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A NEW PROOF FOR THE APPROXIMATION
OF THE LOG-FUNCTION BY KANTOROVICH
POLYNOMIALS IN THE L, -NORM

VOLKER MAIER

Twenty years ago the author solved the saturation problem for the Kan-
torovich Polynomlals in the Ly-norm (cf. [2]). The most difficult part of this
saturation problem had been the proof of the direct theorem and herein especially
the estimate for the approximation of the Log-function. In the meantime this re-
sult was often used in other papers.

We are now able to give a new and’ essentlally shorter proof with a smaller
constant of the estimate

|7 10g-togh = 00+ 11",

The approximation, in the L,-norm for p >'1 is due to Riemenschnéider [3],
who therein uses an inequality of the proof for the L,-norm [1]. Now we are also
able to give a very short form for Riemenschneider’s proof.

For an fe L(I"), I' = (0, 1). the nth Kantorovich Polynomial on 7* is de-
fined by ‘

Pf0 = [ K M
with the kernel K,(-. ) given by

K, (v, )= 2]7,,‘1.(':\')(" +1)%, (1),
k=0

where x, denotes the characteristic function on’ I :=( k .k+]) and

n+1"n+1
— = n—k.
puk(x) (kj)‘ ( X)

Let F(x)= J}; f(t)dt, then there is1airelation between the Kantorovich and the
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. . I n I k
well known Bernstein polynomials B,(F, x) = 2/\:0 p,,.k(x)F(;). namely

(]) n+I(F x)_ n(f ’C)

For all propert:es of the Bermtem and the Kantorowch Polynomlals which
we will mention here see e.g. chapter 10 of the book of De Vore and Lorentz [1].

For abbreviation we will not refer to the original papers.
We will now proot the following theorem.

THEOREM 1. { P
"P,, log— log"l = 0((n +1)7! )

Proof. A short computation gives for the error function E,

E:,,(x)- ,,(log,x) logx-(nH)Zp" ‘(A)I logudu—logr—
k=0

kO
Differentjating E, and usmg p,,k(x) n(p,, Jks ,(x) P lk(x)) with
Py 21(x) =0 gives i ‘ i1t v :

wherc ag=1 and q; =

il
ol

E,,(X) nzpn . I\())log k =
k=0

n-1 R
i Vg FkH .
- %[’g)pu,kﬂ(x)(k + l)lOgT:-_l]_

sl ol

1—x)"
:( )C) &i(x).

k

" —k 1y fe Ay
where g,,(x):zk 1( Jx (I-x)"(logd, ~1)-1 and d, = ( a7 f
We differentiate g, -and obtain ' g'(x)>0 for-all x € /* if* logd, —120 for all

keN.
For the last assumption let us denote
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k+172
b, =(%) . keN.

It is known that
by >b,,,>e, keN,

Then we can write d, =b, Eb";l for k = 2,3, ... (d; = 4) and this implies
! /\'z—l f et

dy, > by > e and therefore logd, ~1>0 forall ke N.

Now we have g, (x)>0 for allxe I" and therefore g, is monotone increasing in
I*. Moreover we can easﬂy see, that -2, changes sign from minus to plus in r.
Thus it tmally follows that | 8, has exact]y one zero in I'. Then E, has exactly
one zero in I*. Moreover we can show that E, changes slgn from plus to minus in
I" and because E, has exactly one zero in /* we get that E, has exactly one zero
Xg Xe = x(n) in [*, &

So we can compute

[
“B, log— 108”1 N ,[() 'Pn (10g7 x)—log xldx =

= f(’:“ (P, (log, x) - log.x )dx + J.‘l (log.x - P, (log, 1) dx
Now we write \ '
i f;lug dt = x [03-}' — % xe(0,1]
i 0’ g O

Since H is convex on I = [0, 1] it follows that B, . 1(H. -) is convex on I, too.
Moreover B, , |(H,0) = H(0) and B, , )(H. 1) = H(1). Thus we get by (1)

|7, log— log], =2(B,,(H, x) H(x,)).

To give an estimation of the last term let us look at f a convex functlon on
1. Then for each system of points Xy, X, vy X,y from [ and for non negative

numbers ¢, ¢,. ..., ¢, , | with ZHCA‘ =1 one has -

n+| il
f( N b ]s N eef o).
k=1 k=l

n+l.
Choosing ¢, = Lok ( ]xk(-.l—x)“““', Y=

-

and f(x)=-logx, we

xn+l k +1

obtain
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Bn+l(H; ,-\') < X]Og(x-f._l _l').

n+l
b—a , A | [5ey 04
Taking into account that Inh—Ina < T 0 <a<b, and x, € I' we conclude
with 1
‘R ' X 1 -
B”H(H,X_\.)"H()C.\.)S R Sm O

For the saturation problem in case p>1 Ri¢m¢nschneider proye.d _th{: direct
theorem, see [3]. He could reduce the problem to the estlmatlovn '(_)f
"x(P (.log x)i'llt)g.r” =O((n+l)") and he did this with an inequality for the

H / s 7 llen F I ; ! / it
integraﬁd_ given;j_n. the first Ly-norm proof in [2]. We can now prove thf; follow_
ing theorem in a differént way, 100,

THEOREM 2,

[x(P, tog, x)~log ] =0((n+1)1)..

Proof. We write

x(P”(log'r, x)-logx)= [xl’,l(logt,.t)—B,,+,(t logt, x)]+
LT A +[B,,Hl(rIogr.:x)—xlogx].
In order to estimate the norm of the right hand side we first look at the second

term and define G(x) = xlogx. G has the sarr;u: properties as H in th'e proof of
theorem 1 and so the sup-norm of the second’ term can be estimated by

O((n +1)7! ) . So it only remains to estimate the norm of the first term.

] o LRIy 1) ny : \
el AN Vil g RN = , we obtain
Apmym8523<n+1>“9g;:7*'0a”@( k ] nl T k<1 ,

N

. . [ .
[5P, (log?, x) - B, (t1og!, x)| = pr,,_km[lgg(%) —IJ—x(l—.r) .

k=1
. :
For 0 < k we have |log (%) == ﬁ and thus

n 1
|xF, (logt, x) = B, (tlog#, x)| € x(1 = x)" + N 5P OFTE

k=I
n l I n l
< Expn‘k(-_X) k+l < n+1:2 plll+l./\’+|('x) i n+li’
k=0 J==l

This finishes the proof. O
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