l0)

Of course, we have

(l l)

(10) and (l l) give

kk
),i"1 .L,i¿i,
,=l i=l

k =1,...,m.

¿i t yj>- xj t vj i =m+r,.,.,n

t
j=k

wj )ci

il

T
i=k

wjd
J

j=m+1,...,,rI

n n

|,i*i =|*i¿i
j=l j=t

kk
Iri'i r}*i¿i , k=mrr,...,n-r
j=l j=l

So, .r*, d*, y* and w* satisfy the conditions of Theorem 3, therefore we have

f,i vi ¡ qi,; t vî ¡ <f*i vi ¡ si r vi ¡,
j=l ./=l

which is with respect to our kind of reafrangement the same as (5),'This con-

cludes the proofofTheorem l.
It is easy to realize by both proofs of Theorem I and Theorem 2 that we get

the following result:

THEOREM 4. Let "f(x)e C' be a concave decreasing function and let the

vectors 0 < r, 0 <J, 0 ( d and0 < w satisft:

(12)

Il Q) is valid, then

w¡x¡ 2 8,,¿,
i=l

k

(1 3) Ð*,v,ri,¡t'tl Í I
i=l i=l

w,y,f (d¡ ly¡), k=1,..-,n

COROLLARY l. I¿t f (x) be a concave decreasing function anil let ¡ > 0,

.. : fl ,f r fl r¡, : fì ^^ri-Â. /1\ ^-) /lt fl u :- )---.ã.;-- 4h.-
J¿ vrs- \rt,. - vr6.rúJJtLtút¿wt'/.rJ tr L6au.ör.'.ç'.
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In [2. Theorem B] it was proved that such d cxists and it was provcd that

fx(i¡t r t' r1Ðt t q .façr¡t / n ¡,¡¡¡t r u, q>1, l/p+Ilq=l
i=l i=l

This inequality may be considered as speciar case of corollary 2 for g(-y) = 1,
f (fi = xI/rt.

From Corollary 2 for y, x, d, satisfying (20)_(24) we get the following ine_
quality

i.u, rus ((rx)/(Ly))s ir(;)cos((nx(i))/(L.v(i ))) <
i=l i=l

lil

).v(¡)< ) -v(i ) cos ((n¿) t (ry(i¡)) +
il

cos n(l-rnd)lL I¡=l i=nl+l i=n+l

when L is large enough so that

0 < (rx,) /(Ly¡), (n¿(i)) t(LvØ), (nrt(i)) t(Ly(i)) < n t2,

i = l, ,.,, tt.
For M large enough so that

M-(x(i)tv(ù)2, M-(x¡/y¡)2, u-(d¡ty(i))z >0 i = 1.....n, r> l.
we get

tIn

Itlt " 
-t) 

çtutyi - x¡' ¡r 
r' < Ir(;)(r 

/' -t, (Mr(i), - x (i ), )t 
/ r <

i=l i=l

m ( rr ¡( 
l/r'-l t

= In(,),'"-tt(uv|), -dr)rrt *¡ I .r{i) | @ Ot,)), _(t _md¡r)trr ..
i=l ( i=nr+t )

3. As we saw in chapters I and2 the function f (x) = -rt/t,, p > I for which
y¡Í(x¡/y¡)=yllnr)t',leads ro Hölder's type inequarities may be extended in
many cases by replacing it with a concave function. Hel'e we show additiclnal
exarnples of results that may be extended to general concâve (or convex func-
tion).

In [2, Theorem 5] it was proved that if x is an increasing vector andy > 0 is
a decreasing vector and

ü n

Zr,=I.,,, = r,(2s)

l=l t-l
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It is easy to see that AGlA.r is increasing in.r'. Hence it is a L-superadditive

finction and therefore [4, p. l56l satisfies

n IT

( l7) }oG,,,r,¡ ) < Ic(x(r ), .v(t ))
l=l i= I

(17) is the left side inequality in (15). The right srde inequality follows flom

Corollary I as (s(-v(l)), ..., g(.v(n))) is decreasing.

2, By very similar considerations as in the proof of theorem A in Il ] ]ve get

the following additional results

Tugonetø 5. Let 0</(x)e C' be a concave decreasing function and let

S(.r)e C' be a concave increasing function. Let the vectors x > 0, y > 0 and

d > 0, satis.fi, ( l ) and ( 14 ), then

( l8)

and

(l e)

ull

) s (ril("i t y,)) < ) s 1v 1i ;¡' ç.' (¡ ) / r' (i )) ) s >s (.r' (r )/ (r/ (l ) /.v (¡ )) )
i=t i=l i=l

k k

Is(.vf¡if fx(,)/.v(t)))< >s (t,li)f (rt(í)t.],(i ))), k = L, .,.,n
i=l i=l

Examples. Lety > 0 be a given vectot'satisfying

(20) r,(l) < r/,
i=l

.V¡ I

suppose that the set A of vectors x > 0 satisfying

,l

(2r) ;(i)> d, )'t, =l
i=l

then, there is a vector 0 < d. = (d t, ..., d,,) tn A such that

(22) d¡= d, i = l, ..., tn,

(23) d¡= kY(i), ì = ¡n + l, .'., fl,

when n and /< satisfY 
I tn \

(24) dlv(m)> (t- mfitl1- )v(i) l= k >dtv1n +t)
tu,.)

and for this d, Corollary 2 and Theorem 5 hold.
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7l

then

(26)

Then for
n n

Evl' 
n rl'' s (r t n)t t ulvlr t z.¡=(a/b)atty.,

i=l i=l

equality holds if and only if z¡= x¡, i= l, ..., n.

Using the proof of Theorem A, (26) may be extended as follows

f,,r, f ,*, t v,¡ < ilt t n)f (nx ¡),
i=l i=l

wheref is a concave function and ¡ is an increasing andy > 0 is a decreasing

vector satisfYing (25)'

In [3, Theorem 1l the f'ollowing was proven:

Let a > 0 and b > 0 be given increasing vectors. Among all increasing vectors

d>0 which sati.rfY

By replacing f(x)=-rrl¿' with a positive concave function we get the f.or_lowing generalization:

k

20,
i=l
,t

20,
i=l

k

T
i=l

i
i=l

b¡, k =1,...,n

Sup¡tose that f(x)>0 and concave, a, b, c, x¡, !¡ ) 0, i = l, ..., fl,
Zi = !¡ / (S-t {ø t al), where g-t e) is the inverse function to g(x) = xf (l / x),then

n

b+ cly,.f (x¡/y¡)
,I

b¡ b+cZry¡fk¡/y¡)
1=f

there exists a unique vector t for which the minimum of >dtt @)2 is attained
i=l

atd=t.Thistsatisfies
t,l a¡<t¡tl a¡*1, i= 1,,..,n-l

and if

II

a+c\x¡ ,l

i=l
a+clz¡

r i=l

ag-t1b/a¡*.)r, ag-tçb / a¡+r\1,
i=l i=l

k

IJ' f Q) is stictly
We ger this inequ
tion. For instance,

and so we get the

concave then equality holds if and only if x ¡= Z¡, i = l, ..., tt.a]ity ny a straight forward use of the pråperty of concave func_if f(x) = xln(Il x),0 <,r< l, rhen S(x)'=ln(¡) and g-t(fl = ù .
following inequality:

t¡ la¡ <t¡r¡1la¡¡1, then 2r,=20,
i=l t=l

This theorem is extended if we recognize that

for,'? = i.o,(o, t d)2 = io,, (a¡ t d ¡),
i=l i=l i=l

n

b+ c\x¡In(y¡/x¡)

a+clx, ,l

when we replace f G) = x2 by any convex function, the proof is the same as in

[3, Theorem l].
Here is another example for a possible extension from /(¡) =xttt, to a

general concave function. The following was proved in [5, Theorem 2]:

Suppose that a, b, c, x¡, J¡à 0, I = 1, ..., n. Let p and q satisft

llp+llq=1, p>1.

o"(bta) +r)_1,
n

-ln a+clx¡
i=l i=l l=l

n

b+clz¡irrr(y¡/x¡)

n

o"(bta) +rll,a+c.lz¡ a+clz¡
i=l

ln

i=l
-ln

i=l
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SET-VALUED SOLUTIONS FOR AN EQUATION
OF JENSEN TYPE

DORIAN POPA

I.INTRODUCTION

Let x be a vector space. we denote by ípo6) the collection of at nonempty
subsets of x. For A, B e ;vu(þ and Àe IR rve define the sets A + B and L4 by

(l) A+B={'rl're x,s=atb,alA,be B}

Le={*lxe X,x =}ta,ae A}.

The following properties (t4r) wilr be often used in the sequer. For every A,
B e ,'/o(X) and every l, I e ]R we have:

(2) L(A+ B)=2'A+IB
(À+p),4 citA+¡tl,

If A is a convex set and À¡r > 0 then

(3) (À+p)A =),A+UA.
Aset KcX issaidtobeaconvexconeif K+K cK and LXq:rc forall

À > 0' lf the zero vector fiom x, denoted by 0x, berongs to K we say that K is a
cone with zero in X.

Let )¿ be a topological vector space satisfying the z6 separation axiom (inthis all topological vector spaces satisfy this axiom), Weden he families of all compact, respectivery of ail compactcon set .4 E I the closure of A will be denoted by ctA.
Let pbe a real number,0 <p < l, x, ),be real vector spaces and Ka convex

cone in x. In this paper we are looking for solutions F : K -+ l/r,s(y) of theequation

(4) F(fl - p)x+ py)=(t- p)F(x)+ pF(y).
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