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In all the problems we consideled thc GA using two.dimensionai encoding

ancl ctoSsover gtve bctter tesuli$ thân thÊ ÛA using one-dime¡sional enco'ding

!|ä il;.""r, ioth in the convergence rate cjf the fitnçss of best individual and

irr the quali¡Y of the $olution'

Þclow we Present the graPhs compar

iffi:ü':
1. FirstÐiagonal: P1,u ={(a,a)lae A}

2, Second-Diagonal Pzoa *{(ai,au*,*,)li =ü}
3. cross; p,,, ={(a¡,a,,,r)lt = ñiU{ça,2,alll = t;}
4. X: p, - Prr, Ugzr¿

4, CONCLT]SIONS ÀND F'UTURE WOR'K

I,n this i-<limensional ffossover operator a,nd

; 
proved a Sch for the ge¡letic a]Uqrithm using,it' W'e ', ,

äi; showecl ;ing this opeiator is more advantageoui

th;;ìrg the cla,ssical, one*dínrensional one' Finally we d¿monstrâted this theo-

. retical rqsults on a set of exarnples'

In the firrlure we shall concentrate on trying.to êtp]y lle operåtor defined

here in real cxamples and coflpare thç re$ults obtained with results produced

using other fypes of encoding and ct'ossover operators'
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ABOUT SOME INTERPOLATION FORMULAS OVER, TRIANGLES

ONN BÃRSOSU ANd IOANA ZELINA

I. PRELIMINARIES

Beginning with the paper by Barnhill, Birkhoff and Gordon Il]. the inter-
polation problem to boundáry data on a triangle was largely studied, cånsidering
the standard triangle 4, = {(x;-r') e R, lr > 0, .y > 0, .r +.u < /r} with the vertices
V¡ = (å,0), V2 = (0, /¡), V3 = (0,0) and the opposite sides denoted by E¡, E2, E.3

(fig. l), in Ul there are constructed some interpolant.s which match a given finc-
tion / :T¡, -+ R on the sides of the triangìe !, .
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The ideas from [.1] will be shortly presented. Let be (,,r,,.v) e intT¡, andlel
be Li , ¿Ì the tinear operators along the parallel ro the side E2, respecrively to
the side E¡, i.e.

( I .1) ti (./X.r,.r) = A.r I B Li (/X r,.r,) = c), + D.

where the coefficients A B, C, D are deternlined from the conditions
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lnleryolation Forrnr¡las OverTriangles il9

Proof. clearlv uì'(.f) is a polynomial of degree two with respect to .y and

H;(f\ is a polynomial of degree two with respecr ro ¡, i.e. Hì(f)(x,1,)=
= Ay2 + B-1,+C and H)(f)(-r,-y) = Dxz + Ex * F which satisfy the interpolation

conditions:

Hì (/Xx,0) = /(x,0), Hf (¡)to'rr1.r,0; =¡{0,r)1r,0¡,(2.3.t) ¿

H ) (.f )(.r, h-.r ) =,f (.r. /r -.r ).

e.3.2\ Hiff)(O,1,)=l(0,y), Hj(./)(0.rr1o,y)=,/(0.r,(0,,y),

H;(f )(h - Ì,)') = ,f (h -y,y).
Using these conditions one arrives to (2.2.|):arvJ(2.2,2). , ,,

Renurk 2.2. H)\f ) interpolates the functionsl and its partial derivarive

withrespectto.y()nrhesirìeð¡andalsorhefunction,fonthesideÀ3and Hì(f')
interpolates the function.l'and its partial derivative with respect to -r on the side
Ë, and also the function/on the side Eq.

Leuvn 2.3, The blendins interpotants (Li @ H)X.f) and (t:i' @ Hì)(f )

huve the following e.rpre ssions:

( Li @ H )¡1/)(,r,,v) = ry# {¡¡ to't t 
çx,01 + e - h¡ ¡ ttt'r I 

10, o¡} +

(2.4.1) *rl_, {.rt.f(r.lr-x)+(å-.r-.r,X/r-.r+1,),f(.r,0r}+(h-x¡"' " 'LetHìbetheHermiteinterpolationoperatoralongtheparalleltotheside

É.¡ which matches the finctionl and its first partial derivative with respect to 'v at

the point (.x,0) and also the function f at .;-'lrx)'Let H) be the Hermite inter-

polationoperatoralongtheparalleltothesìdeE2whichmatchesthefunctionl'
an<litsfirstpartialderivativewithrespectto,ratthepoint(0,v)andalsothe
function.f at (h : Y' .v).

LEMMA 2,.1. The equalitie's , '

Hì (.1,x¡,.v) =Úi!lÐ'¡ro'rr(x'O) . f¡ .rQ'h -'t) +

3
.,
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(1.2.1)

(1.2.2)

Solving the linea¡ algebraic systems (l.z.l), (1.2.2) the operatoçs become:

(/xx,¡,¡ = æ' /(0,.v) * *' f Ø - v,v)

(r.3.2) Li(/Xr.r) =æ"f(x'O) .*'lî'h-x)

By direct substitution the equalities ( I '2' I )' (l '2'2) follow for any

.r, r'e [0, h), which prove that ti(.f) interpolates the function/on the sides E¡'

El of T¡ and L] (/) interpolates the function/on the sides E¡ and E3 o1 Tu '

The boolean sum operator Li @ Lì '= 4 + ¿ì - L''L) (see [8]) defines the so

callêd "blending interpolant" (Lit O tì'Xl') ' By simply computatlon :

(¿.i @¿ì x.f)(x.v) = \#' f$,ù+æ'.f('r'O) + #' [(x'h- x\-

(1.4) tit. fq¡r)---J . f(0,/¡)

Li(/Xo'-v) = ,f(o'])'

t:i (.fxx,0) = l'(-x,0),

Li (l )&- -)'.v) = .f(ft -.v' l)
Li(Ð(x,h- x) = .f (x,h - x)

2. MAIN RESULTS

From(1.4)itiseasytoseethat (¿JO¿ì )('f)='f onò'[¡ where ô4' istlre

boundaryofthestanclardtriangleTi,.Importantcontributionstothedevelop-
ment of the theory of inte¡polation over triangle are due lo--the Romanian

mathematicians Gh. c;;,I. Gâns"a and L. Tâmbulea t5l, [6], [7]' t8l.

/(o,v) -F;;{y2.f Q,h)+(h2 - r-2)/(o,o)},

(Li @ H;X/Xr,.y) =+#{t¡rr.orio,.v) + (,- - h).f (t.trr1o,o¡}+

*;+J{",.f (1, - r,,.r,) * (/r -¡ -.r,Xh -.r +r,)l ({),v)}+
\h - ),)' '

.\|t(.r,0)- m;;Vz f (n,o)+(ti - r2)/(0,0)].

+
h-x-
h-v

(2.4.2)

(2.2.t)
- ,1'- --[+(h

(h .r)2
:f('r'o)+ Proof. Pirst one calculates thc product (LiH)Xl) and one obrains
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h -'t_l-ui' ( f X0, r,)+r-l ø;1.f )(h - )',)')=(L|HìX/X.r'Y)=_-tr-i, - n-

-v(/r - x - )') ¡r0.rr ls,ol * t'94J'(0,fi ) +=:)-l-J h-('t -y)
h+

Remark 2.4. The murtiplicity of the knots (,r, 0), (.r. å -,r) and respectivery
(0,.t,), (å-), .v) can be inverted.

Remurk 2.5. considering the boorean sum operato r (H i @Hj ) one obtains
the blending funcrion interpolant (Hj o ai¡r¡¡. This function interporares/on
ôÇ and its partial derivatives ¡{0.1) un¿ JÊ(1.0) on El andrespectively on 8,.

Í = (Li @ H)'X.f) + Ai?'/, I = Gi @ H)')(.f )+ Riï f,
where R¡'l' and Ri) are the corresponding remainder terms.

THEoREM 2.2. If f e Bt2(0, 0) then the remainder term R), is:

hh
Riï ff Xr, -v) = J 

K.n (", 1,. 5 ¡7'13.0) 1.r, 0¡a, *jtr, (x,1,,,s;¡ (2,r r (.r, 0 )ds +
00

where

-x-
+

h

Then, taking into account that Li' @ Lì = ¿i + ¿ì' - tìtì it follows that

(2.4.\)holds. ln a similar way' (2'4'2) holds'

TsnoRstr¡ 2'l'|'he operators Li @ Hi and Li @ H)

(2.5.1)(LioHìX/¡=fonòTt"(Lî@Hi¡to'tt1¡)='f(0'r)onEl'

(2.5.2) (¿ì @HiX/)=/ on òT"' (tì @Hi)(r'0)(/) -/ (r'0) on E2'

Prrsof' By direct substitution one obtains

(¿i @ Hì X f Xx' 0) = *!¡t^ - x)2 'f 
(x 

'0)* 
&-:t'¡10'ol -

, -Llhzf (o,o) = /(.r.0)

which proves that (Li @HìX/)-'f on E2' ln a similar way one proves that

(tioHì.)U')=JonE¡andonEj.Next,onecomputethefirstpartialderivative

with respect to y at (;r' 0) and one obtains:

(rì @ Hì )(0'r)(./Xx,r) = !ã+{¿¡tt)'rr1x'o; + G - h'¡ro'tr10'0)}+

#æV'r'h 
- x)-/(x'0)Ì+ çn!¡'t*'r)(0'r') 

i

+ -=J-i-r'2/(0, ¡ I + (/r2 - .ut l/(0, 0)) -
11/ (11 - ¡')' '

-tr:+{2f (o,h) - 2,' '/(o,o)}

So, with ï = 0, (¿î o Hì)(0't)(/x'r,0) = ¡(o'r)('r'0) + x :h 
'¡ìo't)10'o) -

-f, fto,oi * 
h 

=x ¡(0't\ (0'0)+frfro'ol - ¡(0't)('r'0)

In a similar way' one obtains (2'5'2')'

K,r(x,y,s,t) = fif*-'l? [t 
-.r -.v - *. & - x-,,- 

]
Proof. Taking into account rhat RË',f =,f , (v) re p], the proof foilows

by the Sard kernel theorem in triangles Il], with

h

*J,ro3 {r,.r, r)Jc(O 3 ) (0,¡)d, * [ ! rc rrf.*,-r, r,r )/ ( 2) (s, r ¡dsdr
n 

Tt,

Kq6(x,1,,.r) - 
(*:t)? 

,

')

K61(x,v,t)= 
É.r),

K¡(x,y,s)

(h-x-t
+

2
(h-x* - r)2

2h (h -Y)

, K2¡(.r,.y,s) = (¿i @Hj )t(x _s)+ ..y1,

K6j(x,_v,t) =(Li @ H)

Kj6(.r,.v,s)=(¿i@Hj

K¡r (x,r,s,r) = (¿ì @ Hj')t(;r - s)? .(v - ¡)* I
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THEOREM ,.r. ,.f.f e B,¡(0; 0l tlrcn the remuiùttler term Ri) has the
8' Gh' ccrman' I Gânsca' L Tâmbule¿r, Surfãces generated by blenrJing interpolation, stutlia unit,.Babeç-Bolvai, Muthemctlj¿,a, XXXVtlt, ¡ (iCq¡1, ¡g+¡.
9' w' J. cordon, Distributive 

.lattices. u,rj ,r,. approximation or murtivariare functions, in"ApproxinmÍion wirh spat'iu.r 
_etnphasis t,tt .rprii) funt.ti,r.r', (Ed, uv i. .i'i.t*rberg), Aca_demic Press, New-york and London, '969,223_271.

expresstotl

R¡ì

h lt,

(.1X.r;t ¡ = Jr.,,,i...n,.r¡¡(3'0)1.s,0Us 
+Jr u (¡,1,s)l (r'2)(s,O)dT +
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e - m a i l ; dbarbos u@ unitte r. ulltt. ro
ae I ina @ un it+: r. ubm. ro

h

.i
(l

J J 
*,,',r,s,r ).1(2 )(.ç.r )d.rdt

T,,

where

(v-s)2.
K19 (.r , r', .r ) K¡2 (,r:,.v,s) =,r' (-Ì -,t)+,

: .2 (/r - r.-s)? lt- x - v (-r -,r)l -rr(å -.r -.vX/r -s)2
K¡1( r,r',r) = (/,=F.---- * - n; 2 ----tF*_¡

K¡,(x,r,.r.t)=tï(l'-r)Ïin-.r-','+tï {l-v-sl--l 
;

Proof. Taking into account that rRi,j'f =.1'. (V).1'€ Pr2, the proof fbllows

bv the Saicl kernel theorem in triangles IlJ. with

K16(-r,.v,.r) =(Li @ Hì ,[*#]
,[n+t]

. K¡2(.r,¡r.r) =(tÌ @Hj')[(.r' -t)*'.r],

K61(x,v,r) =(Ll @ Hì

K2'(-r. r,s,/) - (¿i @ //r' )t(.r - 'r)* '(-r - ¡ )1j
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