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ON THE HIGH CONVERGENCE ORDERS
OF THE NEWTON-GMBACK METHODS*
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Abstract. The high convergence orders of the Newton-GMBACK methods can
be characterized applying three different existing results. In this note we show

by some direct computations that these characterizations are equivalent.
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1. INTRODUCTION

The GMBACK method introduced by Kasenally [11], and which we shall
describe in the following section, is a Krylov method for solving large linear
systems. When it is used in a Newton method, the convergence orders of the
resulted iterations may be characterized applying three existing results.

The first result was given by Dennis and Moré in [7], but before enouncing
it we review the common setting. Given F : D C RY — R, the local
convergence of different Newton-type methods is usually studied under the

following standard assumptions:

(C1) there exists y* € D such that F (y*) = 0;
(C2) the mapping F is differentiable in a neighborhood of y*, with the

derivative F’ continuous at y*;
(C3) the Jacobian F’ (y*) is nonsingular: IF’ (y*) ™' € RV*N,
We shall denote hereafter by ||-|| an arbitrary fixed norm on RY or its
induced operator norm. The symbol ||-||, stands for the euclidean norm and

||I-||  denotes the Frobenius norm. For definitions and results concerning the
convergence orders we refer to [I5], ch.9] (see also [19], [18]).

THEOREM 1.1. [7]. Let F : D — RN be differentiable in the open convex
set D C RN and assume that for some y* € D the mapping F satisfies (C2)
and (C3). Let (By);>o C RNXN be a sequence of nonsingular matrices and

*Work supported by the Romanian Academy under grant GAR 97/1999.


www.ictp.acad.ro/jnaat

126 Emil Catinag 2

suppose that for some yg € D the quasi-Newton iterates given by
yk+1:yk_Bk_1F(yk)7 k:0717

remain in D and converge to y*. Then (yi),~, converges q-superlinearly to y*

and F (y*) = 0 if and only if

B _ Fl * _

B F ) (e — )|
k=00 lyk+1 — vkl

The second result was obtained by Dembo, Eisenstat and Steihaug in [6].

=0.

THEOREM 1.2. [6]. Assume the mapping F satisfies the standard assump-
tions and suppose that for some yg € D the sequence of the ineract Newton
iterates given by

F' (yx) s = —F (yr) + 7%
Yk+1 = Yk T Sk, k=0,1,...

remains in D and converges to y*. Then (yk)kzo converges q-superlinearly if
and only if the residuals ry, satisfy

Ikl = o (IF (yi)ll), as k — oo.

Martinez, Parada and Tapia [14] obtained some results for the sequences of
damped and perturbed quasi-Newton methods

Y1 = Yk — Byt (F (y) +78)

where 0 < aj, < 1,7, € RN, k=0,1,... and yo € RY. Though, those results
do not fully characterize the convergence orders of the above sequences. On
the other hand, we shall see that if we want to fit in a direct manner the
Newton-GMBACK iterates in this frame, we must reduce the above iterations
either to the classical quasi-Newton or to the IN ones.

We have recently extended Theorem [I.2]

THEOREM 1.3. [5]. Assume the mapping F satisfies the standard assump-
tions and consider the following elements: (Ag),sq C RY*N (perturbations in
the Jacobians), (6)p>q C RY (perturbations in the function evaluations) and
(Tk)p>o C RN (residu_als of the approximate solutions sy to the perturbed linear
syste;ns (F' (yx) + Ag) s = —F (yg) + 0k ). If for some yo € D the sequence of

the inexact perturbed Newton iterates given by
(F' (yr) + Ak) sk = (=F (yx) + 0x) + 7%
Yk+1 = Yk + Sk, k=0,1,...
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is well defined (i.e. the matrices F' (yi) + Ag are nonsingular and the iterates
yr remain in D) and converges to y*, then the convergence is q-superlinear if

and only if

| ARE () + %) " F (i) + (T—Ag (F () +A%) ) @ +78) | =0 (IF (w)ll)
as k — oo.

REMARK. Modest additional continuity conditions imposed on the deriva-
tive F” allow the characterizations of the g-convergence orders 1+ p, p € (0, 1]
of the three methods considered above. For these extensions we refer the
reader to [8], [6] and resp. [5]. O

In Section [2] we briefly describe the GMBACK method and we deduce some
results, while in Section [3] we show that when applying the above three theo-
rems for the characterization of the g-superlinear convergence of the Newton-
GMBACK method we are led to some equivalent results.

2. THE GMBACK METHOD

Consider the linear nonsingular system
Ax = b,

with A € RV*N and b € RY. The GMBACK algorithm introduced by Kase-
nally in [I1] belongs to the class of Krylov methods for solving such systems
when the dimension N is large. Given the initial approximation zq € RY
of the true solution z* and a number m € {1,..., N}, by a modified Gram-
Schmidt procedure there is constructed an orthonormal basis {v1,..., vy} in
the Krylov subspace K., = Ky, (4,70) = span {rg, Arg,...,A™ 1ro}, where
ro = b — Az is the residual of the initial approximation. Finally, GMBACK
determines an approximation zG? € x¢ + K, which solves the following min-

imization problem:

i A bject to (A — A —b.
o in, |A4llp subject to ( A) T

GB.

The following steps are performed for determining x,.”:
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Arnoldi

e Let ro =b— Axg, B = ||rol|, and vy = %ro;
e Forj=1,...,mdo
hij:(AUj,’Ui), ’izl,...,j
i
Dj41 = Abj — 32 hiju;
=1
hjt1 = 1041l
_ 1
Ui+l = B, Vil
e Form the Hessenberg matrix H,, € R™*D*™ with the (possible)
nonzero elements h;; computed above and the matrix V,, € RN xm

having on columns the vectors vj: Vi, = [v1 ... vp);
GMBACK
o Let H,, = [—Bel ﬁm} e Rm+Dx(m+1) G — [to  Vin] € RNX*(m+1)
P = AL A, € RODXMD) and Q= GG,y € RO X1,

e Determine an eigenvector u,, 1 corresponding to the smallest eigen-
value >\an§1 of the generalized eigenproblem Pu = AQu;

e If the first component ugll is nonzero, compute the vector yG8 € R™
by scaling u,,4+1 such that

e8] = u(%)umﬂ;

m a1
e Set 268 = xg + V,,,yGB.

This algorithm may lead to two possible breakdowns, either in the Arnoldi
method or in the scaling of u,41. The first one is as for GMRES a happy
breakdown, because the solution may be determined exactly using H,, and V.
The second one appears when all the eigenvectors associated to AnGlil have the
first component zero, the inevitable divisions by zero leading to uncircumven-
tible breakdowns. In such a case either m is increased or the algorithm is
restarted with a different initial approximation zg. We shall assume in the
following analysis that zGP exist.

It is worth noting that the algorithm may be used in the restarted version,

GB

2 as the new initial

by taking after the m steps the computed solution x
approximation.

We shall prove the following result:

PROPOSITION 2.1. Consider some arbitrary elements zo € RY and m €
{1,...,N}. If there exists a GMBACK solution zGP, then its corresponding
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B NXN o
o € RYXY satisfies

backward error Ag
GB GB _ GB
|ag. =52, = |52,

Proof. Kasenally [I1] proved that the backward error Agfn corresponding

to :ETGnB is given by
t
GB
_ T
(2'1) Aiﬁn = Vm+1 (Hmyg;B - Bel) u

-
1257 112

The matrices Vj,41 and H,, computed in the Arnoldi algorithm satisfy the
following known relation (see for example [22]):

AV = m-&-lﬁma
which shows that
Vinrs (Hagl? = Ber) |, = ||AVi? = 7o,

= AmenGlB + Axg — bH2

GB
= |Aen” - sz
GB
= 'm H2 '
Taking into account (2.1]), we are led to the stated result. O

3. THE SUPERLINEAR CONVERGENCE OF THE NEWTON-GMBACK METHOD

The Newton-GMBACK iterates may be written in two equivalent ways

31 (F ) —AG8)siP = —F ()
(3:2) F'(y)sg® = —Fy) +rf7, k=01,
where for the first writting we have considered the linear systems Aps = by
with Ak = F' (yk) and bk =-F (yk)

Applying Theorem[I.I]of Dennis and Moré for the first writing of the iterates
we get

THEOREM 3.1. Assume the standard conditions hold and that for a given
element yg € D, the sequence of Newton-GMBACK iterates is well defined and

converges to y*. Then the convergence is q-superlinear if and only if

7= o (Is7l,) . ask oo
2 2
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Proof. We first observe that under the notations of formula (3.1), By =
F' (yx) —Aﬁf such that By — F’ (yx) = —Agf. Next, Theoremuand Propo-
sition 2] lead to the stated affirmation. O

Theorem of Dembo, Eisenstat and Steihaug applied to the writting (i3.2))
yields

THEOREM 3.2. Under the same assumptions of Theorem the conver-
gence of the Newton-GMBACK iterates is q-superlinear if and only if

HTI?BH =o(||F(y)ll), ask— oc.

One can see that the damped and perturbed quasi-Newton method of Mar-
tinez, Parada and Tapia must be reduced either to the quasi-Newton or to the
IN method if we want to fit the Newton-GMBACK iterates in this frame.

Regarding the Newton-GMBACK iterates as IPN iterates we get

THEOREM 3.3. Under the same assumptions of Theorem the conver-
gence of the Newton-GMBACK iterates is q-superlinear if and only if

[r67] = o (1F o). as b — oo,

Proof. Taking Ay = —Aﬁf, 0 = 0and 7y =0, k = 0,1,... in Theorem
3.3] we are led by the writting (3.1) and by Proposition to the stated
affirmation. OJ

REMARK. Since the proofs from our IPN model relied on the IN one, The-
orems [3.2] and [3.3 were expected to yield the same results. O

In order to complete our initial assertion we see that it suffices to show that
(1F (ye) ) >0 and (||sk]|)g>o have the same rate of convergence. This is true
by the follogving considerations.

Walker proved for an arbitrary sequence (y)~q C RN that it converges
g-superlinearly only at the same time with (yx41 - Yk) k>0 -

LemMMA 3.4. [24]. Let (yr)gp>o C RN be a convergent sequence and denote
Sk =Yk+1—Yk, K =0,1,... Then (yk)kzo converges q-superlinearly if and only

if (sk)p>o converges q-superlinearly.

The fact that (yx);>o and (sk)y>o have precisely the same rate when con-
verging g-superlinearly is known for a longer time, by a result of Dennis and
Moré.
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LEMMA 3.5. [7]. In the hypotheses of the above Lemma, if (yr);>o converges

q-superlinearly at y*, then

* [R—
i Ml
k=00 |yps1 — Ykl

The connection between the rates of ||y* — yi|| and || F' (yx)|| is expressed by
the following result obtained by Dembo, Eisenstat and Steihaug:

LEMMA 3.6. [6]. Under the standard assumptions on F there exists e, 3 > 0
such that

sy =yl <IFEWI<Blly* =yl forall ||y —y*| <e.

The equivalence of the characterizations is now completed.
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