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I.INTRODUCTION

e present two constructions of the cubic
ation.
ulrs from_the aigebraic theory of rrigo_
sections 3 and 4.

one, while the trigonometric Hermite
re valid only for derivable functions.
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The following theorem, is an important result, with theoretical and practical
applications in the theory of trigonometric interpolation, see also [2] and [4],

THeoReu 2.1 (Th.6 t6l). kt be l.or9,Iz
ments belonging to Sl(K), (ns, n1,

n+l :=1,;,=ur,. ,

, lt,u)T a vecior fror4 (N*),,,,+l suc:h thet

Also, ler .f t=(fáut,. 4*,',. ..Iur,...lu),....f,:l^))r€ K,*r, whr,r, ¡tj:=n,-l
fttr all je\n. There exiiit.s a unique trigonometric p,r¡lynomial (called the

Hermite inte¡polation trigonemetric polinomiaD ue klilU,frtXl with òu _<n
such that

(P'u =fj. 0titm, 0<i <,1r,.,

3 Cubic Trigonornetric Spline Funçtions

Y=0 i=0

t47,

. 0,\
srn+ I , m+l distinct ele-

)teU,ilt

Moreover, if n = 2k (resp. n ='2k-l ) there exists a base (cailed the Hermite
base,) (H¡¡)ieo,,n, ieo¿ ¡n tplp. fttx)¡,&(ðp<2k)l (resp. tul{ø. ktxDu
&.(ðp < 2k - l)l' ) such thar

and

(l)

ro' n,)(L)= urur, 0 
-si, 

r 3 tn, 0 
=, = 

uit; 0 t t t ¡t,

ttþ)=fL¡j"r,,r,¡

lf m= 0 the above base will be called the Taylor base. The following re,
sults, presented in [6] (p{op, 7) show how we can obtain the elements of the
Taylor base.

If n¡=2k+l then the Tayiorbase denoted by (Tzt,ì¡.,¿r satisfies:

: rz*z*Q)=#[,'"+*)'* uno, ] :

' :: : Tzr.j-tQ)=DT2¡.,.(:()+(L2k+jq¡)(xç)72¡,2¡Q).., 
:

where ¡elzk, c1¡e):=t{ .h e K uid Lro*,,=rII
i=t

t46 and Alheanu

Equidistant and nonequidistant'interþolation knots are considered in numerical

integration by trigonometric spline interpolation.

2. PRELIM,INARIES

Let l( be a field which has characteristic zero, rr à l. and the set defined b5':

R¡x1,= tu6)1tu(x) =i(,,."'{? x)+ ø,-r"(fx 
)) 

r a

&(Vt) (ie l,n)(a¡,b¡e K)l

(resp.

= , r"
kÍx1,, ta(x) I @(x) = ao +lkticos(lx)+t'i sin(ix))) &

&(a¡e 1()&(V,)(¡e l¡l (u,,b¡e K)1.

Thc elements of the set r(¡X1 (r"sp. i(tXJ) will be called trigonometnc

polynomials in variable X with odd (resp, even) degree and coefficients in the

field K.

If u(x)e XIX)UflXl and n,,t0 or b,,+0 then it is said that the polyno'

mial ¿r has the degree ¡¿: In 'the following, the degree of a polynomial'u will be

denoted by ô2.

Let .Sr(ÃO := {(x,}) l((*,.r¡e K\8LG2+)2 = l)}, If 0 e Sr(K) let be cosO ',= prlã

and sinO 7 ¡tr.tl.Let p erfxl U'ktil,the element (."tå,tt9). e S¡(K) is a

root of the polynomial p; with the order of 'multiplicity /ç (a fr-fold root), if

p(x)=(ri" xt0)o p{x), where p, e k¡x1U rtxl and sin 
Xt--0 is not a di-

visorof p1, Here sinf stands for cos$sinf -tint.ot*.

2

It is known (Cor.4 [6]) thar te S,ir¡. is a k-fold root (k2 I) of the trigo-

nometric polynomial u'e' kIX]U rtxl if and only if

u@t2)= Ou(gt2)='.. ¡)k-t u@12)=0 and DL u(012)+0.

Two elements eS and eS¡(K) will be called distinct ifg
2
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DEFTNTTToN 3.1. The.fuix:Íion .1^. ,. e C(2)([ r!.tt]; R) wltich sati.çfies:
(2) (Vi ) (i e 0l ) (so., (.r,¡ ) =.f.) anct

(3) (vi)(ie O=JV -l r (rr^.r lr,;,,..,i € ¡{{xria (ârn,rl,.,,.,,, s3))

nctiott u,ilh respect to A,, +vhic.lt inter_
function will be c¿tlled periodic with

(4) ,*1,¡(o+¡ = ttr(b) for pe oj.
The following lemma can be obtained using the theorem 2.2.
LeUVn 3.L L¿t a, IJ be two different real numbers, H[u,p.0], Hta. B, Il,H[þ,a,0] and I1[ß, o, t] tlte Herrni," lrn,r, from luf fre n¡X]¡ &@u<3)l ar_tached þ the knots u, p with multiplicities /ro = nþ = Z. Then

H(i)[ø, ß,rl(y) =ôar ô^., and

H(k)[þ,o,i](y)=ôÊ,,ô*,, ye {o,B} andk, i, e {0. I }.Moreot,er

[r'"? cos--r:-q +z.o,ß 
rG r,"5s]

I.^,_x+p_2a.^. ,r_ß
qrdryLos'n-;--+3sin ^ P -

_3r¡n 3n -0-zcr +3sin r+2s-3fl _r,n :(*- 0)l
.L )

, HIu,Ê,01(x) =

(5)

and

(6)

11[u,þ,1](-r) =
2 sin .r -0

sin 2 -ct
2

slnz.r-0

=;i6-f"'"o¡''n 3'r -20-a +rrn' + 
1*2Ê1.¿Stn¿r--:'L . ¿ 2 J'

The polvnomiats H[þ.a,0] and H[p, o, l] are obtaineel .frrntt îlte abrnerelatiott.s ht, interch,ngirtg a atttt þ. 
\'u'q"'cL' \ttl

148

TurroRntø 2,2,(Th. ,9 16l). Lq¡

ments belongittþ"ro' S'r(rlC, (n¡, rt ¡,.

' lol lchinr and Crigore Albeanu

Similarly. if rt6 = 2k then the Taylor base denoteci by (/1¡ -¡..r)¡eiL:l-.1

4

satisfìes:
.tt-l

' 4*-r.¡-t('t) = DLI-r' ¡G) + (L2¡,qiX'ro)7":r-r.:¡ -¡('r)'

where .le rLt¡. Q¡\.r¡'.=- .¡l ,.16e Kand L'¡ ,=i[{ot -(?)
i = I

The elements of the Hermite base are given by the fbllowing theorem.

1

I)

l.nr$.ri"$ ] be m+t clistin<'t ele-
[ ' ' )¡e1.,

, nr,)T u vet'iur fintrt (N* )"1+l suclt lhal

n+l i=|,j,=nr, attd ,f '=(ñt"....,.tju"',...,il}',...,f1u'',,..,.[,:iy^t¡r 
¿¡çn+i,

(lt,',= n¡ -1 .fctr aIl .ie'üm'¡ì. IJ' @ ¡¡).¡.,,.;, ,.n+, it the Hennite base tuul u is

the flertni¡g interp7latiott t|g,ottoqetr.ic polvnontial,.fo,r rhese dçrta, lhen

H¡¡(x) = sln

sln

't -o¡
2 [?)t',,,.''

is the Tavlor base which
¡,e O¡¡

r+'here g ¡(t, ,= 

[l( )". (rr',:, ,,)

s,(.rfn(,',

( 0. ,0,ì
c'orre,sponds ro tlte poirtr 

l."ti,tt"+-J 
anrl T,(,'¡l{x)=

'-oi Y
rl
')

,1.r1= f,
l=0

l,-r

)
J4r,,,,2=0

3. CURIC TRIGONOMETRIC SPI,INE FUNCTIONS OF INTERPOI,ATION

Let [c, hl c R; and A:(.r, lie Ñ] u rlivision with v + I points of the in-

terval [a,ài, such that a=.tn..tl (.,.(-(v-t (J., =b. Also let .l':=(f )¡.ñ,

r,+ I real nurnbers.
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H'lx.¡,x.¡r1,1)(x) = 9 sin
3x - 2.r.¡+t - xj

8sin2 
rtL--! 2

(10)

Therefore

-.i,I2"çl!-r,i'';r]

(l l)

and

(12)

Hofx¡,x¡*¡,ol(xi*r ,=1*rî 
lsin2 !

'l'^IH'[x ¡,x,*¡, l](,r¡a¡ ) =

Inteichanginrg x¡ and'x¡+t in ihe relations (9) and i I Ol we obtain:

Hofx ¡,x ¡1r, 0l(x¡*1, = -t:l¡ - î.sin2+ 
"

( l3)

and

(14) H'fx¡,.r¡r¡,lle¡r) =2

It follows that

pie'¡*tl=|r,
cos

hi

2 I
.h,

srn i
hì

rm¡ +')sln-
(ls) 2

In the same way we obtain

( l6) H'tx 
¡ *t,.r¡12, 0l(x¡*¡, = - +;h_- 1,

srn. -f

H'[ x 
¡ *t,.r,*2, I](,r:¡*¡ ) = -2. *, \1 f ,i*!x;,

H"[.r¡*2,.r,*¡,0.1(,r¡*¡ I =trrror!;l I ,^. t*

(u)

( l8)

and

t50 lon lchirn and Grigore Albeanu ó

New, we are ready to present the fìrst kind formula fbr.the trigonometric
cubic spline function of interpolation.

Tueonpu 3.1. Let 6 ;= ¡x,lie Ñl t, a division of the interval la, bl with

h - u <2n and f :(f)¡.0,7 a vector.fi-<ttr ¡r'+l . ff a cubic trigonometrit: spline

.func'tion ío,r interpolutes the data (f )¡.'r, in the knots (.ri)¡.¡.u , then

m,:=3'6.¡Q),ie 0l søfi.yJ, the .fottowing rectangular syr^tenl of linear equ a-

tir¡ns:

(7)

where
Q¡+ m¡ *2m,*1 +À",* m¡*2=di+ . ie0,y-2,

h¡ :=.r¡*y -X¡r p¡*¡ i= sln ltt
2

sln
h,*t + h,

2

rmd

.f¡r1 - f,cos
hi.

,h,s¡nt
.f'1r cos

h,*t _t:
J i+lct,.r:=] srn 2 + 2

sln t+ 2 .h,srnt h¡*l
2

stn
2

Proof. Let i e 0,v-2, i e [i,i + I ], and p, '=ío.¡ltr,. 
,,-,ip je ñ[x] wittl

àp ¡ l3.It follows from relarion ( I ) that

n,(x) = f¡Hlx.,,x¡+r ; Ol(x) + mrH[,x ¡,xl+1, l](x)+(8) "' 
*"r,.riri,*,-,,",,01,rr-rm¡¡1fllx¡+¡,.r¡,rl(x).

using lemma 3.1 fbr ct:=xj and p:=.rj+r and considering h¡:=x¡+t-x¡,
after some simple computations. we obtain:

li,^!#?.H'[x ¡,x ¡+t,0](.r) =
asin¡ Ilt]r-rr

(e);

¿lld
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Spline Frtnctitrns
l5-1

nal_dominanr (2>lÀ01, z >lo,,l and 2>lo,.,j*¡1.,*,1 for i e 0,v_2 ). Therefore,
in this case, there exists a unique cubic trigonometric sprine which interporates data(.li).m in the knots (.r¡),ro.u. Atso, oth-er.,";;;;;i;;;r;';;"l|#;. "t.

For the þeriodic spline (fi, - f0 and m, = ntç),we require thar (7) be vali<l l,or

;;rl, ; ï 
well' we wiìl obtain a tridiagonal syste r, and rhe forowing coror-

CoRor-reny 3.2. With the above noturir¡rs,,f l',l+lOil< 2.ft¡r ieñ,
where h:=t\i is used Ío.obtain )., tud þ0, then Íhere exists a uttique periodit:.ubic' rrigorornetrù' sprinq which interporares aata ril-f" in trrc knots
(x¡ )ar¡

second kind formula for thg trigonometric cubic spline
we need the following lemma.

ct, þ be tv,o different real numbers. Tlrc s¡tac,e
adnütes a base Blo, 0,01, BloL p, 21. Btp, a,01, and

-si' r + 2l -:fl 
= ,¡n 

.t: Ê - ri" +-4:]0l

['rn$9i-

In order to derive a
function of interpolarion,

LeMN¿,c 3.2. Let
lul{uenlxll&(âø<3)}

B[þ, g, 2] whic.h sarisfies:

(22)

Moret¡ver

B[q, p, 2\x),=,

(23)

ancl

(24)
2

-.:.n 
x + 2o - 3fJ _ sin.r - 

g _si" .r - 
13 

+ fi 
I2_

'[he polvno¡nial's B[a' ß' 0-l(¡) and Bra,Ê, z](x) are tbÍuirc¿ Jr.rn the above re-lations b1, inrerclnnging u and þ.

THsoReN4 3.2. Ler A := {r, I.h, := x,*,_ ., 
" *,¡ e ñi } be a divi,sion

ol lhe inrert al [a, bl vt'ith b - a < 2rr arul ,l:= (.lj),.'. u tt vec,trtr Íiont Rv+t . lf a

152

( t9)

Therefore

lo¡r Ichinl. und Grigote Alhcanu 8

(20)

tot \'-tt-
p!.,/x¡*r)=].fin+-nr;,¡ I *_ ,r.,,%Ì 

,,_ 
srnþ

*.f¡+t f
4

lll¡ ¡ 1

sln
tt,o
2

The function 3A,,r, will be a çubic trigonometric. spline if and only if

¡ti7i+r) = Pi+t(.r¡*¡) for i e 0,v - 2 , which is equivalent with (7).'

Conollnny 3.1. For every ic 0,v-2, p¡*t+O ancl there exists u cubic

trigonometric spline .function which interpolates dara (lil¡.0.u in the knr¡ts

(¡¿ )¡.0. u '

Prorsf', We remark that the matrix of the system (7) has full rank rr- l.
Hence, there exists a cubic trigonometric spline function which interpolates data
(.f ),.rn, in the knots (.,r¡ )¡eo. u.

Such a function, on the interval [ri.-ri*tl (with i e 0,v - l). is given by re-

lation (8).

REMARK .3.1. Let T be the nnÍrix of the svstern (7), d:=(dt,cl2.....du-)t
and T+ Íhe pseuùtinversg of matri.r T L3l,l4l. Then ,n ;= (ms, fit1,..., m)t := T+ cl

determines a cubic trig,onometric spline function î6,¡, suc'h that for every cubic

trigonometric spltne.fun<'tiotr s6.¡ which interpolates data (f )¿6¡ in the knots

(;r¡)n¡.u , we lruve

lltú rt-"ti,.ä,11, . llt'1,,r", rl-0, 
ll,

For the nonperiodic case, if we add to the relation (7), the boundary relations

(2t)
2m¡ *)16 nx1 = d¡

pv ,,rv-t +Znq =du,

the obtained system will have a unique solution if its tridiagonal rnatrix is diago-
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B'lx¡, x¡*1,21(x) =
[;."'

I
2

cos
.x *2x -3x

(28)

Hence

(2e)

and

(30)

-j*'5,i __l_
2

B'lx¡, x¡*1,0](-r¡*l ) __ 3 (l +3cos&,)
Srm*

B'fx¡, x¡*y,2)(x¡*t) 1 (l - coså, ).
2 sin

3h¡

2
In a similar way, we obtain

(31) B'[.x¡*t, ,r¿, O](r¡a¡ ) =

and

hi
+ cos

3h¡

2 2

B'[.x¡*t, x¡,2)(x¡a1, = ìþ [."r+ 
- ..r+]

2sin-| L " 1

(32)

Therefore

qiG¡*t) = -f¡ (1+3cosh¡)+ M¡ (l-coså¡)+
ssinf

(33) i.f¡*t 3 cos L
2

3h,
+cos rr).

t M¡*t I *'I-*'*)
zsin!

(34)

,For the interval [x¡*1, x¡*2) we obtain:

B'l.x¡*t,x¡¡2,01(t¡*, ) = - 3-

ssinf
cos þ * ¡.o, h¡*t

2

(35) B'L.r ¡ rt, .r ¡¡.7, 2l(.r¡ ¡,, =.;bO 
f 
.., 3h¡*t

-"*)
2

t.54 lon lchinl and Ct'igorc AIbe¿rnu t0

cubir: trigonometric spline ,function io..¡ interpolates the clata (Í¡),.ç¡, in the

kniòrs(.r,)¡.s1 then M,:=,ilf.t,(x¡). re 0.v satisfi the Iinear sy.tÍe,n:

(25) Þ¡rtM¡ +õ,*,M,*l +i,*,M,*r=4¡*t, ¡e 0;v -z,
where i,

.h'
srn i

H2eoñ'

ri

(Ji 
' r .-¡T¡ 

'

,in)
li +l '- I+2cosh,*1

cos'1
t:,
2

I'
d, f¡

3(l * 3 cos /2, ) _l
2 f¡*t+

ssint{r +2cosh¡) ,rn7rt +2cosh,)
+

sln (l +2coså¡)

3(l + 3 cos /r,*, )+ l¡*z
ssinþfr +2cosh¡*1)

Proof. Let ie 0,v -2, / € {i, i + I }, and q, := io,

ðq¡ <3.From the lemma 3.2, it follows that

llr,*,.,;.,1,qi € Ã[x] with

(26) Q¡Q) = J¡Bl* ¡'xi+¡' 0J(x) + M ,Bl'x ,' x .¡¡¡'2Jr
+ f¡¡B[x ¡+r, x7. 0](x) + M .¡¡1Blx ¡+1, x .¡,2).

The function 3¿,/ will be a cubic trigonometric spline function of interpo-

lation if andonly if qiQ,*,\=qi*t(,r¡*¡) for ¡eOlv-2. Aftersomeelementary
computations we obtain

B'\.t, , -r ,*r, 0] (.r ) =

(21)

_1
2
.orf - j"or* -2'i* *,r,1

')
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4. NTJMERICAI, INTEGRATTON

The most important applications of the trigonometric spline functions to
rentiatioñ and integråtion. The results

how trigonometric ,spline functions of
differentiation.

on of the trigonometric spline lunc-
ion. In the first parl, we prcsent two
ne is the trigonometric Hermite qua-
e the first formula for trigonometric

spline numerical integration. In the ibllowing, let ô(.) be the Dirac function.

PRoposltloN 4.1, Ißt E be a Banqch spa(:e, and a, b e R (0,< b _ a < 2n).
The linear applicatiott o=a¡6ô,, +ao,ôfl) +'a,6ô¡,+o,,ôÍ1,, defined on

co (a,bl,; E) , sut:h îhat 'o(z¡ = fo uil dx .fttr every ueE @ Rt x ] .ruclt rhar
âu < 3, is givett b¡, 

: r u

" s¡n 1Q- g)
(40¡ o(f ) = +:*;_ ,, (.f (n¡ + .f (Ð) + \tan2 

Þ-t(.f ,(u) 
- .1,(h¡),- '1 L(r) - 

4-

For thç nonperiodic spline, if we add to rhe relatiol (25), rhe boundary re_lations ' , i

(39) , f8,,M',+)'nM,=ãu
[ Õ'ør-, * õu,l4u = Ju ,

For the periodic spline ffu =.4, and Mr- Mo),we'require rhat (25) be varid
f'or i = v - I as well. we will obtain a tridiagonal system, and the fbllowing cor_
ollary is valid. . , 

,i, 
-o -"-

CoRor-lRn y 3.4. with the albove not:atiorr,,f i[,]* ¡p,¡.lA,l ø, ¡e r, u ,

where lz,'= 14 is used to obtain lu and þu, then there exìsîs a unique periotlic
cubic' trigorrcmetric spline which interpolates data (f )¡.., in tlte knots
(x¡ )¡.0¡, .

r.56 Ion lchinl and Grigorc Albeanu t2

(36)

Using the relations (33) ancl (3tì) together with the iclentities sin]!=

=rinå(l+2cos4). cosj -.oS+=2sinåsin.r and .otf +3cosf =4cosiå,

we obtain the relation (25)'

COROLLARY 3.3, For every ie 0,v-2, Þ¡*r * 0 anrl there exists o cubir:

tigonometrit s¡tline fwrc'îion which : i,úerpolate's data (.li)6¡." itt the

knofs (;r¡ ),.*.
Such ct.funcrion, in the interval [¡;*1, .r¡*zl (re 0,v-t) is given bt'

relution (26).

REMARK 3.2. Ler i be the nmtrh ttf ihe l;t'sÍent (25), ã,=Git,ãt,.'.,ãr-,)'

an¿l i* the ¡tseudoinverse ttf nrctlrilt i. Tlæn M'.=(Mo,Mt,'..,Mu)' '.=frd

detelnines a cubic lrtg,onometrit' spline funtlion i6.¡, such thal .for everv tuhi<'

rriggnometric spline junctiott s¡./ whir:h interpttlates tlatu (.li),..., ìn the

B'I.r ¡+t .r,* j, 0i(.r¡* ¡ )
: -'l

l1 + 3cos/r¡*, l,

[cos/1,*' - l]

)

3r¡r 1;-..l

ancl

(37¡

Therefot'e

(38)

B'lr ¡+2, .r,*¡, 2](.r¡*¡ ) _l
2 sin

3lt¡n1

8 sin
3h,,, 2

2

cos
3lt,*t

+ -3 cos
l'¡r-t

4'¡*t(r ¡*t) = -.li+r

r M¡*t
2

+

)

cos
3h¡*t

- cos

(si. ¡ 
(.u¡ )),.1,.u

lt,

h¡rt

2
+

2 sin
3h¡*t

)

n t,., 
r-Lr,r;þrl 

+ 3cos/'t,*¡ì+

* M ¡,t--], l.trs/r,,¡ - ll.' - 
2*¡''.'11?rrl
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where (m¡)'l=o sarisfy the relarions (7) and (21).

When the intervals are of equal length å, then

2 
sln 3h

¡r*zi¡*¡l
i=r )

(43) ou(./) = + I
3

tan
1 b

4
(
^(l

mv )
.or3 

f;

For the periodic spline. lo = .f, and m¡ = nu, therefore

(44)

using the relation (26) and the proposition 4.2, we obtain rhe second trigo-
nometric Spline qqadrature formula

õu(.r)=l,lut,r,*=
v-l

= 
åJ;. 

í¡(.r) dx = II;. Q¡e)dx =

'=åf,u" +#(,.r¡+ri*ì-
(4s)

_E
3

v-l

T
i=0

,l"å
3h,cos?

çM, + M ¡r¡),

where (M¡)!=o satisfy rhe relarion (25) ancl (39).

When the intervals are of equal length h, then

1 3 cos2 lt l0
¡*zit,-f,'l-

i=r )

õ"(,f )
2 tan
3 a +"or'l-z

(46)

sln th
4

v-l

cos h
tøo +2ltut, + Mu

4 i=l

For the periodic trigonometric sprine functions of iirterporation, ,fo= J,
and Mu = M,therefore

t58 Ion lchim and Grigore Albeanu l4

where.f e 6'tl)(la, bl;E)' :

M,reover, there exisls a reul cons[ant M > 0 such thal, .for all a, b e R, 0 < b -
o <2n,6¡e cØ)(la,bl:E) then

llf 
tr', d' - "u)ll' * (*?) -3

sup
.re[a.ål

llrr+/lrrlllta -n;s.

The second quadrature tormulá is a quasi-Hermite method for numerical

inresradon. The coefficients of this formula can be obtained in a similar manner

as fãr the Hermite's formula, but using the lemma 3'2 instead of the lemma 3'l'
ih" proof of the following proposition is straightforward and we leave this for

the reader.
i

PRoposlTIoN 4'2. Ißt E be a Banuch space, and a, b e R (0 < h - a < 2n)'

The linear application ó = a¡rs6,, + as2}f,t + a,sô¿ + ø¡2õf) ' defrned on

¡l¡

ç(z) ¡a, b); Ð , such that 6Q) = J, 
u(r) dx for every' ue E Ø RlXl such that

ðu33, is giveru bv

(4t) sifft
8

3
(r'@)+ f'(b)),

u,here f€czt(la,b);E)' ,

The proposition 4.2 will be used to obtain the second formula for trigono-

metric spline numerical integration'

Let f eC(Ía,b);R), A:={¡¡ l¡e 0,v} a.division of the interval[a,b]and

f, := .f (x¡), ¡. O,î . 
rThe'first trigonometric spline quadrature formula results

tlirectly fr()m (8) and the ptoposition 41. we succesively obtain

ou(/)=Jltr,", "=

= 
à[''. 

í¡r -r¡ ox = 
äl;" Pi(x) dx =

. 3h,

=3åffi (t'¡ + r¡rtr'*{l'un' !{'',-",*,),
i=0 cos" -i

4
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possibre. we ilrustrate this aspect in the fbilowing, Let us consider a¡ := {0, 0.r,0.2, 0.28,0.34, 0.38, 0.4, t.4(0.2). 6.2(0. t). 6.2-s, 6.27, 6.28, 6.283t85307 ) andÂ, := {0. 0.2(0.0-s), 0.4(0.02), I (0. I ), 6.25(0.05), 6.2j. 6.28,6.283185307 }, two
nonequidistant divisions of the intervar t0, 2nl. using the quadrature formuras(42) and (4-5) we obtain rhe numerical results fiom rable 3.

Tal¡le 3

l/Ì' - /,f 'l
2.988-6

6.558-8

l¡f ' - ri"l

6.9 r E-6

t.74F-7

/,i''

2.094393-5193

2.0943950557

I -Í
l

6. 283 t 80802ó

6.283 I 85t 630

Division

al

^?

All numericar results were obtained using a_Turbo pascar program, working
ii^ïFlo,"o floating poinr precision (the Turbo pascar type extended), onMSDOS 6.0 personal compurer.
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I 3 cos2
h l0

Èr, -+r+i,
r=o -' cosl: ¡=1¡

4

õ,,(.ft={tan
4

(4't\ 4 4 rort l1

4
-l

5. NTJMF]RICAI, EXAMPLI']S

Let keN*, and tfl (resp. t|n , ttr', tf') Ue the nurnerical resuit obtained

byusageofthetrigonometrictypeHermite.s(resp'trigonometricquasi-Hermite,
first kind trigonometric spline, second kind trigonometric s^plrne) quadrature

fon¡ula applied for computing the integral 1¡ := l', nt'-' O-'

l

E.rempte t.Let 1,,.= J:"-,'d. and /, = fit#frkd.r;'lJsing the above

fonnulas and divisions ol'the integration interval with v+,1 equidistant knots,

we fincl the results O:tt:"d t"'ibl*_t and2

. . .,. Table I

ItP" - tl'lt- -t

4. I 8E-2
t.028-2
2.s3E-3
6.3 lE-4
l.-58E-4

3 948-5

It?" - til
7.148- 7

+.4-58-8

2.'t8E-9
l .748- l0
1.08E-l I

6.78E- r3

Ò.827 r 403966

0.7955839763

0:78'792'721t4

0.?8602934ó5

0.7855.5.58919

0.7854.i75913

0,882082246S
0.88208 I 4442

0 88208 I 394 I

0.88208 I 3909

0 88208 I 3908

0.88208 I 3908

l-5

3l
63

l2'l
25.s

5ll

'table 2

l¡i' - rì'l

2.99E4
9.8-18-ó

3,1 l E-7
9.14ts-9

3.0s8-10
952t-12

lri' - rl'l
9.90E-7

-j.l9E-8
9.998,- 10

-1.l2E-l I

9.738- l3
3.048-14

0.7831303346

0.7851 177017

0.7853630863

0.71ì.s3917799

0.7 tì-539?61 56

0.7853980949

/l'

0.879 1285 l6l
0.8807826734

0.88 r 47 l92l 3

0.8817861009

0.881936043-5

0.8820092838

ì5
ll
63

t21

255
I5

Exampte 2, Let 11,= I,;^E+."* tlx and 
'. '= I;^ç*'* d'r ' work-

ins with nonequidistants knots. a better approximation of the finction under in-

i:il ;,* il;;;;il. rherelìrre a beuer aprorimarion ot'rhe definite integrat is


