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ON' SOME INTERPOLATORY ITERATIVE 'METHODS
FOR THE SECOND DEGREE POLYNOMIAL 'OPERATORS
(ID ‘

E. CATINAS and I. PAVALOIU

1. THE APPROXIMATION OF THE SOLUTIONS
OF RICCATI DIFFERENTIAL EQUATIONS

Consider the differential equation
A0 bl 91 a5 @y b gy &),

where the applications Gy, [’1, »dy [a,b] >R are continuous on the interval
[a,b], a < b and a, is not the null function. “ s '
We are interested to approximate the'solution of {1:1) with the condition
(1.2) wa)=y,.

The solution will be searched in the space 'C! [a,b]. For this purpose we
consider the operator F:C'[a,b) — Cla,b] given by "

(1.3) FO0 =y (x) = ag )y (x) =a (e )y () =ay (x ).

The first and seéond order divided difference‘s of F are given by ‘
(1.4) D323 FIhG0 = K = (a0 () (31 (6) + 3, (0) + ay () Jh(o),
respectively ‘

(1.5) D1 V20 933 FIHGOKGO) £ Zay (obCOk(),

forall y,,y,,y3,h,ke C'[a,b].

Formula (1.5) shows that the divided differences of order higher than two
are the null multilinear operators.

Let ¥p, y, € C'a,b] be given. The chord iterates Ve €Clab), k=2.3,...
are constructed by
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(16) oot Vi F 0 =)+ Fi) =0, k=1, 2.
As we shall see, the above equation lead to some first order linear nonho-

mogeneous differential equations.
Replacing in (1:6) the expression (1.4) of F we get for yj, the followmg

differential equatlon 5 ‘ :
(1.7 y;(+1(x)=(Pk(x))’k+1(x)+\l‘k(x)»
where we have denoted
0 (0= () (V1 (0 + Y (1)) + ay (x) and
Wy (%) = —ag (X) (0)y () +a (x).
For qolvmg (1.7) consider the condition

L

(1.8) bk _"." i )’k+1(a)—"

YT A

so we are led to the expression of y: :
B g Nl v . o s . s
“ouds | v+ [P [ 0dr Jds |.
(1.9) .vk+.(x>=epru' wk<s)¢sjty,,+fﬂ w{s)exp( [0 J "J

We are interested to final a bound for “[yo,yl F] n
For this purpose consider the problem

{[yo,y,,;’F] h(x)=u(x), ueCla,b)

h(a)=0
which has the solution y iy YT
h(x) = exp[‘[“'(pl-(g.-)ds)].‘; u'(s)exp( ’—J.;(pl (r)dt]ds
a -
This equahty ylelds

(1.10) n[yo,yl,F] lj|< sup epr (p,(s)dsjj exp( j (p,(t)dt)ds.

For the second order divided differences we have |

(111 _ e viws EYf < sup la(,(x)l
xela.b)
Now denote, i
(rx \ex

by = sup expl

x€la, b

(pl(s)dsJ

« u

exp( (pl (r)dr }
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o= sup |ah(r)i-
Elu, b}

d()— sup |V1(l —\() X)l

: \E[a h] :
B.(yy)= {ve C'[a b]’ sup‘el(, ,),|» r)~v0(r)|<; }

With the above notations and taking into account relations (1.10) and
[g ol TR I NN 0~ B SO TR [
1 HCULCLI <. 1 11T0I111 [J] uupuca.

THEOREM 1.1. Assume the functions yo, V| € Cla, b), dg, ) ar € Cla, b]

and the real positive numbers bo, a, do and ¥ sansfy the following conditions :
a) bOOL(Zr +dy)=¢ <l

by
b) ey =0b sup |F(yy)0)|<1, &b sup |F(v)(0)| <€, where b—]——q and

Yea,b] Y€la, b}

1445,
) 3

/
€y

ab(l-gy)

+dy<TF.

Then the sequence (y; )i given by (1.9) converges uniformly and its el e-
meits lie in the'\ball” B-(yy). Denoting v* = lim'v,. then v* is a solution of
) k—yoo 3
(1.1)(1.2). Moreover, the following estimation hold:

i

sup h}(X)—»A(r)

l ab /
x€la.b| u( '0)

2. THE APPROXIMATION OF THE SOLUTIONS
OF FREDHOLM INTEGRAL EQUATIONS

Consider the integral equation

b b
2.1 o(t) = ?»fa| (1,5)Q(s)ds + uJ.az (t,9)Q*(s)ds + £ (1),

1] al
where A, pe R, ay. a, € Cla, b)2 and fe Cla, b).
Here we take the operator F : Cla, b] — Cla,b] given by

- Al ra—
(2.2) F(O)t) = o(1) —?\J a,(1,5)Q(s)ds - uJ d>(t.s)Q (s)ds — £ (1),

[ o
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The first and the second order divided differences of F on u, v, w € Cla. b]
are given by the following relations:
b
[u viFlh(t)y=h(r) - ?»fa,(t $h(s)ds ~- MJ‘aq(t $){u(s)+v(s))h(s)ds

a

2.3)
(o4, v, Wi FIA( K (1) = ~'uJAa2(I,s)h(ks")k(s)d\'

o

where h, ke Cla, bl."
Let @y, 9; € C [a b} be given. As in the previous ﬁectlon we shall construct

the sequence (@ )y>¢ C Cla,b] with the solutions of the following linear mtegra]

equations
(2.4) (041 O FI @44y 00+ F(9,) =0, k=1,2,...

From (2.4), by (2.2) and (2.3) we get for @, the following lmear integral
Fredholm equation

b
e (=2 ) (1,9) 0y (5)ds +

d

(2.5)
ﬂlj'(lz (T'S)((qu (s)+ @ (S))(Pk+| (s)ds +Gr(r)
where
b
2.6) Gi(t)= ()= a3 (1,5) (91 (5) 4 9 (5))ds

a

In order to consider Theorem 4.1 from (5] for the convergence of the se-
quence (@) we need a bound for the operator [@,,®,;F]'. In this respect
we take the following equation

(9.9 F1h(t) = u(r), with A # 0,
ie.

b b 1 '
2.7) h(z):kja, (t,5)h(s)ds + MJ.az(r,s)((po(S)+(p| (5))h(s)ds +u(t).

a &

We shall assume that this equation has a unique solution.' Denote
Ko(t,s,)»,%J the corresponding “resolvent” kernel. Then the solution of (2.7)

has the following form:
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IR . )0 RISY '
(2.8) 1, | /1(1)—[((!)+)fKn S, A —]u(s)ds
3 i H T : -a i
sl It'can be edslly seen by the above u)ns1derat10ns that the: followmg relation
fs) e : ) i
(‘2.9); “[(p(, Mak '”<1+W(b a) sup KO ek |
‘ ©asis<h )\'

At the same time, the norm of [u v, w Fli is bounded by

Al v, F]”<lp.[(b ~a) sup lay(t.s)|.

agt y<b

Ko(r.s,l,%J(

& =|uj(b~ay sup |as (1, 5)|

(st s<h

We make the following notations:

b =1+]Al(b=a) sup

ast . s<h

dy = sup Jgy(1) - cpo(r)l

1€laib);

1ela.b|

B(tpn,} {wetluiﬂi sup Im(r} 0y(r)| < }

Theorem 4.1 from [5] then implies the next result

THEOREM 2.1 Assume the functions a ,, as € Cla, b]2
A, W, b() a, do and ¥ satisfy the Jollowing conditions -
@) byB(2F +dy )= <);

ana’ the real numbe} s

b) &, =@ b> ”F((p(,)”<1 pI ocb"i((p, )"<80, whete

”F(‘P:)“- sup IF(to, D) i= 1.2 5= gng j 1245,
I€lab) . ]_q 2
El“
('.) T_'_-U___+d0 SF
o b(l~gq)

Then the sequence (g, hi=0 generated by (2.5) (UHW:'?‘gET uniformly and ity
elements lie in' B; (Pg) - Denr;rmg Q= hm (p,\ then (p 'is a'solution of the inte-
gral equation (2.1) and the following emmanmw hold:.
&

sup Jo" (1) =, (1) <

Tk 72 34
1€l a.b) ah(l'- 80) '
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As we have seen, the chord method requires the solving of a linear integral
Fredholm equationt ‘at each iteration step. The problem takes a simplified form
from the practical viewpoint when the kernels a, and a, from (2.1) are degenerate.

In this case the linear integral equations (2.5) will be also with degenerate kernels,
as can be easily seen. We shall consider in the following this particular case. ' .
Let oy, B; € Cla, bli=1,..., P two sets containing p linear independent func-

tions and also y;, 8; € C [a bl i=1,..,m ‘two other sets with the same properties.
Assume the kernels a, and a, _have the following form:

p
a(t,s)= ZOLI,'-(!) B;(s) and

i=]

y ay (l‘s) ZZY,(I) 8,(5)

=1
It can be verified without difficulty that the solution @, of equation (2.5)
has the form

Ppai (1) = Aﬁai(z)j: B.(5)0ps () ds+
(2.10) i=!

m

+u§‘,v,(r)f 8,(8) (041 (5)+ 04(5)) 0 (9 -+ G 1)

Comlder the followmg notations:

i

K = [7,(5) @y (5) .. Coi=Laap
Y = L 81(5) (941 (5) = @k()) @a 5 ds, i = l,....m

b W il '
g =[ awp0d, i = henp

b A} |
b'j:-[a Yi (1) B, (0) dr, i=1..m j=l..p
A%H)_J. 0 (1) §; (r)(cm(r)ﬂm (O)dr, P=1py =l m
B = [T 008, <r>(<pk<r>+<m AV = Lo
9(1“”=L,B_i(r)6g(r)d’r; o FELLLp

y ooeh ; ] i)
gl =J.“‘ 3;(N(@u(N# @ (NG dr J=1,om
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We obtain the for ¢, the expression

v [
(2.11) (pm(r xﬁ: F 0 () + Yy (0 + G (1)
\ L=l
where A'“” i=1, d y(kH '-; 1 repredsr ion of the i
., pan ¥, = L., mrepresent the solution of the lin-

ear sy.stem i - Ealieageas »aniani
XD S X OH) ypphend gy =0T :

(2.12) oy
yk+h) :)&W(Hl)x(krl)+“T(k+|)y(k+l)+e(k+l)

where

U= (a,',' )1<," i<p. V "=i(b..,~,-')|5:,-sl, s

1<j<m

W‘“" =Wy« TEH =(B

. i )ISi. j<m>
1<j<m

Xk (1 k+l), g X'('fm)T, |
ytkl) (\’ /\+l) (l\+|) - y;)kﬂ):)‘I ”
QU+ (e(k+l) 9(“”..' 4 9(pA+l))T‘
glh+l) (Egkm’-&gkm ,E%m)

It can be easily seent that under the conditions of Theorem 3.1 the se-
quences (XX),5, and (Y*),5, converge.

3. 'IHE APPRO‘(IMATION OF THE El(,ENPAlRS OF MATRICES

Denote V =K" and let Ae K™ where K=R or C. As.we have seen in;

- [5] for. computing. the eigenpairs of A we may,consider a mapping G:V.— K

with G(O) # 1. The eigenvalues and elgenveutors are the solutlon of the nonlinear
system | frrl

: Av—}w\
3.1
_ 15 [G(v)—lJ %

Y : i A
- where x =(;AJ6.V><.K,=K””. Denotinu- v=,(.\"“.,\"2’.;.A.x"") and A =yt

then the first # components’ot F. F;, i = i n,'are given by

ooy b par |t | ossnetarl e o PR,
Fi(x)=aj x40 4] x -’+(a,-,-—*.\""*")x“.’+u,-_,-+,.x'-'+"+ N s

i
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If we take G as .
Giv)= a“v!!:

for some fixed ¢e R then
| 2 2
F,,H(.\'):a((.r(”) +---+(.\“”’) )—1.

The matrices associated to the order divided differences of F on the pqim_s

x), X, € K" are

by Qa3 Qo G
as) b22 T dyy aJZ.f:+|

[xj. 203 F 1= ] :
Ay Ay bnn alll.’H-l

Aot Guer2 " Quyg 0

| + +) ooy Y,
where biizai,-;(x(z” Pad(HIH) gl = LG IR and

= af ) 4 D SR
a”H‘,-—a(x, +X5 )forz 1,0, 0.

The second order'divided differences of F onux. x;, x3 are given by

"-‘“}'l;'.‘[".“”” Ol 0 _%km b
L T S I O L | R
[x,x0,%3; F]= ) ;
1 ht
0 . ‘() _%ktuﬂly _—EI_((”) s
ak! ak'® o gkt 0 '

for all h, ke K"+
We shall consider the max norm on V and taking ||x| =max {||\)|L|A|} for

all x=| . ]e K" we are led to the max norm on K"*'. It can be easily veri-

fied that
lxyox . x3: Fl < max {1, nja]}.

Let xg.x € K" be such that' [xy.x;;F] is nonsingular. Denote

by = "[""0»-"13[:]_| “oo ‘20 =0 —xy |Lo 6= max{ln|al} h-80d)

B = {.\‘_E K" ‘ x —x()|L < f} Applying theorem 4.1 from {5} we get
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THEOREM 3.1. Assume that the matrix [Xo. X, F] Is nonsingular and the

~ ~
~
~r

I T 4 VSR B d ooty
FLLtirietd l/O\ Wy WA uria 7 A)L‘ll-)‘/"'.
a) b (Qf‘ +d ) =g<l;

b) €y =b? ”F(XO)”w <1, b? "F(.xo )“SS{) where b= by and | = 1+45,

1-g 2

!
St 5 <n
) b(1_80)+d(,_r.

Then the sequence (x; )4 given by the iterations (kg X Fl —x ) +
+F(x)=0, k=1, 2,... lie in the ball E;(xo) and converges. Denoting

= Alim X., then F(x")=0 and the following estimations hold
ol

i " !
"g_xwmszﬁ%as,k=z3““

4. NUMERICAL EXAMPLES

We shall consider two test matrices! in order to study the behavior of the
chord method for approximating the eigenpairs. The programs were written in
Matlab? and were run on a PC,

PORES| MATRIX. This matrix arise from oil reservoir simulation. 1t is real,
unsymmetric, of dimension 30 and has 20 real eigenvalues. We have chosen to
study the largest eigenvalue A" =~1.8363¢+1. The initial approximations were
taken Ay =A"+0.5 and A, =A" +0.25; for the initial vector vo we perturbed the
"‘so:l:ution v" (computed by Matlab and then properly scaled to fulfill the norming
equation) with random vectors having the components uniformly distributed on
(—¢€;€), €=0.2; for the vector v, we halved the perturbation. The following re-

sults are typical for the runs made (we have considered here the same vector &

for the four initial approximations), where for choice T we took in G a:%,

while for choice I « = %
1

FIDAP0O2 MATRIX. This real symmetric matrix of dimension n = 441 arise

from finite element modeling. Its eigenvalues are all simple and range from

' These matrices are available from MatrixMarket at the following address:
http://math.nist.gov/MatrixMarket/ ;' -

*MATLAB is a registered trademark of thc MathWorks. Inc.
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Table |
The chord method for Pores!
Choice I Choice 11
Jx" -] 1# el Jx* -~ [F e
8.5333e-01 1.7938e+06 | 8.5333e-01 1.7938e+06
4266701 8.9691e+05 | 4.2667e-01 8.9690e+05

k
0
|
2 7.8601e-02 2.0609e-01 1.6245e-02 1.7221¢-01
3 6.6831e03  9.5180e-03 | 2.9086e—04 1.9677¢-03
4
5
6

1.7647¢-04  2.5007¢-04 | 2.9783¢-07  2.1405e-06
2.3706e-07 ' 3.3458¢-07 | 7.5862e-11 9.1430e-10
4.6624e~10 = 8.2317e~10 '

~7-108 to 3-10°. We have chosen to study the smallest eigenvalue, which is
well separated. The initial approximations were taken Ay =A"+10? =
=-6.9996-10% +100, resp. A, =A" +10; for the initial vector vy we perturbed

the solution v* with random vectors having the components uniformly distrib-
uted on (-€,¢€), €=0.5; for the vector v; we halved the perturbation. The fol-
lowing results are typical for the runs made (we have considered a common
vector €). ' ' : I"e

Table 2
The secant method for Fidap002

Choice 1 ) . Choice I1
k HT =i | IFee)] lx* ] €N
0 1.0003e+2 1.7467e+9 2.5107e+0 1.7467e+9
I'1.0078e+1" '8.7335¢+8 1.2553e+0 8.7335¢+8
2 3.4853e+] [.6462¢+2 5.2877e-2 3.5641e-3
3 21368c+0 1 2.3373e+1 6.1804e-5 4.9048¢-6
4
5
6
7

4.476le-11 /| 6.3521c-t 5.9858e-7 - 1 4.430%—6
6.5214e-3 = 9.2238e-3
1.5617e-5  2.2961e-5
5.9605¢-7  8.5647e-8
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