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A NEW PROOF FOR THE APPROXIMATION
OF UE LOG-FUNCTION BY KANTOROVICH'

POLYNOMIALS IN THE ¿2-NORM

VOLKtsR MAIER

,t 1

Twenty years ago the author solved the saturation problenr tbr the Kan-
torovich Polynomials in the L;norm (cf. [2]). The mosr difficult part of this
saturation problem had becn the proof of the direct theorem and hcrein especially
the estimate for the approximation of the Log-f'unction. In the meantime this re-
sult was often used in other papers.

we are now able to give a new and'essentially shofter proof with a smaller
constant of the estimate

ll4, Iog- tosllr = o(rri + D=r ). :

The approximation, in rhe L,,-nonn ior ¡t > I is due to RiemenschnéiiJer [-j],
who therein uses an inec¡uality of the proof for the L;norm Il]. Now we are also
able to give a very short form fbr Riemenschneider's proof.

For an .f e L1U.),1* = (0,'l). thè nfft,Kanrorovich Polynomial on /* is de-
fined by

,. 
, 

P,,(f'" .t) =

with the kernel Kr(,.-) given by
ff r,,r,;, t).t:'\t)dt

'] : 
K,, (.t, f ) = É p,,,* (".) (n + l)xt^(t ),

(-=0

where Xt, denotes the characteristic function on I k'.=
k k+l

n+l'¡r+l and

p,, {r)=[,ll'-,' X )u-(

Let F(.r¡ = J' .t'Q)dt , then there is a relation between the Kantorovich and the
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It is known that 
ur = (+)r*'" ' o t * '

b¡>h¡,*1>e, ke N.

Then we can write dt =btE f'or ft = 2,3, ...klt =4) and this implies

dr>bt>¿andtherefore logcl¡-I>0 fbrall fte N.
Now we have ,gi (x) > 0 for alr -r e /* and theref'ore gu is monotone increasing in
/*. Moreover we can easily see, that g,, changes .,ign fro,r., ,inu, to plus in 1-.
Thus it fìnaily fb[ows that,g,, t',u, .*u.try onã r..o'¡n'r;. tn." 4 Iru, .*u.,ry
one zero in 1*. Moreover we can show that E, changes sign from plus to minus in
/* and because Ei has exactry one zero in 1* we go ,nuJø,; has exactly one zero
.trs, ,r.r = x"(n) in I*.
So we can computel

ll4, loe- loel| = ljle,,,"r, .r)- togxld,r =
i

= ln' {e,fto*, r) - togx)d.r * 
J', ltos* - 4,(log, x))di.

Now we write

H(x) =
x=0

Since H is convex on 1= t0, ll it follows that 8,,*l(ä, .) is convex on 1. too.
Moreover B, * íH,0) = I{0) and 8,, * íH, 1¡ = Atilì.îhu, *. get by (l)

ll4, tos- logl| = 2 (Bu+t(H,x.) - ÉI(x")).

To give an estimation of the rast term let us rook at./a convex function on/' Then for each system of points -r¡,.(2, ..., xtt+¡ fronr / and for non negative

numbers c't. cz. ..., c, r, *itt )i*l"* = , one has

n-t-l rrll

Etoro < I'o,f (.r* )
t=l t=l

Choosing r'* = k nIl
xfr(l-¡.¡"-r*1, -rr = fi un| f(.r)=-log,r, we

obtain

-r n+
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well known Bernstein polynomials 8,,(F, x)= )i_nz,.r @F(L),namety

( | ) *l,*,(tc, x) = p,,(f 
, .r) .

' g¿rn*tein and the Kantorovich Polynomials which
we w chapter l0 of the book of De Vore and Lorentz I I ].
For a efei to the original papers,' 1

We will now proof the fbllowing theorem.

THBoRB¡r¿ l.

llA loe- toel[ = o(t,r + l)-' ).

ProoJ. A short computation gives for the error linction E,

x
k=0

k ,I
k=0

whercao= land n* =ßJ-lJÀil
¡rk

Differqntiating 8,, and using p'^.Áx)= n(p,,:1.¡,_¡(x)- p,.t.Jx)) with

P,,.:1(r)=0gives : '

Ei,Q), -nI p,i-r. r (r, )irc,gÍt:L - I -
k=0

Ì, :

t(;l
n-l \

\n, .o*,(xXfr + l)loggþr - l l-
fr=o a¡ 

)
n

)"*,, 
-",-'* 

[,*(#)- 
-, 

J-')=k

- (l ¡)"
&,(.*1.x

L
)

k

where r,,(-r) = )i_,
t1 Á'11-..-¡-illog(t*-1)-l and dr =

0k

a k-lk

We differentiate g,, and obtain ,g'(.r),>,0 for all _r e ¡f* if .logrl¡-l>0 for all
ke N.

For the last assunrption let us denote
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8,,r1(H :,r) 5 r 
'"t 

(" . H)
Taking into account that ln b-lnct<

with
#, 

0 < a < b,and.r-, e 1* we conclude

Bturr(H,x") - ri(.v") =',-,"i < =-l-. nn+t n+l
For the saturation problem in case. > r Riemenschneider proved the direct

theorem, see t3j. H; courd ,.Ju.. the problem io 
-,r.,.''.r,imation 

of
d he did this with an inequality for the

f in [Z]. We can now prove the follow_

THEOREM 2.

llx(N,(log, .r) - Iogxll* = o(@+ r)-r),,,,
Proof. We wrire

x(p,,çlogr,.r) - logr.) = [xN, (logr,.r¡ - 8,,*¡(l logr, x¡]+II : ,i +[B,,*,irlogt,:.r¡-xlog.r].

In order to estimate the norm of the right hand side we first look at thd second
term and define G(x) =xfqgx' G has the same properties as H in the proof oftheorem I and so the sup-norm of the t..ond term can be estimated by
o({n + l)-' ) . so it only remains ro estimate rhe nor¡n of rhe firsr rerm.

' 
Apprying l5(;h. rãg#, = una('l'l -¿-- =( ' l, *.obtuin

t, k )n+l Io-tJ, 
YYewur.rrr

, 
1"P,,(losr,.r) - 8,,+¡(r logr,',1 = 

lår,, 
- r"i[r"s (f)- -r)-,(, -.,),1

For 0 < /< we have 
l'.r(+)- -'l= # and thus

lx{, (logr, .r) - 8,,*¡(r logr, r)l Sx(t -;u),, +f*p,,.¡çùfi <

,P** 
^,r 

( r)fr 
= #å, p n+1. k+t 1'; = fr

This finishes the proof. El


