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La comparaison de certaines allures présente un intérêt special. À I'aict. cle
la relation donnée par Ia définition 3 concernant la comparaison de deux allures
on peut construire des suìtes monotones d'allures et on peut se poser la question
de développer une analyse des telles suites, on va ét'dier ce pioblème dans un
autre travail.
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Ahstract. rn this paper there are investigate<i new appr.rimation propcrfies of a Bernstein
type operator, depending on rwo real parameters c and tl (0 S c < t/). íntr.ocluced in I 969 by the tirst
author I l9l.

A basic result consists in finding the maximunr value (2.3) of the mean square error (z.l\-(2.2)
of this operator. By using it, is constructed a best quadrature fbr.mula, which can be obtained also by
nreans of the polynomial S,,.1. deflned ar (3.-5).

ln the last part of the paper lhere are establishetl quantitative estima(ions oi approximation
in terms of lìrsr antl second order modu.li of smoothness.

I. TNTRODIICTION

1.1. It is known that polynomiar approxirnation represents one of the most
beautiful and imporlant part of the constructive theory of functions.

The Lagrange interpolating polynomiars have a great practical interest in
numerical analysis and approximation theory. unfbrtunately they do not always
provide uniform convergent sequences of approxirnation for any continnous
function on a compact interval [a. h) oI the real axis, no matter how the nodes
are prescribed (see, e.g., E. W. Cheney Il l]).

In 1905 E. Borel [9] proposed that for the approximation of a function
.f e c[0,l] to construct a polynomial having an expression similar with the
Lagrange interpolating polynomial, corresponding ¡o m + I nodes from [0, l].
Namely, in the case of the equally spaced nodes, it has to be of the form

(Q,,, f)G)=ä0,,.r(,') i (#),
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where Q,¡,.¡ àrr- appropriate polynonrials of degree rn, which permit that. e,n.f to
achieve a prescribed accuracy in the process of approximation of the function/.

Following the Borel ideas, S. N. Bernstein [7] has the merit to select, in
1912,for q,,.¡ the basic polynomials

( | .l ) p,,,.¡(x) =(:)r-(t - ¡¡,,-r .

Ir,J
It should be menrioned that he was inspired by the binomial probability

distribution and that he has investigated the convergence of the polynomials

(1.2) (n,, ¡){Ð= n,,(f (ù;*¡=in,-.rØ f (*)
by using the weak Bernoulli law of large numbers.

1,2. rn 1969 the first author has introduced in [19] the following
generalization of the Bernstein polynomials

(r,3) n!,Í.u) (Jrt¡;x)=(r,f'dt¡){.rt= Lr,,,.or*r.r(#),
where c and r/ are real parameters, independently of nr, satisfying the rerations:
O{c< d .

This polynomial is characterized by the fact that it uses equally spaced

nodes, with the step ft =# and the starting poinr xs =#. lf O<c+d
then it <loes not coincide at any node with the function Í it c =0 and r/ * c then it
coincides with/at x0 =0, while if 0 < c = d then it coincides with/ at xnt=r.
For c = d = 0 we obtain the classical Bernstein polynomial B,rf , which
coincides with/at ro = 0 and x^ =1.

(t4) (r*',r)a¡=å[î)[^', ,)(ffi).,,
as well as an expression by means of divided differences

(r,!:'"' t)r*¡ =i,n,,,|* ;+, .#, rlhh)t,
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where mU) - m(m - l)
divided diff'erences.

(m- j +l), the brackets representing the symbol of

l'3' For the monomials es,ev and e2, where e¡(t)=/j (j>0), where
t e [0, l], we have

( Ls)
P,l,''d\rn ="0 , (r,f 'o'u,){") =r *ffi,

(r,Í'o' r r) t") = r, * ffifmx (t - x) + (c - d.r)(2mx + ctx + c )]

Because for these ,,test functions,, we have

,);,':yP,'f'"'r, =, u =0,1,2),

uniformly on the interval-[0, l], according to the Bohman-Korovkin convergence
criterion there was possible ro state the following result: if f e cl},ll then the

seqtrcnce of polynomiAt (r,li,d) ¡) ,on rrg", uniformly to the function f on the

interval [0, 11.

1.4. we mention ars. that for the eigenvarues of the operator p,!i'ot *"
have obtained the following expressions

x,,,,el: u,) 
= #h=(, _*)(, _#) (,_#)(ffi),,

where r'= 0, 1,..., m. One can see that these quantities do not depend on the
value of the parameter c.

In the case of Bernstein operator (c = d = 0) the point spectrum was first
found in [0]. In [6] it has been given a characterizaùon of'B,,, by using the
eigerrvalue L,r.2 = ).u,.2(B,r).

Because in oul case

x,,, r(r,1,"l,)= (t - *)(, - *)-' <À.,,,.2(Bu,) = | - + ,

by using a theorem given in [6], we conclude that the best result can be achieved
when c = d = 0, that is in the case of Bernstein operator 8,, .

1.5. The Bleimann, Butzer, Hahn (BBH) rational operator [g.], given by

(t,,,r)(,)=-I=.,[i)d; r Ç+=r) (r >o),

J
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l+ (d -zr')t
m-cl2
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can be obtained fiom the operator 4Í"''' (r"" tt5l, ttl, t5J and [2J) using rhe

rational rransformation / = lft rr > 0). By means of this transfbrmation rhe

operator (1.3) leads to a BBH type operatol having the nodes

f(nt+ct-k-c),where 0<r:S d.If we choose r'=oandcl=u+l (a>0). then

we obtain a BBH type operator investigated recently by O. Agratini [5]:

(r\i, ¡)rr¡= 
å[ î ld; r (ffi)

1.6. Concerning the remainder of the approximation formula

(r.6) f (x)=(r,f u,¡)t¡+(n,f;''l,)i"l,

in the paper U9l theLe was established the following representation, in rerurs of
first and se'cond order divided differences:

(*!,:'o' r)r't = ##i o,,,.r r*,
li =0

z.'I'HE llrEAN SQUARE ERROR oF THE OPERA,IOR p1r ,r¡

2.1. Since the rate of convergence olthe operators 0.3) is characteri zedbythe value of the mean square error

(2.1) 
"?,,G: 

,, d) = p,li .at 
(G _ x)2; .x) ,

we next make an examination of it.
It is obvious that we can write

e)e; c, tl S = p,(,.,1 t (rr, *) - 2x p,(,.rt t (l; .r ) + :r?,
According to ( 1.5) we have

(2.2) 
"1,,(xir,¿¡=mx(l--r)+(d!-c.)1

Qn + d)2

The variance of the operator pk t,/) is defined by

v,,(-r;c,d)=p,(c'd)le,-r,ii'.,t)e,)t{r) =(f,li',d)e2)(r)_j(p,1,, ,,,",)t rrrf' .

If we take inro consideration the iclentities (1.5) we obtain

r,,,, (x ; <:, cl) - mx(l - .x_)

(m + d))
and one observes that it does not depend on the parameter <,.

2.2.,n order to see how weil a furction J' e cf',lr can be approximatcd by
the polynomial (1.3), we need to fìnd the maximum value of (2.2ion rhe interval
t0, 11.

We shall now present a basic result of this paper.

THE.REM 2'l If' m>tr2 , then the maxinrum vctrue ott [0, r] of the ntea,
square error (2.2) can be representecl under the.form

*i,ì'!* =ft + c)l

-r. fk+c .

tn 1- d'

_m(l - x)
(m + tl)2

'1, 
r,,1,¡ (''t[x. #,*#, ¡]

In the case c = d = 0, when (1.3) becomes the Bernstein polynomial 8,,,f ,

it reduces to an expression obtained already in I 964 by the first author I l 8]:

(n,,,.r)(Ð=úPir^-,
t=0

In a recent paper o. Agratini [4] studied the monotonicity properties of the
sequence of polynomials (1.3).

In order to investigate the simultaneous approximation properties oi the
operator ( 1.3) there was established ìn [20] the following formula

(2.3) M:,:,'")

polynomial is given by p2 B
2A

have A=d2-nt, B=nt-2ccl ,

maximum value is given by

=-h, where ,L= 82 -4AC. In our case we

C = <;2. Consequently, we find that this

tt

)t

j+c
m+d

4(m + d)?

where 0 s r I m . By using it, there was proved the f'ollowing result: tf
.f e C'' l0,ll rhen we have

,1;,iY*(r'li 
u'Í)"' 

= ¡"' '

wtifornth on the intenal l0,ll.

Proof- It is known that if we have a porynomiar of second degree, with real
coefficients: P2(.r')=Ax2 +Bx+c and,A < 0, then the maximum varue of this
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Mk"¿) - m2_ d-c
irr,n, = ìn*à, (#Ð. K,,, (c. )r, (E),

4(m+ d)2(m - ct )
I+ (3.2)

Now it is clear that we can formulate an important consequence of thistheorem.

coRoLLARy 2.r. The reast maximum varue (2.2) is attained for cr = 2 t,(c 2 0) and it is

v,,,(c)= y(t"'c, =#kf ah=vo,(o).

In this case we have the approximating polynomials

(2.4\ (r,!,,.t,', J)G; = (sj¡r,¡)q, ) =i n,,,*{rU (r,}#r) (c > 0),

where 0<(<l and

K,,,(t ) = ^i:;i:ryr:ì = \fiffff
In the special case c = 0 formula (3.2) will be

(3.3)
Jrr'x' =ìnþt(fi)-firret

and it corresponds to the approximation of the function / by the Bernsteinpolynomial 8,,,/.
which are imþortant in numerical integration of functions.

3'2' one observes that the reast value of K,r(c) is obtained for .= 1
23.A BEST QUADRATURE FORMULA

when formula (3.2,1 becomes

3.1. By using the approximation formula (1.6) we can obtain the followingnumerical quadrature procedure

I(34) !rutd,=ìnàr(#)* uåTFr.rÊ¡

älil,ilo'"senr 
the we' known composire midpoint or re*angurar quadrature

Therefore by using the Bernstein type polynomial

(3'5) 
["'''t]t'l=(',,/)r"r =i'r,,,0(*)r(#) :

we,obtain the best quadrature formula having the form (3.r), namely formura(3.4).

In this case the least maximum varue of the rnean square error is
,,,,(+)= o(#F.

(3,1)
I r an- = #þ., (#).,,!|o) (Í), 

-
because

I

I
0

P,n, (x )dr
(m

=lo k+l -&+l) _l
m+ll(m+2)

For the monomials' (,,, €1 , e2 theremainder of (3.1) takes the values

\lÍ"u' ('ù =o, r,k'd) 7"' - d -2c¡t -/*a¿¡'

r,li"d ) ler¡ =
m+ 6c(m+c)- 2d(2m + d)

6(m+ d)
4. QUANTITATIVE ESTIMATIONS OF APPROXIMATIONIt is easy to see that if we choose tl = 2c then the degree of exactness of thecorresponding quadrature formula is N = r, arthough the operator 4Í.r", do",not reproduce the linear functions.

This can be wrirten under the following f.orm
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(4.2)
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|f rr,-(r,!,''"' f)G)l=['. y'2p,::.r,((, -.,.).,,.)]ru, (f.:y), .

wherc ro, represents the first order modulus of continuity and y > 0.
If we take into account (2.1) and (2.2), weobtain

(1.r) 
lft'l-(e,1,"',.f)rr;1.[,. y-."i,,(^:,,,,/)]co, (I:y).

Now we can state the following important result.

THEOREM 4'r' If m > d2 , then in the sup norm we can w,rite the inequari¡,

lV - r,f ', /l = {, 
- ooínl'. +#]}^,

This inequality perrnits to see that, indeecl, the Bernstein polynornials are
interpolatory in.r = 0 and x = l,

Because on [0, l] we have x(r -.r) 
= å, of choosing u" = 2,we arrive at the

classical inequality (4.4).

4.2. Now let us use the second order modulus of smoothness

azff;y)= sup{l¡1.r - h) -2f(x) + f(x + tll:.r, x + heLa, bl, 0 < ¡ <ù,

where 0ly< )tA-ut.
By using both nloduli o, and t¡2 one can find estimares of the approxi-

mation of the function/by means of the operator ( 1.3).
For this pulpose we car use an ineqLrality of H. H. Gonska and R. K. Kova-

cheva [13], included in

Luvt'tn 4.1. If K = La, bl is a c'ompact interval of the real axis anrl
K'=fa',b') is a subintert,al of ít, and if v,e assume that L : C(K)-+B(K,) i,s a

positive operator, suchthat L(l;x)=1 and 0<y< |Ø-ol, thenwe have

Itrrt- 4rrt¡;-)l=f,lto -- x;x)lt¡,r/ ;y) +

Posi tive Polynomial Operators

In the case ('= el = 0, by selecting ô =
.r(l -x) , we set

m

This implies the I'ollowing

llr-rll ''ll 'l h, (r;Y)+

lrr,r - (s,,,r)G¡l= (, - #),, [r' "rF]

.[;- 
filtr,-x;x)l 

*#t(tt -,)z; )]r,,r,rt
lf we take into account the relations (1.5) and (2.2) we obtain the inequality

lrr"r - (eÍ'''r)t"rl =+ ç#0, (r;y) +

.[å. + ç# * ft '1,(';'''r)]r'i' Ç;v)

9
9-l

Proo;f, The idea here is to take into consideration the fact that the maximum
value of (2.2)is given at (2.3) and then ro choose y=ll.[n+(t 

.

ln the special case of lhe,perator s,f ), dcfinet) at (2.4), we obtain the
inequality

iir - r,t,ll =lt 
- rffiø],, [t

It can be written also under the fcrllowing for.m

(43) llr-*,rli ,(ì_a;^1, 
[,, #)

For ¿, = 0 jr reduces ro the inequality of popoviciu_l_ orentz(t I 61. t I 4l):

(4.4) 
llf -n,,,.t11.åu,,[, *)

ln rhe case of rhe polynomial J,,,./ , defined at (3.5), we fìnd the following
inequality

l
J

I

llr - s,,,.rll ( c,,0 
r Í;

(4.s)
where C,,, = i(t -;h

If we replace in (4.1) y=sô. (fr,ôe IR*¡,.we obrain

lrr,r - (eli'"'l )r.,ll =[' * 
(aõ)-2 e2, (,:,,¿)]r, 1¡; o¡l
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9.5
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or approximating continuous .funcrions on the
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ce of sequerces of Iinear positive operators,
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If we choos e y =tf J;;+ d, rhen we ger

llr-rl"'l=ffi,,(r,
.{ î.6.åfrõ1*81]Ì*(', #)

For the operator SÍi) = p,!T.z') we obrain

llr-*,rll <##,,(r,ffi).
.'l+.ffi.ffiÐ]*[r, #)

In the case c = 0 we ger rhe esrimarion: llf _ g,,,fll=Iùrr(r,ir)
But if we replace in (4.5) y = sô (a, ôe lR,*), in the case c = d =0, we fìnd

Vr*¡-(8,,f)@ltî(2+ I
æ

Selecting the parameter a such rhat we have o, max f 1tì| I on [0, lJ,we find that we have to take 0, 2 and we ar¡ive at the important inequality

II¡ - s,,fll<c.,,r( f:+1,
\ .lm)

Received March 5, 1999 Faculty of Mathenwtic,s arul Inbrmatic.t
" Babe ç- Bo lvai " IJ nive rs iît,

3400 Cluj-Napoca
Romania

Colegiul Na¡ional de Infornaticã ',Tuclor Vianu,,
Str. Arh. Ion Mincu l0

7l -l0l Bucuresti

Rotnania

ivhere C =#= 1.6875

This inequality was first given in l994in rhe work [13J,
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