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ABOUT SOME INTERPOLATION FORMULAS OVER
' TRIANGLES

DAN BARBOSU and IOANA ZELINA

"'1.PRELIMINARIES

Beginning with the paper by Barnhill, Bi_fkhoff and 'Gordon [1], the inter-
polation problem to'boundary data on a triangle was largely studied. Considering
the standard triangle T, ={(x;v)€ R? IxZ().yZO, x+v<h} with the vertices
V), =(h 0), V, = (0, h), V3 = (0, 0) and the opposite sides denoted by E,, E,, E;
(fig. 1), in [1] there are constructed some interpolants which match a given func-
tion f:T, — R on the sides of the triangle T, .
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The ideas from [1] will be shortly presented. Let be: (x, v) € intT, and let

be Ly, Lj the linear operators along the parallel to the side Es; 'respectively to
the side E;, i.e.

(1.1) Li()xy)=Ax+B  LI(f)(x,¥)=Cv+D.
where the C’befﬁcients A B, C, Dare determincd from the conditions
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(1.2.1) LA, v) = fO,x) Li(f)h=y.)= flh=y.v)
(1.2.2) Ly (f)(x,0) = f(x,0), Li(NHxh-x)= flx.h=X)

Solvmg the hnear alaebralc systems (1 .2. 1), (1 2.2) the operatoys become:

(0, V)+-—— fh=v.)

(1.3.1) L‘(f)(x v)—‘

(1.3.2) L‘(f)(“)— ) f(x, 0)+———-f(xh X)

By direct substitution the equdlltles (1.2.1), (1.2.2) follow for any
x, v € [0, h), which prove that Ly (f) interpolates the function f on the sides E),
E;of T, and Lj(f) ) interpolates the function fon the sides E, and E; of T,

The boolean sum operdtor Ll ® Ll =L+ L| Li LI (see [8]) deﬁnes the 50
called * blendmg mterpolant (L‘ AL By simply, computatlon

(15 ® LV Pxn =222 (0, w+ SV, 0) 452 k) -
(1.4) 8 .

11

LAmE 2 f0,0)- - f0h)

l(l
From (1.4) it is easy to sec that (L} ® LY)(f)= [ on 0T, where dT), is the

boundary of the standard triangle 7). Important contributions to the develop-
ment of the theory of interpolation over triangle are due to the Romanian
mathematicians Gh. Coman, 1. Gansca and L. Tambulea [5], 161. (71, (8}

2. MAIN RESULTS

Let H3 be the Hermite interpolation operator along the parallel to the side
E, which matches the function f and its first partial derivative with respect to y at

the point (x, 0) and also the function f at (x, h-x). Let H2 be the Hermite inter-

polation operator along: the parallel to' the'side £, which matches the function f

and its, first partial derivative with respect to x at the point (0, v) and:also the
function fat (h - y. »).

LEMMA 2,.]. The equalities

Lo Y= X—Y) o
HI(D) = 2= S (r0)+(

)6)2:"-f.(.)(’h_x.)'Jr

2.2.1)
(h—\—»}(h—ww £(x,0)

- (h—\)'
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HE ()t y) = L-—

(1.0) 0
(22.2) SO+ ( BRI flh=y,y)+
(h '-A'—Vl(h—;r+ V)
+ . ¥
(h—y)? +f(0,y) hold for any x,ve [0,h).

Proof. Clearly Hy5(f) is a polynomial of degree two with respect to y and
RY : 1 4 .
Hy(f) is a polypomlal of degree two with respect to x, i.e. H3(f)(x,y)=

=Ay*+By+C and Hj(f)(x,y)=Dx2
- : x,y)=Dx* +Ex ich sati - :
condililiue 2 x + F which satisfy the interpolation

2.3.1) Hy (f)(x,0)=f(x,0), H (/)OV(x,0)=£OD(x,0),
Hy (f)(x,h=x)= f(x.h—x).
(2.3.2) H5(N)0,3)= £(0,9), HF(/)YOV(0,9)= FO1(0,y),

HE(f)(h=y>)= f(h=v.y),
Using these conditions one arrives to (2.2.1):and (2.2.2). -
Remark 2.2. H;(f) interpolates the functions f and its partial derivative

w. Q ~ 3 33
ith respect to y on the side £, and also the function fon the side E; and H{(f)
; . =R 25

. i

LEMMA 2.3, The blendin
g lnterpolants (L‘ @Hn d (Lj
have the following expressions: ke Hﬂ i

X ¥ X y(h
(Ly ® Hy )(f)(x,y) = —h(hx*}){hf O“(x 0)+(A h)f‘“ (o, 0)}+

(2.4.1 ey |
) (h— x)2{v fOh=—x)+(h—x=y)h—x+y)f(x, 0)}+
h—x—y: h—
+. s (0:) - h2(h { 21 (0,h) +(h? = y)£(0,0)},

I N 11 x(th-x
(1} @ B () (x,3) = S 00+ (5= 90,00} +

(2.4.2)

1 2
| + 7 —y)z {x fth=v,yv)+ (h -x=y)h-x +_V)f(0,y)}+
+h—x—v

P62 )—I—(T_—{ f(10)+ (2 ~x*)f(0.0)}.

Proof. First o 3 ' NS
f. First one calculates the product (L3 H; )(/f) and one obrains: |
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P83 gy ()04 5 H (=32 =
h |

(LY H)(ND ) == h-y

y2(h—x

._y) A B
/TR T Ve MR b p0ah) +
::\_;(_l’l__l,’:__f(()l)(o,o)+ hl(h_y)

~x-))hty) X f(h-y,y)
2z 0D 0 0+ 72 A
@ = [F + L - LiL it follows that
Then, taking into account that L ®Ly =L + Ly —LiL 1t o
(2..4.1) holds. Ih a similar way, (2.4.2) holds.

: _ y T
THEOREM 2.1. The operators L ®Hj and L} ® H3

v R _ e (0y E,
2.5.1) (L ® Hy)(f)=f on 9T, (L¥ @ Hy YO (fH=f " onE

v vy(L = (10 E,.
052 (L OHD=fondTy, (B OHHINN=FTTon 5

Proof. By direct substitution one obtains

(h= 2 f (x,0) + B2 £0.00-

(h-x)?
h=x 42 £0,0) = £(x,0)
h_’

(Lf @ H)()(x.0)=

L = E imi ves that
D HY)H= . In a similar way one pro
which proves that (L € 2‘!)()‘) .f on £, a, :

(Lt ® H3)(f) = f on E; and on 3. Next, one ¢
| = N
with respect to y at (x, 0) and one obtains:

YO0 (f)orny) = AT B )4 (x =) F OV (0,00} +
(13 ® AP =B 00 0+ =00}
l i ' ‘. [y

OIﬁpute the first partial dgrivative

L) {f(x,h——x)—f(x,O)}+_—V_’f(O.l)(O'y)+

e vk
(h—x) (h—w)

X {2 (0, + (0 =y (0,0}~
TRy b

_hEXTY 9 yp0,m) -2y FO.0}
| W (h-v) _

—~h Fon Y -
‘ _ £(0h Xx=h (0,0)
I So, with v="0, (Lf ® H; )(O'l_)(f)(x’o) = f%(x,0)+ P f

o Ch= X 0 0.0y + 2% £(0,0) = fOD(x,0)
_h%f(0,0)+1—h——f (0’0)+112f

| In a similar way, oné obtains (2.5.2.).
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Remark 2.4. The multiplicity of the knots (x, 0), (x. h

. / [ —x) and respectively
(0, ¥), (h—y, v) can be inverted.

Remark 2.5. Considering the boolean sum operatof (H3 ® H3) one obtains

the blending function interpolant (H5 @ Hy)(f). This function ihterpolates fon

07, and its partial derivatives £ and M on E| and respectively on E,.

Remark 2.6. The intcrpolation procedures which were presented above
have many applications in computer aided geometry (see [7], [8]).

Using the boolean sum operators we can consider now the fo

llowing ap-
proximation formulas:

F=W®HDNN+RES, f=Li ®H)(f)+RYS,

where RS and R{; are the corresponding remainder terms.

THEOREM 2.2. If f€ B|,(0, 0) then the remainder term R\ is:

h Y i I } n
R (F)x,y) = IK30 (x,3,8)f 0 (s,0)ds + f Koy (x,y,$)f @(s,0)ds +
0 0

h
[ Koy 1070901101 + [ [Ki s f 12 sinydsan
0

7}!
where

(x=s)3

K30(X,)’,S) = 2 ’ KZ] (X’.y’s) =V ' (X —'s)-l- L]

2 2 2 2 2

y (h=x-1); h-x-y =17 y2(h-x-v)h-t)
Kga(x,y, 1) =—2 . + A ~ -
(6.0 (h-x) 2 h-y 2 202 (h —y)

K5(x,y,8,1)= Y (x —5)! 'ih-—x -v+

)I
h—x =

h-x

-(h—x—t)+].

Proof. Taking into account that REf=If. (V) fe P}, the proof follows
by the Sard kernel theorem in triangles [1], with \

K30 (x,,8) = (L ®H;2YJ[(X&ZS):] Koy (x.3,5) = (L @,H::‘)[(x =) ¥,

2
Kijs (rovary =(Lj @ Hz}[(j—iﬁ“‘J

Kip(ovs,0)= (LY @ HY)[(x =) -(y ~t),].



122 ‘Dan Birbosu and loana Zelina 6

THEOREM 2.3. If f € B»(0, 0) then the remaiider'term RS “has the

expression:
h e Iy : :
RS (f)x.v)= J.Km (. v,8) f 30 (s,0)ds +IK12(A‘,_\',.\' )_f'("z’(sfo)ds +
‘ 0 : 0 '
h !
+f Kos(xopt)f20,0)dr +”K3, (v, ) f (s 1 )dsdr
0 ‘_IJ T, ‘
where ' -
N (v-s) T
K]()(-\As_\"vs) =—_;—-’ K|2(—\,_.Va5) =X '()" —‘s)+s
gt Fl '_(h—_\"—s')%r l1—,r'v¥_y-_(.f—.s’)i CxMh=x—y)h-s)
K()}(-\._\’J)- (h*_\’)z 2 | + h —x 2 ‘ 2,’12(,’1"\')
T J|
o A0 P AT | gl T S e ey
K2 (x,v,5.1) h-__v(-“ _t)+Lh_‘.x ‘\+h—_;v-.'.(h v f.)+_

Proof. Taking into account that Ry f=f. (V) fe _Pf, the proof follows

by the Sard kernel theorem in triangles [1]. with

(x=9)%

K_q(,(.r,y,.f):([{'l"@H-z“": 5 ] Ky (o) = (L @ Hy)[(y — 1), - X,

¥ v -.-....I i
Koz (x,v.t)= (L) © H3 )[(—‘2—}—]

Koy (rovasit) = (L @ HDI(v=s), < =D},
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