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L. INTRODUCTION

polynomials; an alternativé method for obtaining cubic Spline functions of inter-
polation was deeply analysed by Ahlberg, Nilson‘and Walsh (1]

In this paper, using the algebraic theory of, trigonometric polynomials, de-
veloped in (6], and the ideas from [1], we present tweo constructions of’ the cubic
trigonometric spline functions of interpolation. ! _ ‘

Next section presents the basic results from the algebrai¢ theory of trigo-
nometric polynomials that are used in the sections 3 and 4.

The section 3 is dedicated to the study of the existence and (he uniqueness
of the cubic trigoniometric spline function of interpolation, Two dpproaches are
presented. The first one is based on the computation of the derivative of the cu-
bic'spline” function in the"interpolation knots. while, the second approach uses
the second derivative of the cubic spline function in the interpolation knots,

In the fourth section, firstly, the Hermite trigonometric quadrature formula
[7] is reminded, then a quasi-Hermite trigonometric quadrature formula is pre-
sented. The results from §3 'and these trigonometric quadrature formulas are used

""""" 1991 AMS Subject classification: 42| 5.63D07..65D30).
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Equidistant and nonequidistant:‘intefpblation knots are considered in numerical
integration by trigonometric spline interpolation.

2. PRELIMINARIES

Let K be a field which has characteristic zero, n > 1. and the set defined by:

RIX)o= (u(X) | (u(X) = 2(;;,. cos(2i271=x»)+b,. sin(z"z“lx)))&

=

&(Vi) (i€ 1,n) (a;. b€ K))
(resp.
CKIXT:= (X)) | (X0 = ag +Y (@ 08X )+ b, sin(X ) &

Ci=l

& (dy € K) & (Vi) (i€ T.n) (a;, b, € K)).

The clements of the set K[X] (resp. K[X1) will be ca!l'ed trigondrpetric‘
poiyﬁomia]é in variable X with odd (resp. even) degree and coefficients in the
field k. N : )
if u(x) € K[X1UK[X] and a, #0-or b, #0 then it is said that the polyno-
mial u has the degree n.! In the following, the degree of a polynomial u will ’be
denoted by du. Sl et , o

Let §,(K) = {06,y [(x.y)€ k) &2 +y* =)} If 8 € S)(K) let be cosO := prif

~ = y zupd v f i 4 e . e ! | . g
and sind := pr,0. Let p € K[X] U K[X], the element (cosg, smi)eg Si(K) isa

root of the polynomial p, with the order of :multiplicity k (a k-fold rpot-), if

. : Lip\K vl i L Y DPaLG 2y L X-0
p(X):-(SiUf‘Xz e).,m(X). where p) € K[X]UKI[X] and sin

i e, ol s Ul 5, GG e, §
v_isor of p;. Here mprQ stands for;‘cosismi.—smacos R

2
nometric polynomial u'€ "K[X] U'k[X] if and only if

It is known (Cor. 4 [6]) that ¢ 'S,(K) s a k-fold root (k> 1) of the trigo-

u(0/2) = Du(8/2) = ...'= D' u(8/2) = 0 and D} u(0/2)# 0.

2

i 0, . ) = :
Two elements %'—e S,(K) and —=-€.S,(K) will be called  distinct if

is .not a di-
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- #—= and —- #| —cos—=, ~sin—= |.
22 2 2 2

The following theorem, is an important result, with theoretical and préétical
applications in the theory of trigonometric interpolation. See also (2] and [4).

0. 0.
THEOREM 2.1 (Th. 6 [6]). Let be [cos?’,sinf’j . m+1 distinct ele-
‘ ie0.m

ments belonging to §(K), (ngy, n,..., n,)T a vector from (N*)‘("+I such_ that
n+l :=2;?’=0nj. . :
Uso det Foof fO "l RPGgIu G il ittt cinammota o'
Also, let f=(f; ),..._foi.l‘: ,...fj( ),...fj Sl e K where j=n; -1

Jor all ' e0,m. There exiﬁis a uriique trigonometric p:olynomial (called the

Hermite Iinterpo]ation trigonometric polinomial) u € [? [X] U:Ié[ X1 with du <n
such that ’

O T Looben o,
KDJM)[HZ;’.]:L!, OSjSm, ;,_OS""S/"__‘J"

Moreover, ifn = 2k (resp. n = 2k=1) there exists a base (called the Hermite
base) (H i), ity in 1P |PEKIXD&@p <260} (resp. {q (g€ RIXD&
& (p <2k —1))') such that ‘ '

N\
(D[Hﬁ)[%"J:?SﬁSu, 0 r<m0<igp;0<i<y,

and
m K, A,

Gy | O =20 (e
j=0i=0

If m=0 the above base will be called the Taylor base. The following re-
sults, presented in [6] (prop. 7) show how we can obtain the elements of the
Taylor base. - i ' it 2 &

If 7y = 2k+1 then the Taylor base denoted by (T, ;)

Jem satisfies:
2%
2%k (. x-0
TQk.Zk (x)z(zz—)'(‘am—zr—o) - and:.

Doy joy ()= D‘»T2k.j‘(.x) #+ (Loiq Do) ppiap (). <.

where je€ 1, 2k, qi(_\.)::("fj“_fo), Xo€ Kand Ly, = DI—I(J{)I2 ﬂ'zl). .
' =1 I
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Similarly. if ng =2k then the Taylor base denoted by (I3 ;) i3
satisfies. . ——— b g
o . o ‘v P 22k.7| a2 ‘t— 0 | and
()= (2k'~1')!(sm 2 J
; il AR LS B
k i 2
) 2i=1
ere T2 Al fo M e 'hnd'Ly) i (D2+(——) ).
where je 1,2k 1. g;(v)=— i X) € ap 1;[ 2
The elements of the Hermite base are given by the following theprem.
.. | oG o + 1 distinct ele-
. . Let cos—“sm—,—J  ary be m+} v
THEOREM, 2.2, (Th. 9. [61). Let ( o]

; i : AL il ST E ]- that
oing'to S () tor Such
iments béldngin!g"m SUK), (g, 1ysenn my)Ta vector from (N©)

. 0) (u;) (T Kn+'i.
m nd e (= (R A Laf i L Vi [y €
n+l :=Ej:0n~ a = I

j .
11 je0m) If (H;), ~— . = is the nite base and u is
(Wj=n;—1 for-all jeO,m). If (Hj )je().m, e 1S the Hen

1 ; 1 ~these data, then
the Hermite interpolation trigonometric polynomial, for these data, the

81 (06 P | b g Y
i x=0; Y i i g
l Hn(«\‘)={5in_o—’J gi(x) )| D! N ](2 ]fu,-y-n(_‘)
' i p:ﬂ_ o A
n -
oo =0, (Ji ) 0 is the Tavlor base which
where gi(~"):=n(sm_2_) (Tu,~f-l’ pe O —i k .
1£j\

O
8 6; \ \ Yoy —| e A_; “U}(_l'}‘
corresponds to the point’ (COS—Q‘LsSm—il—J and T, (x)=| sin 2 J
a.’?d.. R el A 0 ' l_l. i (I.J . : )
it da oy vk @pNaE  donaAa e, Cuigeond
u(.r):Zg',-(x)zf}(sm 3 ] ZO[D o |2 e
J p= :

j=0 =0, 4\

3, CUBIC TRIGONOMETRIC SPLINE FUNCTIONS OF INTERPOLATION

Let [a, b] € R, and A:(x; |i€0,v} a division with v+ I points of the in-

terval [a, b}, such that a=1x, <x <.'..<XV-| <tu=b AISO. let}\ f =it

v + 1 real numbers.
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DEFINITION 3.1. The function Sa.r €C([a, bl R) which satisfies:

@ 14 (Vi)(ie m ) ($ar(¥)=£) and
®) (V)0 -T) ((s'A./-) oy € RXD& s, | e 53))

will be called cubic trigonometric spline Junction with respect-to A, which inter-
polates the data f; in the knots X Such a function will be called periodic with
reriod b — a if the following relation holds: '

4) s (a+) = 4 (b=) for pe 2.
The following lemma can be abtained using the theorem 2.2.

LEMMA 3.1. Let g, B be two different real numbers, Hla, B.0), Ha, B, 1],
H[B, o, 0] and HIB, o, 1] the Hermite bage Sfrom {u ’(ue RIX) & (Qu<3)} ar-
tached 1o the knots q, B with multiplicities Ng=ng=2. Then
| H®[q, B, 1Y) =8, -8;; and
HOB. 0,11y =8, -8, ve jou B} and ki, e {0.1).

Moreover
. g A=
sin® ~—E . B ,
S HoL B 0)x) = 2 [sinB o cosx_O‘+2<:osB O(sinx—O‘J
i3 X-Bl 2 2 2 2
s 3 .
(5) = L [6sinfrA+B—2a+3sinx;B—
8sin? P~ 2 .
.—3sinm+3sinx+2°“3ﬁ—sin 25B)
3 , 2 el
and '
ZSinig—OLsin2 P
Hlo, B, 1)(x) =
sin? E—_OL_
(6) _
= I [ZSinx—a—.sin\3x—2ﬁ_a+sin—‘x+a~26].
2sin? boe 2 g 2
2

The polyvnomials H B, o, 0] and HB, o, 1] are obtained Jrom the above
relations by interchanging o, and B. '
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Now, we are ready to present the first kind formula for the trigonometric
cubic spline function of interpolation.

THEOREM 3.1. Ler A= {x,-|i€ 0._\)} be a division of the interval [a, b] with
b-a<2mand f:(f)

function S,  interpolates the data ( Ji)ieoy in the knots (X;);cgr then

ey @ vector from RV Ifa cubic trigonometric spline

m; = EZLI/(X,-),[ €0,V satisfy the foll()’win_g rectangular system of linear equ a-

tions:
(7 PiatMi +2my + Ay =diy, i€0,v~2,
where )
h; . h th
hj= X =X :;[sin»"?_i']/sm 7“”'2 L)
OO X (s
lf+,:=[sm§ ]/sm—"—'z—‘,
and .
. lh, - h,
3 | . hg fi+l_fi0037' .k, f,~+zcos—’2—+'—ﬁ+]
d"“:::’f-“ Iy +h S5 '-—ﬁ_"~h—i-—.—+_s;m—2—- ~h
S Sl o sin —5=

Proof. Let i€ O,v—-2, je (i, i+ 1}, and p; :=§A‘f[ ,ijR[X] with
‘ i (1)

AV

dp; < 3. It follows from relation (1) that
Pj(0)= FH X X 4000000) +mH [x x5, 1)) +

(8 it
. tfiaH Xy, x5, 00x) +m iy Hix gy, 3, 1 ).

Using lemma 3.1 for o := x; and = Xjy and considering =X ~ X,
after some simple computations, we obtain:
; 2 3x - —2x;
H’[xj,x,-+,,()](.x):—-——]—-—~ gzsm'—iv—’+
xl'+| 7= J

’ ] 4 2
8sin- 2477

3( — X
@ _ LI

';
7 3 "5 sin 3
X=Rial g ,t'—3.’.‘j+|+2.!.'j}

—'Z S0 7 -_Z Sll'li : 3

and
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- . 3x~2x,,, ~x;
H7lxp,x00,10(x) = '_1 [9sin X3 2t ) -
8sin? L TN J
(10) ) -
~sin Ml +_xj -2 sinx—x’}.
Therefore |
1) H”[xi,x-+|,0](x- )=§co.9~l1—"/<sin2ﬁ
. . i i+] 2 2/ 2
and
(12) i aH"[x,-,xm,l](x,-,r,):l/sin%.
Interchanging x; and :x_,;, in the relations (9) and (10) ‘we obtain:
(13) - H T 0k = 2Ly 3
; ‘, & irsinkiL, )
sin® 3
and V)
.::cu;E
(14) H'[x, %0000, ) =2 ;;’j.
if ! | 'Sin—zi- | B AL i B |
It follows that (il
i
” : _é C087 130400
pl(xl+l)_2f;'_'_‘_;_/,?+ml' ' hi+
sin® sin -
(15) . 2 2 .
. 2cos—=-
ey JELI 503 D e
S ) (e = :
e A B
sin® 5 5195
In the same way we obtain: , |
(16) H 1,219 00 ) = -2 L1 3
| ' o (002 5 By 4
| "sin? -
: 2
(17) ' P g 2 W b Sl s spbgitac
[xi+l’xi+2s1](-‘i+l)—‘2005—2— sin=3+,
” AL . 3 h~ .9 h,'
(18) H [.r,-+3,A,-+|.()J(x,-+,)=5cos~—gi sin? ZL'
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[xisa i Ui ) = ——
(19) H [/\’,j.+z~-“i+1~ 1 'sinlﬁlv.'
: 2
Therefore
: Mg,
E(= COS 1 h
' =5 fia—F— M
pi+l(-xi+l) 2f1+2 ginl f’ijl i+2 Sin,hﬁl_
) 2 2
(20

231:-9&”—‘
: 3 _.hl—_+é —m, 2
+'/}+| —3 4 i+l ' 1i+lﬁ

& A hH 1 .
sipye Ltk sin
S 2 2

e Finehen gA:); will be a cubic trigonometric spline if and only if

pi(x;i) = Pl (x;4) for i€ 0,v -2, which is equivalent with (7).
1 i

COROLLARY 3.1. Forevery i€ 0,v=2, p;,y # 0 and there exists a cubic
trigonometric spline function which interpolates data (fj), g~ in the knots

(xi)iem' : :

Proof. We remark that _the matri?( of Fhe syste.m (7) .has.full rank Y - L
Hence, there exists a cubic trigonometric spline function which interpolates data
fi Veov in the knots (x,-)l.em. L

Such a function, on the interval [x;. x;.;] (with i€ O,v-1), is given by re-
lation (8). ‘ |

REMARK 3.1. Let T be the matrix of the system (7), d :=(d,, dy..... d, )
and T the psle;ildoinverse of matrix T |3, [4]. Then m := (mg, my,..., m,) = T+,d
determines a cubic trigonometric spline function Sa.r» such that for every cubic

trigonometric spline function s, o which interpolates data (f; Jicgv in the knots

For the nonperiodic case, if we add to the relation (7), the boundary relations

). — ., we have
(A')ieo.\" e

o peas], <foi G,

2mg +Ag m =d,
(21)

Py Mmy_y +2m, =d,,

the obtained system will have a unique solution if its tridiagonal matrix is diago-
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nal dominant (2 > [, 2 >[pi| and 2 >,p,f+,]+ll,-+-,, for ie 0,v=2). Therefore,
in this case, there exists a unique cubic trigonometric spline which interpolates data
(f; )ico in the knots (x; )ico - Also, other “end conditions” can be specified.

For the periodic spline (fv =fy and m,, = my), we require that (7) be valid for
{=v -1 as well. We will obtain a tridiagonal system, and the following corol-
lary is valid. 3

COROLLARY 3.2. With the above notations, if ‘P&,-]+|p,-'<2 for i€ 0,v,

where h, == hy' is used to obtain A, and Py, then there exists a unique periodic

cubic trigonometric spline which interpolates datq (f; )ico~ in the knots

() egs g

In order to derive a second kind formula for the trigonometric cubic spline
function of interpolation, we need the following lemma.

LEMMA 32. Ler q B be two different real numbers. The spac;é
(| (ue RIXD & (u<3)} admites a base Bla, B, 01, Blow, B, 2]. BIB, o, 0], and
BIB, o, 2] which satisfies:

B®)a, B, i1(y) =8y By

22 ! ‘
- B(k)[ﬁ,oc,f](y)=8m-SM, Ye{o, B} and k,i€{0,2).
Moreover
. 3 -
oy A — | il
23) 8sin 5 ; | .
-—5111A+2a_3ﬁesin'r—6—sx _')f—ZOH’B—l
2 . B
and
. 3(x~
BlaB, 2)(x) = — '*([B—Ot) [Sm (‘2 B _
24) 2;3'“'_,,*2_‘_ ’
oo X+200-38 x=B o x-20+P
—sin > SIN=—=—sin > J

The polynomials B|a, B, 0)(x) and B|a, B: 2)(x) are obtained Jrom the above re-
lations by interchanging o and B.

THEOREM 3.2, Let A := {x; l'hi EXpy X <2—;r,ie 0,v—1} be a division

of the interval [a, b] with b - a < 21 and f=0f Jieiy @ vector from R¥*' [f g
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cubic trigonometric spline function SA. 1 interpolates the data (f;). orgnin the

knots (X;)icg then ' M; = ?& ’/(x,-).‘ i€0,v satisfy the linear system:
(25) pl+|M +81+1M:+l + }‘l+lM dH—] v 1€0, —.2 ’
where |
.k
sin—=-
p A .
i+l I +2cosh; '
2sin i +2h;+; [cos '{?1‘-1-12”" L f’m; h;-]
Oiut 1= (I+2cosh)(1+2c0shy)
N _sinh"T“
Ai‘” i I+ZCOSh"+|
and :
hy; - :
5 . 3(1+3cosh) 3 ! cos? 3 008 _f“l ‘f
liy = ; ) '"E‘fiﬂ + o il e
85in7'(l+2cosh,-) sm—(l+2cosh) sin'T“(l+2‘cosh,~)
3(1+3cosh;,,)
+ fir H

8s:iri%(l+2coshi;l)

Proof. Let i€ 0,v=2,j € {i,i+1},and ¢;:=5, Lo o1, € RIXT with
dq; < 3. From the lemma 3.2, it follows that
26) q;(x)= f}B[xj’, X415 0]Cx) + M Blx x.jH 2]+
+ fisBIx x5, 0)(x) + M Blx iy, x4, 2]
The function 5, , will be a'cubic trigonometric spline function of interpo-
lation if and only if ¢(x;,)=gj,,(x;,;) for i€ 0,v—2. After some elementary

computations we obtain

B’[Xi, Xix ,0](x) =

9 [l‘coss(x_x"“) L o X2 3

851113L 2 i 3 e
27) 2 - S
: —lCOS .X*X,‘_H _lCOSsz,ré'+xi+l}

2 2 2

and
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1 x-x, X+2x; - 3x;
B[xf-,x;+|s2j(x)——~—lﬁ[3cog( H:J_%Cosx 1,2 X

2sin 2 4
(28) 2
—%cos“x—zx"f' -—;-cos———H_x 2.r2+ r’*'J

Hence
(29) B[x; x40, 00,y ) = - (l +3cosh;)

881“-2—‘
and
(30) BTy, x4, 2106 ) = —L- (1= cosh,).

2si £ ,

17
In a similar way, we obtain
3D Blxiy 47, 0](xpf ) = —2 {%osh +cos—3—h~J
8sin Ay % %

2
and
(32) Bx; 00 %, 2)(x;, ) = [cosh— - cos ﬁ}

3h 2

2sm7
Therefore
g(x )= ~f—2 (1+3cosh)+M T Lo cosh)+
831n7 2smT
(33) + fia —3;%-(%092 +COS%J+
8sin—*
2
+M;y, 13h [cosg —cos%)
29m7
+For the interval [x;,), x;,,] we obtain:
(34) BIx; 41 X112, 0](x;4 ;) = ~——0 cos 3h’+' +3cosh—"+'— ;
8sin il i 2
2
, 3h, Uiy

(35) Blxi41s %1420 20xp0) = ]3h+| [cos 2’“ —00542”—],

1
2sin—H 9

“~
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-

h]

(36) . Bl %5 X4, 0](x ,+|) —*y*—|l+3coslz,-+1],
8sin -tk
2
and 1
(37) ' B'[xi42: Xisy 2 (x4 = —leoshyy — 1.
. Jsin " i+l
- 2
Therefore
3h hi|
G (X)) == finy 1'% [cos é*' +3cos ’2 }+
SSin%
] Shisy hisy
+M,, “3h [cos é* —COST}L

2sin—3+=

(38) 3 0
) + fi [1+3coshy, |+
| gsm:_._Zi_ﬂ_
+M;,n —IT——[cosh,- o — 11
2sin :-—,i)ét‘-
3x
Using the relations (%’% and (%8) together with the identities sin S
‘ X 3 X X

=sin£(1+2€05/}f)-_ cos'—g-—gos37-—7g1n7s1n x and cos.2x+%0§5—4co 5

we obtain the relation (25).

COROLLARY 3.3. For every ie_m, Piy) #0 and there exists a Icu_bic
trigonometric  spline  function which interpolates data  (f;)i .5 in the
knots (x;) .55

Such a function, in the interval [xi,, X2l (i€0,y=1) is given by
relation (26). -

REMARK 3.2. Lef T be the matrix of the system (25), d = (Jl,&ﬁ- ‘‘‘‘‘ Jv:l)f
and T* the pseudoinverse of matrix T. Then M:=(My,M,,...M,) :=T"d
determines a cubic trigonomefric spline function Sp.p» such that for every cubic

trigonometric spline function s ; which interpolates data (f;)g~ n the
knots (X; ), then

s o,

~n SN
G |

lations
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For Ihe nonpenodlc spline, if we add to the relation (25), the boundary re-

; S()M;) +7‘0"”1 =d

(39)
' p\ V- l+5v’/lv—d\"

the obtamed system W[” hdw: a umque solution if its tridiagonal matrix is di-
agonaly dormnam (15()'3‘[10[ IS l >|p,| and |8,+,|>|p,+,‘+])t.;+ll for ic O,v—-2).
Therefore, in this case, there exists a unique cubic lrlgunometrlc spline which

mterpolater. data (f) g in the knots (x; )EU =]

For the perlodlc splme (f, =f, and M, = M), we requnre that (25) be valid

fori=v-1as well We will obtam a trldlagonal system and the followmg cor-
ollary is valld . :

COROLLARY 3.4. With the above no[anom if P» l+|p,,<‘5 ‘ for iel,v V

where hv = hy is used to obtain )» and P, then there exists a unique perzodzc
cubtc trtgonometrtc spline which interpolates data ( ).

(x' )ieO. v

€0 in the knots

4. NUMERICAIL. INTEGRATION

The most important applications of the trigonometric spline functions to
numerical analysis are numerical differentiation’ and integration. The results
stated by the theorems 3.1'and 3.2, show how trigonometric spline functions of
interpolation can be' uch in apprommate differentiation..

“'This section develops only the app]mal]on of the trlgonomemc splme func- )
tions of interpolation in approximate mtegrahon In the first part, we present two
trigonometric quadrature’ formulas. The first one is the trigonometric Hermite qua-
drature formula [7], and will be used to derive the first formula for trigonometric
spline numerlcal mteoratlon In the to]lowmg, let &(-) be the Dirac functlon

PROPOSITION 4.1, Let E be a Banach space, ana’ a, beRO<b-a< 27‘[)
The linear appllcarlon 6 =dyy0, +ag 8P + amﬁ,, +a, IS,, . defined on

CV((a, b] E) such rhat 0 u) I u()\)dx for every ue E®R[(X] such that
du <3, is given by .
c .ni(b—a),

@0 olf=g () b))+

SN[
ul-&-

n2 2 ;“(,f’m)—f’(m),
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D(la,b]; E).
where f€ CH(la,
Moreover, there exists d real constant M >0 such that, for all a, b € R, 0 <b—
a < 2m iffe C*(la, bl E) then

$M(cos(’;a

-3
) sup (Lo B ~a)°.
x€la.b) -

The second quadrature formula is a quasi—HermiFe me}hod ‘for numerical
tion. The coefficients. of this formula can be obtained in a similar manner
mtegmh Hermite’s formula, but using the lemma 3.2 instead of the:lemma 3.1.
iifhzogrtogf of the followmg proposmon is stralghtforward and we leave thls for

the reader. : ) _
PROPOSIT[éN 42. Let E be a Banach space, and a, b € R (0 <b—-a < 2m).
~ (2)
The linear application & = agyd, + g0 +a106b +,a'28b 4 paehnedt o

b- 5 -
Cc?([a,b); E), such t_hat 6(u)=I lu__(_x)dx Jor every ue E®R[X] such that

ou<3, s given by

2b—a
13cos- -10
a2 b=a 4 (@)+ f(b))~
M Rete iy VOO
41) . 3b-a
8 sin 7 , "o
-—g—“:;(—b_—a)(f (a)+f°( )),
COS——

p il
h e C?([a, b} E).

! ereTl{e proposition 4.2 will be used to obtam the second formula for trloono-

metric spline numerical mtegratlon

Let fe C(la,bl; R), A= {x; |[e O v} a dlvmon of the mterval [a, b] and

fo= £, )i €0,V "The’ first tngonometrlc splme quadrature formula resu]ts
directly from (8) and the ploposmon 41. We succeswely obtain

5,(f)= L §p(x)dx =

~ T ov-l K A

. 3h
sin —~

<
el

AU Zta" A0 )
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where (m;))_, satisfy the relations (7) and (21).
When the intervals are of equal length 4, then

3h

(43) o,(f)= % [fo+22f +va ~tan® ‘(mo my).

COS
4

For the periodic spline, f, = f, and my =m,, therefore

i : : v

44 —4 4

(44 ity -t s ey )
.CDS 4,:0

Using the relation (26) and the proposition 4.2, we obtain the second trigo-
nometric spline quadrature formula

6.()= [ 5a 00 dr =

=0 !
4s) ey S 136082 %—10 ’
=§' tanzl‘ ‘ (f +f+])
=0 4cos,2'—‘—
vl sin? 2.
—g ‘ 3: (Mi+M1+I)*
i=0 cosT’

where (M;)}Y_, satisfy the relation (25) 4nd (39).
When the intervals are of equal length A, then

13cos =10 vl

~ 2. h 4

O, (fl=Ftant—u—" | £ 42 f+f
y 3 4 40052h 3( 2 4

SSIH’;Z
3k M0+2Z|M+M
4 i=

(46)

For the periodic trigonometric splme functlons of interpolation, f, =f,
and M, = M, therefore
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160 : i
Lo 4ol T i L g,
e M 3 s & S,
6, (f) =3 tangs=v—iry g g,
“D i, 34 4(:09“4—3 1=0 cos 4 i=0

5. NUMERICAL EXAMPLES

Let ke N*,and If' (resp. 127 If,“ X 1) be the numerical result obtained
e ; ;

¢t ite’ i i i ¢ 'i-Hcrmi[e,
b S ge Of the trig()n()lllet]i - )/pe Hermite's (lesp. trlgonometrlc qudS
y usa :

i i i spli ture

b,
formula applied for computing the integral [, 1= .[u‘ fito) dx.

MUA R

: e -" i ofidh éin;'x v'dri-'U’s'ing the above
Exemple 1. Let Iy= -[0 e™dx and I, = -[0 5+ 4c0sx

' i wi idista nots,
f las and divisions of the integratlon interval with Vg+r_.»l equ1dlstqnt k
ormulc \
we fll'ld the I'CSllltS presented mn talblbes ] and 2.

: . % Table |

o \ o4 lIIQ”—lIHl lI:-Q”—/:”
M | L L

15 | 0.8820822469 | 0.8271 403966 § 7.r_1.4I‘j—-7 4. 185—3
1»I 0.8820814442 0.7955839763 4‘.451::—8 LQ?‘E_;
%)1 0.8820813941 | 0.78792721 14 2.78-[:—9 2.57 F—:4
1?:7 0.8820813909 | 0.7860293465 | 1.74E-10 611;};‘—_4
255 | 0.8820813908 0.7855558919 | 1.08E-11 1.3413 :

‘»_l‘l 0.8820813908 | 0.7854375913 | 6.78E~13 3 94E-~

Tuble 2
v I e l,is'l A IiS’z i,.:x’l 1 Ia_”
| "3

15 1 0.8791285161 | 0.7831303346 9.90E‘—7 2325—2
31 | 0.8807826734 | 0.7851177017 3.1‘{E~8 2 .lE—7
6? 0.8814719213 | 0.7853630863 | 9.99E-10 % .l4E—9
1é7 0.8817861009 | 0.7853937799 3.12ij11 9.7 2 ;0
255 | 0.8819360435 | 0.78533976156 9.73E-13 ?.OSE:—IZ

S~1>l 0.8820092838 | 0.7853980949 | 3.04E-14 9.52E~

2n 1

A el = [T dx. Work-
=| —=———dx and 14.—j I T
‘ . S+4cosy
Example 2. Let I3 L) T cone R

1 C i ; function un r in—
ng \N' h (l i .S' S i bet[el ‘dpproxmldtlon 01 the 4 . ‘de ‘
. none uld]. tants knOtS, d e . ) l N
: I 1lilgn i§ Obtd]ned theref()re a bettel 'dpl'()ledthll 01 [h(‘: df_:hmte lmegla S

teg a »‘ o k] I
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possible. We illustrate this aspect in the followin
0.2, 0.28, 0.34, 0.38, 0.4, 1.4(0.2), 6.2(0.1), 6.2
A; 1= {0, 0.2(0.05), 0.4(0.02). 1(0.1), 6.25(0.05
nonequidistant divisions of the interval [0,2
(42) and (45) we obtain the numerical results

g. Let us consider A, := {0, 0.1,
5,6.27, 6.28, 6.283185307} and
), 6.27, 6.28, 6.283185307}, two
7). Using the quadrature formulas
from table 3.

Table 3

Division I 7 RGN
A, 6.2831808026 | 2.0943935(93 6.91E-6 | 2.98E-6
A, 6.2831851630 | 2.0943950557 | 1.74E-7 6.55E-8

All numerical results were obtained using a Turbo Pascal program, working

in extended floating point precision (the Turbo Pascal type extended), on
MSDOS 6.0 personal computer.
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