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ON SOME INTERPOLATORY ITERATIVE METHODS
FOR THE SECOND DEGREE POLYNOMIAL OPERATORS

(r)

E. CÃTINAS and I. PÄVÀLOTU

I. THE APPROXIMATION OF THE SOLUTIONS
OF RICCATI DIFFERENTIAL EQUATION¡

Consider the differential equation

(i.l) 
,

r'vhere the applications ao,àt,ar:[¿,á]-+lPo are conti'uùus ritì the interval
fa,bl, a < h and a2 is not the null function. :

lve are inteiesteri to appr.oxiiiiaie thc,sr_¡iurirn of ( r,, r ) with the condition
(l'2) y(q) = ),e,..

The solution wi, be searched in the space ct !a,bl. For this purpose we
consider the operator f :Ct¡a,b)_+C[a,bl given by

(l 3) F(.vXr)=.y,(¡)-c1¡(x)v21.r¡_¿¿r(.r).v(x) _.az(r).
The first and second order divided differences of F are given by

(1.4) [t-t,yz F)h(x) = h'(x)- (on (.r) (r,, ( x) + .v2G)) + qt!)|hþË),
respectively i

(l'5) 
[,v¡,.v2,.v3; F)h(x)k(x) = -aç(x)h(.r)k(x),

fbr all v¡, !2, !t, h, k e Ctla,bl.
Formula (1.5) shows that the divided differences of order higher rhan rwo

are the null multilinear operators.

Let _y0, v, e CI[a,b1 be given. The chord iterares yr e Ct [a,b), k = 2,, 3,
are constructed by
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u = sup lnnt rli
rela, bl

dì = rup l.u,(.rl-l.o(x)l: ' 5ta'fl
qfr,1¡ ) = 

{.r, 
e ct¡u.u1lsupr.el,r. r,¡ l.r(.r) -r,6{.ril s r 

}.
wìth the above notations and taking into account relations (1.10) and

1! ! l\ TL-^,.^--. 
' 

I X_.^-_- t.t:---,-t:-\r.r r.t, lllçulrut +.¡ ltuln lJi ¡illpiigs:

THEoREM l.l. Assume the.functiotts.),6, )¡ € Ct[a, b1, t!6, ai, tt2 e Clu, b)

cutd lhe reul positive nuntbers br,u,dnand 7 ,satisfi the following t.on¿litions:

u¡ UnA¡Zf + tt¡ -- q < t:

b) en=crå.sup lr(yoitrll <.t, ab sup lio'ir,,X.r)l<16, u,here b=!\ una
te[a,b] re[a,D] l-q

/= l+.Æ.
',1

L'

./
r') -:--t¿--- + tl,, <7.

c{á(l-eo) \'

'lhen the sequenL'e (Ìi h>o git,en bv ( 1.9) con,erges uniforml¡, cutcl its el e-

menls lie in the ball B¡(.yo), De:noting r* = lim,1,o. rrten _Ì,* i, ,, solurion of
it-+-

( I .I )-( I .2) Mr¡reover, the following estirnation hokl;

sup l.v-(.r)-.vr(.r)l<-j! , , k=2.3,,..
-relrt.bl t/.r(¡ - t'bi

lntc'r'polatory lterati vc Methods

2. THE APPROXIMATION OF THE SOLUTIONS
oF FRDDHOLM TNTEGRAL EQUATIONS

Consider the integral equation

(2.t) tp(¡) = À a,(r,s¡ç(s)dr + ¡r a, (¡,,ç )<p2 (.r) dt' +.f (¡ l.

where À, p c lR , a ¡, a,> e Cla, bl2 and .f e C[u, b].

Hcre we take the operator F : Cla,,bl -+ Cla. ål given by

(2.2) F@)(t) = 9(r) -À rl, í/,.T)g(.r)dr - p a2(r..r)tpl(.r)ctr - ¡'1¡ ¡,

l
l3-5

bl)

I

b

J

h

i
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,t, ! | 
.

(i.6) [-vr-r')r;F.l(.r't+r --vt)+ F(-v[)=0' /< = i'z'"'

As we shall see, the above equation lead to some first order linear nonho-

mogeneous differential equations.

Replacing in ( 1,6) ,rhq expression ( I .4) of f we get for )'¡'a¡ the fqllowing

differentialequ,atign.l :'í ' ''
(1.7) y'r*r?) = tPt ('r).vt*r (x) + ty¿ (x)'

where we, ha-ve denoted

ei, (x) = po(x)(.vr-r(.r) + y¡ (x))+ø¡ (x) and

Vr (x) = -aok)! p(x)vr-r (¡) + a2(x)'

For solving (l '7) consider the condition

( 1.8) ' , , ,,.'' )t+r (a) = yn' ' 
"

so we are ieri to the expression of y¡+t : 
'

/ri

(l.e) .v¡1¡(.x) =.*olf; qo,r,*J[r., + JÌvrts)exn[ -f,'o-rtft.)u',)

We are interested to final a bound'f'or llt.ro,.'t',;f l-lll '' i'

For this purpose consider the problem '

[y6,.v¡;t J h(x) = u(x), u e Cla, bl

h(a) = g

which has the solution

: ..:2

I
t

h(x) =

This equality yields

o(-l;'r,t'u)"u,(s

)J"
EX)

(1. l0) lltro , r, 
' 

Fl-' 
ll 

< 
,:ilr, 

.-n(1" ._o( -J, o,ttrt )*g¡(s)ds t,

For the seconcl order divided differences we have

(l.t I) lltø,u,w;Flll< sup laç("r)l'
.re [a. ò] .. ,

Now.denote : :r , ' : 'i i

(
el j" *'t''to'tD1¡ = sup ex

.rt I lr. r) j

\
e e (/)df-),,

f.r

J.,
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(2.8) 
,h(tt') = u((tt*.nlj x,,f r,,r. i. *' l,,rrr,rr.'i 'r, i L)

It can be easily'seen by the above considerâtio'ns that the following relationhold: ; i

(2.e) 
llt,ou,o,,Ft 

,llsr+lÀl(å-cr) 
sup l*r1,,,,i,*ll.

At the same rime, rhe norm oi 1u,'r,r, ,, o:oòij¿.)u, 
^ )l

lltu,r,r;,Flll< lt ltt - n¡ sup þr2(r.s)1.
rrSt.JSi/'We 

make the following notations:

6o =t i\ßb-o),,ïårlu,(,.,,^,f 
)

c = lpl(á - a) sup laz1,s)l
ct<!,s<h

/o = lyp.lq,(rl-qo(r)l' telail¡l' I

THEOREM 2.1 A,çstune the.functions a 1, et e C[a, þ)z a,tcl th" ,ral ,u,nbun
I,V, bn,d., ãç and i satisfi rhefoilowitrg conclitit¡tt.;:

ul ø,ra(zr * ãu)= q .!, j .,

h) eo-e a2lln¡<p,,¡llcr, p, =a øllr-rp,)ll<etu, whe:re

llrrq,ll =,*.ur,lr(0, rir)1, i = t. 2: õ =& oì,,t't'=$6,

.5 Interpolator.) lterarivé Mcthods

t:) +du<î

='iq,lo-rrt 
- qr (r)l. t¡h, Å = 2. .3....
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The f,irst and the second orderdivided differences of Fon,r, 11. w e cla,bl
are given by the fbllowing relations:

lu,v;Flh(t)= h(t)-L a,(1,.s)å(s)ds -U a, (r,.r ) (a (.r ) + u(r ))ft (.ç ) dç

(2.3)

fu,rt,w; F)h(/ )k(/) = -tl rl2 (/,s)å(i:)k (s ) dT

where h, k e C[a, b]. , :

Let <p6, q, e C[a, å] be given. As in the previouS section, we shall construct

thesequence (qr)l>o cc[u,b] withthesolutionsof thefollowinglinearintegral
equations
(2.4) [gt_r,er;F](ei+l -gr)+f(gl) =0, k= t,2,,..

From (2.4), by (2.2) and (2.3) we ger f'or rp¡*, the following linear inregral
Fredholm equation

9r*r (r) = À a¡ (r,s)Qr+r (s)ds +

(2.s)

where

(2.6) G¡(r)=.f(t)-tt a2 (r,s)(<p*-, (s) + çr (s))d¡

In order to consider Theorem 4.1 from [5] for the convergence of thê se-

quence (er)¿>o we neecl a bound for the operator t<po,qi;Fl-|. In this respect
we take the following eÇuation

[Qo,gr F]h(t\=u(r), with À * 0,

i.e.

(2.7)

lt

f
l)

b

b

I
l)
I . ./+pj a2(r,.s)(e¡-¡ (.r) + rp¡ (s))e** (ç)cjs +Gr (r)

al

bh
hØ = LI,a1 (r, s) h(s)ds + ¡iJa, (r,s i (eo (s ) + q (r ))ft (.r ) ds + u (t ¡.

b

we shall assume that this equation has a unique solution. Denote

rnIr,r,i,f) tr,. co'esponding "resolvenr" kernel. Then the solurion of (2,'7)

has the f'ollowing form:
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We obtain the fbr g¡1¡ the expressiorr

t
i=I

t,t

(2.11) Qr*r(r)= À xjÅ'*r)o¡(r) *pI,l'j**"ry¡(r)+CÀ.(r),,'

where .rjktl). i = 1,.. .. p and , i = I,
.i=l

,, tt1 represent the solution of the lin-
r r' \:'.i:

ear systern

(2.12)

where

y(k+tt - XUXü+|) + p,VyG+tt + 0(t+l) 
:; "

y(k+l) - f, ¡7(À+l );'{k rl r 1 U¡G+l,ry(l-+ 
I ) + t(k+t )

Y = (aii)rsi. j<1.

W(k+tt =(A¡)rci<p ,

' t: /srt

V = (h ¡¡)v¡sp ,

l< jlnt

7(k+r ) - (8.¡¡ )s;. ¡s,,,

x(t+r) = (.*fk*r 
),.r!r*ri,...r.r',!t'+tr¡r,

yrkrr r - (rÍ**",_u!**",.,., ljf.' t)1,,

g(k+l t - (OÍo*',.g!o*'r., 
:.,igt*+t r)r,

¿(k+l r 
= (e!k*l 

r,rt**ri,..., ,lÍ*'ì)t.

It can be easily seerr that under the conditions of rheorem 3.r the se-

quences (XÅ')t>o and (Yt)¡>6 converge. 
l

3. THE APPROXIMATION OF THE EIGENPAIRS OF MATRICES

Denote V=K'r andlet AeK,'xn where K=lR orC.As,rwehaveseeninr

[51,,f,o¡ cor¡puting the eigenpairs of A we,¡nay,considgr a mapping G:v.+ K
with G(0) * l. The eigenvalues and eigenvectors are the solution of the nonlinear
system

(3.1 ) É-(.r) =
Àu\

l-- 0.-l I

.whç1e,l. =[]"). ur^ = ¡grt+t. Denorir;rg, f^)
then the fìrst ri componenis,of' F. F,, i =:ll ,.

4(r) = a,t.r{l i +'.''+'n,'.,-r.r"tl'i + (ri; -.r
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As we have seen, the chord method requires the solving of a linear integral

Fredholm equation at eaçh iteration step. The problem takes a simplified form

from the practical viewpoint when the kernels a1 and a2 from (2' I ) are degenerate'

In this case the linear integral equations (25) will be also with degenerate kernels,

as can be easily seen. We shall consider in the following this particular case' "

Let c[¡, þ¡ e Cla, b], i = 1,. , ., p two 
-sets 

containing p linear independent func-

tions and also 1,, ô¡ e C[ø, 6i1, i = l,.. ., rl two other sets with the same properties.

Assume the kernels a¡ and a2íave the following form:.':,,.,

a¡(r,s) = )o¡(r) 0¡(s) and

i=l
m

ar(t,s)= )y,(r) ô¡(s).
i=l

Ir can be verified without difficulty that the solution 9r*r of equation (2.5)

has the form

(2.10)

qk+r (r) = lËo,t,lJíÞ¡(s)rpr*r (s) ds +

i=l

*rrË,v,ftlj, ô¡(s) (er-r (s) +qt(s))ar.*r (s) d¡' + Gk(r).

i=l

Consider the following notations:

¡(k+t) - J,jO,r'l er*r(s) ds,

yÍk*') = JjU,,', (er-r(s) - 9¡(s))er*r(s) d.ç,

u,, = [b 
u,1t¡0;(r) ar,

ø,, = lh t,G)F¡(r) dr,

i =1,....p

i=1,..,,m 
,

i, j =1,'..,P

i =1,.,.,m, j =1, .p

tnAtf*tt = ï

t:

üi(r) õj (r) (a¡ (r) + cp¡-1 (r)) dr,

v,1r) ôr(r)(q¡-(r) + Qr r 
(r)) ¿¡,

i = 1,.. .,p, j --1,

B!,fr i, j =1,

,/ = 1,..

j =1,.'

or(o*', = J'Þ,(r)oo(r) or, p

Ê.(.k+r 
) - J'a r{ri (<o* r¡) t qr-r (r))Gr (¡) dr. tn



THEOREM 3.1 . Assume thctt the mt.trri-r [.t9..1¡: F) is notnittgulctr (tr¿ the
,,,,.,.1.,,... i î :,,LtittLtlctr ¡/0. ur v ¿iitl i .tLiíi,;.[+.

n¡ øn(zt + rt,,)= q <t;

b) e¡ -a? llr1x,,¡ll- < r, a2 llrl.un )ll<et¡ nvherc h = ,û,tu ¿tnrt I =l +=J5
t4 2

ç1..

,) 4ËÐ + d,,<î.

l-henthe seqltence (_i-r)t>o givenbv the itercttirttç [.rr_1,.1.¡.;Ár](.r.¡1¡ _.r¡)+
+F(x¡)=0, k= l, 2,... lie in the batt B¡(xs) and crnverges. Denotittg
.t* = ,liT x¡,, then F(.r*¡ = 0 and the J'oltow,ing estimatigns hold

ll,. -"-ll- =16, k=2.3, .

()
Intcrpolatorv ltelativc Methods

4. NUMERICAL EXAMPLES

t4t

V/e shall consider two test matricesl in order to study the behavior of the
chord mr-thod for appror.inating the eigenpairs, The progiu.nl,, r^,,ere wlitten in
Matlab2 and were run on a pC.

Ponrsl iv¡rRtx. This matrix arìse from oil reservoir simulatlon. lt is real,
unsymmetric, of dimension 30 and has 20 real eigenvalues. we have chosen to
study the largest eigenvalue À* =-1 .8363e+1. The initial approximations were
taken Ào = À* + 0.5 and À¡ = l.* +0.25; for the initial vector l'6 we perturbed the

,solútion r'* (compured by Matlab and then properly scaled to fulfill the noiming
equation) with random vectors having the components unif'ormly distributed oi
(-e; e), e = 0.2; for the vector u¡ we halved the perturbation. The following re-
sults are typical for the runs made (we have considered here the same vector r
t'or the four initial approximations), where fbr choice I we took in c u=),
whileforchoice U u=+.

Flonp002 MATRlx. This real symmetric matrix of dimension ¡ = 441 arise
from finite element modeling. rts eigenvalues are all simple and range from

' These matrices are available from MatrixMarket ut the following acldress:http: / /maLh. nist . gov/MatrixMarket,/
t MRtt,RB is l registered tradentark of thc MarhWorks. lnc.
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If we take C as

for some fixed r¿e .Æ' then

F,,*il.t) = ct

The matrices associated to the order divided diff'erences of F on the points

.r¡ , rr € lK"+l arc

IJ

G(r,l= allr,ll,

((r,',¡t + +(*t",)r)-t

btt

azt

atz

bzz

I

l.l+ I
al,, a

d2,, a I

2

fx1,x2i F-)=

Qttl an|

üntl.l au+I.2

buu a),.,,*l

Qn+|., 0

where b¡¡ = ui¡ - *(ry'"'*.rÍ'*''), (4.,+t = -*(r5" + .rIi) ) ana

a,+t,i =o(-tf') +.tl')) ror i = 1...., n'

The second order divided difTerences of -F on rl..Ð..r1 are given by

I
'2

U
t .,,,(, -ãk"'

o -it¡z¡;, 1"1 -L¡r,tntt¡

¡r{1)

h(2\

[.r¡ , .t2 ,.rj ; ^F] =

0
¡r(tr)

h(n+lJ

ak(h

for all /r, ke Kurl

We shall coni;ider the nt¿x rìorm on V and taking ll.tll=max{llr,ll",,lÀl} tor

k

ak

_l_

2
-1r,",

¿tþ(2t

il+

II 0

v
all x= ¿ ¡çn+t we are led to the max norm on K'r+l . It can be easily veri-

À

fied that

llt",,-tr,-rr; flll- <,nax{t,, lol}.

Let .16,.{¡ € ll"+l be such that [.x1¡..r1;Fì is nonsingular. Denote

iî,, = llt.r6,.rr , Fl-' ll-. i, = ll.',, - "' ll-. ô, = r¡ax {l' n lal} and:

4 = {r. Ã'"*r 
I llr - r,,ll* < i}. Applvìng theorem 4. I tiom l5l we .qet
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Table I

The chord method f'or Porcs I

Choice I Choice Il
k f

0

I

2

3

4

_5

6

8.5333e-O I

4.266'7e41

7.8ó0 le-O2

6.6831e-{3

1.764'1e44

2.3706e-0-1

4.6624e-1O

1.7938e+06

8.969 I e+05

2.0609e-{ I

9.-s l80e-03

2.5007e-04

3.3458e-07

8.2317e-10

8.53.33e-01

4.2667e-01

1.6245e42

2.9086e-O4

2.9783c-07
'75862e-tl

1.7938e+06

8.9690e+0-5

l;l22lc-Ol
1.9617e-03

2.1405e-O6

9. I 430e-l 0

-7.108 to 3'106. We have chosen to study rhe smallest eigenvalue, which is

well separated. The initial approximations were raken Ào =].* + 102 =

=-6.9996.108 +100, resp. Àl =À*+10;fbr the initial vector y0 we perturbed

the solution v* with random vectors having the components uniformly distrib-
uted on (-e, e), E = 0.5; for the vector vr we halved the perturbation. The fol-
lowing results are typical for the runs made (we have considered a common
vector e).

Table 2

The sêcant method for Fidap002

Choice I Choice Il
k

0 1.0003e+2

I 1.0078e+l

2 3.4853e+ I

3 2. I 368c+0

4 4.4761e-l

5 6.5214e-3

6 I .5617e-5
'l 5.9605e-j

1.7467e+9

8.7335e+8

L6462e+2

2.3 373e+ I

6.3521e-l

9.2238e-3

2.2961e-5

8.5647e-8

2.5107e+0

1.2553e+0

5.287'le-2

6.1804e--5

-s.9858e-7

l.'146'7e+9

8.7335e+8

3.5641e-3

4.9048e-6

4.1309e4
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