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SET-VALUED SOLUTIONS FOR AN EQUATION
OF JENSEN TYPE

DORIAN POPA

I.INTRODUCTION

Let x be a vector space. we denote by ípo6) the collection of at nonempty
subsets of x. For A, B e ;vu(þ and Àe IR rve define the sets A + B and L4 by

(l) A+B={'rl're x,s=atb,alA,be B}

Le={*lxe X,x =}ta,ae A}.

The following properties (t4r) wilr be often used in the sequer. For every A,
B e ,'/o(X) and every l, I e ]R we have:

(2) L(A+ B)=2'A+IB
(À+p),4 citA+¡tl,

If A is a convex set and À¡r > 0 then

(3) (À+p)A =),A+UA.
Aset KcX issaidtobeaconvexconeif K+K cK and LXq:rc forall

À > 0' lf the zero vector fiom x, denoted by 0x, berongs to K we say that K is a
cone with zero in X.

Let )¿ be a topological vector space satisfying the z6 separation axiom (inthis all topological vector spaces satisfy this axiom), Weden he families of all compact, respectivery of ail compactcon set .4 E I the closure of A will be denoted by ctA.
Let pbe a real number,0 <p < l, x, ),be real vector spaces and Ka convex

cone in x. In this paper we are looking for solutions F : K -+ l/r,s(y) of theequation

(4) F(fl - p)x+ py)=(t- p)F(x)+ pF(y).
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Let f be a real toporogicar vector space. we denote by A,, -+A the convergence
of a sequence of sets in q(n endowed with the Hausdorfi topology.

LBvtue 2.2. (14)) kî y be a real topological vector space, (A)n>t,
(Br)n>t two sequences from ;g1¡e) and A e go(Ð a bounded set.

l' Ir (A)n>t is a decreasing sequence of cro;sed sets and (Br)n>t is a de-
creasing sequence of contpact sels, tlrcn

l^ì (o, + 4, ) = f'l o,, * Ou, .n>l n>l n>l

2. Il (An),Þt is a decreasing sequence of compact sets, then ,l^ _+ )e^.
¿>l

3' Ir (A)n¿¡ is an increasing sequence of subsets of a compact ser, then
An --> ct [J a,.
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n>l

4. If A^-+ A and 8,,-) B, then A,, + B,t ) A + B.

5 . Iî An -+ A and B, -> B, then clA = clB.

6. The set-valuedfunc'tion G : IR è pl(n, GQ¡ = tA, teF-, is continuous
on lR

Proof- Assume that F satisfies rhe equarion (4) and ret u e F(0"). Then the
set-valued function G: K-+ CC(n,G@)= F(x)_s,,xe K,satisfies the equa_
tion (4) and 0y e G(0¡). Then in view of Lemma 2.1

(9) G@ + y) + G(o¡) = G(x) + G(y)
forallx, ye K.

It can be easily proved by induction rhat we have

G(nx)+ (n- 1)G(0¡) =nG(x)
for all x e K and all ne Nf.

From (9) it results that

(10) t t r\
--G(2,, x) + 

\t 
- 

2, )G(0 x) = G(x)
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For p= ] tne equation (4) becomes Jensen equation. It is best known that,'¿
real valued functions that satisfy Jensen equation are of the form/- a + k, where
a is an additive function and fr is a real number ([2]). Z. Fifer [] prove that an

analogous representation holds for set-valued functions when K = [0, +-) and Y
is a real Banach space. K. Nikodem (t31, t4l) give a characterization of the solu-
tions of Jensen equation for set-valued functions with compact convex values in
a real topological vector space. In this paper we prove that an analogous charac-
terization holds for the equation (4).

2. CHARACTERJZATION FOR SET-VALUED SOLUTIONS OF EQUATTON (4)

We start by proving an auxiliary lemma.

LBVUA 2.1 . Let X, Y be real vector spaces and K a convex cone with zero
in X. If the set-valued function F : K -> ?s(Y) satisfres the equation (4) then

(5) F(x + y) + F(0*) = F(x) + F(y)

for every x, y e K.

Proof. For ¡ = 1l = 0x in (4) we have

(6) F(0x) = (l - p)r(0x) + pF(0y),

and for r = 0x, respectively ) = 0x in (4) we have

(7) F((l - p)x)=(r- p)F(x)+ pF(lv), xe K
F(py) = (l -p)F(Ox)+pF(,v), Je K.

Now let u, v e K. We have from (4)

(8) F(u+v)=r(rr -ùff+oï)=rt-øo(fr)-r(;)
and taking account of the relations (6) and (8) we have

't

F(u+v)+F(Ox)=Q- p)F I,l + pF(}r)+ pF + (1- p)F(O" )I-p
v
p

and using the relations (7) it results

F(u + v)+ F(0¡) = F(u) + F(v)

and the lemma is proved,
For the proofs of the theorems that follows we will use some results con-

cerning the convergence of sequences of subsets of a topological vector space.
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G(Ox ) -+ C(Ox )

Now raking the limit in ( I0) we have

cl (A(x) + G(0x )) = clc(x)

and since the values of G and,4 are compact it follows rhat G(x) = A(x)+ G(Ox),
x e K, and denoting B = G(0x) + a e CC(Ð we obtain

F(x)=A(x)+8, xe K.

The converse of Theorem 2.I holds for p e e.
Remnrk. Let X, I/ be real vector spaces, A : X ) ."0(D an additive

set-valued function with convex values and B Çy a 
"onu"* 

set. Then the
set-valued function F: X -+ ?o(y), F(r.) = A(x) + B for all x E X, satisfies the
equation (4) with p e e.

Proof. We have immediarely A(qx) = qA(x),for all -r e X, Q Ç e, q > 0, and

F(fl - p)x+ pt)= ¿((t - p)x+ py)+ B = ¿((l _ p)x)+ A(py)+ ø =
=(l-p)A(x)+ pAly¡+(l_ p)Bt pB=(t_p)r(x) + pF(y)

for all ¡,.y € K.
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foralln20.
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for all n > 0 and all .r e K.

Now let xe K fixed. The sequence (G,,{x))r=o given by the relation

G,,('r)= )-G(2"), n>0.

is clecreasing, Indeed, taking account that 0y € G(Ox) it results rhat

G,,*y(x)= rþce,*t Ð Ç#(G(2,,*1x)+ c(Ox ))=

= #(¿2 . zn .Ò + G (0 x )) = # . 2G (2,, x) = l- G (2, x) = G,, (x)

I-el, A(x)= l-1G,,(r). Since G has compacr and convex values it results that
n>0

A(x) e CC(n. We prove that the set-valued function A : K -¿ CC(Y) is additive.
Let x, y e ^K. We have:

G,,(x + y) * l-ce Ð = j c (2, fr+ -v)) + #oro r, =

(ll) =),(ctz,,*t2,,y)+G(0x))=j{o<r,x)+G(2nfi)=

= f-G(2,,r)*Ice, Ð = G,,(x)+ Gr(.v).2" 2't

In view of Lemma 2.2 we have

*cto* ) -+ {oy}
. 2il ' ^'

G,,(x) -+ A(x)

G,,(y) -+ A(-y)

G,,(x + y) -+ A(x + r-).

By Lemma 2.2and the relation (10) it follows that

cl (A(,r + y) + {0r }) = cl [A(¡) + A(y)]

and taking account that A has compact values it results that

A(x+Y)=A(x)+A(-Y),

hence A is an additive set-valued function.

For the sequence ((t -+)"for,),,r0 we have in view orLemma 2.2


