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ON A PROBLEM OF B. A. KARPILOVSKAJA

. COSTICA MUSTATA

In [7] one consider the following problem:

(1) YEPUE) =@y (6) Y1) =i =y (1) 9(1) = £ (1), 1€ L, b]

@ V(@) =y D)0, g=0,1,2,.,p-1,

where pe N, p> 1. In the same paper one determines an approximate solution
of the form

1
3) O ==l =b) - ept*!, 1€ [a, b]

k=
where the coefficients ¢,, k=1,2,...,n are determined from the system of
equations:

4) ,V(ZP)(f,')*(Pl(f,') }_’(2’]_‘)([,') _"'_(Pzp([,:) y)=f(t), i=1,2,...,n,
where 1, i =1,n are the nodes of a partition

(5) Ay=a<t <ty<o-<t <b
of the interval [a, b]. ( :

“In the case when the nodes of the partition 'A’, ate the roots of the Cheby-
shev polynomial it is given an upper delimitation of the norm |y —¥|_, where v
is the exact solution of the problem (1)-(2). From this delimitation it follows that
thelorder of approximation of the exact solution by the functions. 'y given by (3)

is O(l—nﬂ—)
n

In the following, taking as an approximant of the exact solution of the

problem (1)-(2) a spline function belonging to the space Someap-1(4,) of

2p-derivative-interpolating spline functions, defined in [9], one proves that the
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N

order of approximation is at least 0( l J
n\n

DEFINITION 1. Let m, n, pPE N,nz2,p21,m=2, m+p < n+l and let

A,,——°°~t|<a~[()<t] b<t”+l—+°°

be a partition of the interval [a, b).
A function s:R — R satisfying the conditions
10 Y= C2m+p—2 (R) 3
20 S|l S ".2m+p—l’.1k = [tk—]' tk), k= l, 2,..., n
30 sl[ m+p = 10"' {r_ I ’I) In+l - [Tn’ n+l)

is called a natural spline function of degree 2m ¥ p — 1.
Here % (re N) stands for the set of polynomials of degree at most r.

Denoting by S, ,-1(4,) the set of all functions verifying the conditions
1030 from Definition 1, one sees that each s€ Sy,,,,/1(A,) admits a represen-

tation of the form

m+p-l1 n
(6) s(t) = 2 At +2a,‘(r g2 e R
where
n . A
1) Y au] =0, j=01,2..,m-1
k=0 ,
and
®) (=t), = Jion st 0 Sy b)
_p N, = _ k2 re a, bl.
KT -, > “

(see Theorem 2 from [9]).
Taking into account the representation (7) and the conditions (8), it follows
that each s€ S,,,,.;(4,) depends on'n+p+1 free parameteres, so that

Symep1(Q,) 18 a vector space of dimension n+p + 1 with respect to the usual

(pointwise) of addition and multiplication by scalar of real functions.
The following theorem’ will allow' us to use a spline function from
Symi2p-1(A,) as an approximant for the solution of the problem (1)—(2).

THEOREM 2, Suppose that f:R — R verifies the conditions:
FOayLafnt o= 0012, 00 p—1
9 H PRy = BLaY Ny G IS
FEPGY =Yk =002,
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where ‘ty.c k=0,n are the nodes of the partition A, and ‘9, B4, ¢=10, p—1
and Yy, k=0,n, are given numbers. e

Then there exists a unique spline function S€ S,,,,, p-1(B,) such that

$P@=a?, ¢=0,p-1,
(10) sPB)=p9,  ¢=0,p-1,
Sy =v, k=0n.

Proof. If s/-is of the form (6), fulfilling the conditions (7), then, imposing
the conditions (10), we find the system:

ln+_2p‘—q—l (q + 1)'

T Aguitg =040, g=0,p-1]
i=()
m+2 p—¢—\
Ggth!, (2m+2p-1)! F3h A
T Agsitn 2 ey, (7, =0 )P =B,
i=0 ¢@2m+2p—g-NI'"" |
(1 { cottilns ig=0, p=1
m=1
(2P+1) Qm+2p-=1) Aol & ¢, tud
i=0 i! A7,,+, j E (2m —pl).f K _tk.),,z : l;= Y-.’.’. 1 =0 ;
n | TN
zakt,’( =0,i=0,m-
k 0 1

having 2p tn+l+m equatlons and the same number of unknowns Ay, A
Am+’)I, L ao,a,,... apb ; .

This system has a unique solution if and only it the assoc1ated homogene-
ous system (obtained for a?' =0=B%, 4=0,p-1, y, =0, k=0,n) has only
the null solut10n i

Let’s show that if 5€ Syp42, verifies s1(a)=59(b)=0, g=0.p-1;

s2P(t,)=0, k=0,n then s=0orR.
Integrating by parts we obtain

2 m-2
! ) . ;
J.HI:S("Hzm(r)] dt = § (_l)j .S'("'+2”+~’)(t)~S("'+2/’_-’—”(t) :,! +
{ 0

" j:O

A LY
+ (__])Hl-lJ. " S(ZHHZP_I)(I‘)'5'(;21).“)(’) dr.
!
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But, s 20010y M2 m0 1), = 04 = 0umnm2 (by Condition 3° from
Definition 1) so that
:Jfb[s(m+2p)(’)]wdr C

=(= ‘)m IJ. 2m+2p- ”([) (2/)*”(1)(][:

J./“ [_;"”"*2")_(’)]2‘1{

=(71|)"’,—'2CA-J.,“ sty dr =

i

= (=1ym= 'Zq "")(tk)—v”"’(tk ,)) 0,
k=1
where C, =s"2"’+2""’(r)‘,‘ k=1n (by Condition 2° from Pefinition 1).
Therefore, s""+2P)(1)=0), forall t € [a, bl.
Since SE Aiapm, o TgUL,, it follows s"*2P)(1)=0 "for any
r€1yUl,,;. By continuity of s("29 on'R it follows s (1) = () for all
t € R (see the Condition 19 from Definition I). Then S€ Hyyap-) On R, implies

s2Pe | on R. But s () =0, ' k=0m (n>m) lmplles 5P (1)=0 for
allte R and, consequently, s€ %, | on' R.

As sD(a)=5(b)=0, 4=0.1,...p-1 we infer that s=0 orR. But

then all the coefficients of s are null, so that the homogeneous system associated
to (11) has only the null solution.

Remark 1. By Theorem 2, if v is the exact solution of the differential équ a-
tions (1) with condition (2), then there is only one function s, €Sy, +2p21(4)

verifving the conditions (2).
Let

H”'+2"(l b)) —{g la, bJ—)JR’. g"*+2r=1) absolutely contmuous

on|a. b]and g""*zl”e L,la, b]}

(12)

: () () (p=1) R0 1 o
and let ¥ = (o, V... atr1, g g0 i U Y01 Y, JE RYF2PH be g

fixed vector.
Denote

H"'+ P(A,.Y) _{qu"” ”([a.b])23’(2")(%):“'

(13) .
k=0.1.2,"0n g (ay = 09) g9 (h) = B0 (p) =B g=0,p- 1}
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By Theorem 2, there is only one spline function Sy € Syuaap-1(4,) such
that s, € HY**"(A,,Y). e
Furthermore, we have:

THEOREM 3. ([9], Th. 5 and Th. 6).
a)If ge HY*2P(A,\Y) then

(14) 5 ”b.g‘mf-?_p):“z < |‘g(ffr+21’)||2 :

b)If fe H'2P(A,) then

(m+2p) _ (Ill+2P)|l <" (m+2p)_y(m+2p)I,.
(15) ”f s 30| s|s 1\

forany s€ 8y,.,,(A,)(Here sy is given by Theorem 2).
Proof. To prove (14) we shall use the identity £ Al
"g(m+’>p) _S(m+2p)” __I [g(m+2p)(rJ S(m+7p_;(r):t ﬂ.“
=N plm+2p) =l otme2p) | ,{m_;,LZ!p} (Wt 2p) pl — (4201 00y
“Jeerao < e <afsrmofgssngy-sprsm
where the last term is null. Indeed, intégrating by parts, we find

b
J. s's.m+2p)(t)[g(n|+.2p)([) —s'(."'*zf’)(.r)]dt -

_( I)m IEC [( (2p) . 2[7))(tk)_(g(zl7)—sszll?))(tk_]):lzo }

k=1,2,..0,n and v‘"’*”’“’(a)—s'"*2”“’(1)) 0 for

IS

. — (2m+2p-1)
where C; =s(2mt2p-0)|,

J=0,1,..., m-2(by Condition 3° from Definition ).
It follows

0< |lg()n+2p)”z _1"3‘{‘/1:)+2,;:),l§ ; . |

implying the relation (14).
To prove (15) we shall use the identity

” (m+2p) _ f(,,,.n,,)" - ] +“ (m+2p) f(m+?p)

, +
2

l (m+2p) (”H I’)

+2J. [.Y("’+2/’)([) —s(/”””’(t)}[s;"”z”’(f) _f(m+2/7)([):,dr
a r 7

where, by integrating by parts. the last term is again null. To show this one uses
the equalities : 2
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(s(’"+2 pHi) S.(f'"HPU’ )(a) = (5("'*2””’ i S(/{"+Z/1+j) )(b) 20
forj=0,1,2,...,m-2, and
(stm2r D@y = sm2e b, =e(s), e
(constants depending on s). In conclusion

(16) “s(/n+2p) _ f(m+2p)”2 __:‘s(m+2p) _S(fm+2p)”2 +“S(fm+2p) . f(m+2p)“2
: 2 . 2 : )

2

which imply (15).
Remark 2. By (15), we obtainfor s=0

cow | glm2p) _ 2 p)

3 S” (mf—2p)
sl

i | POl
r4

Returning to the probleri (1)<(2) we dedice 1| .

COROLLARY 4. [f the . exact solution y of 'the problem (1)~(2) is in
H"*2P)([a, b)) and 5y € Sopmepi (D) s the spline function associated to y,

verifving the' same boundaw&ondmons as'y, then'the ol‘lowm evaluation
ying 1 / 8

(18) ' _;;."y(mﬂ»p) 7__5.;:?1_}2:/?) i

holds.

THEOREM 5. If 'y is the exact solution of the p;ob[em (1)~(2),
ve H(’”””)([a blland sy € Sy,4,-1(A,) is the approxzmanr spline function,

S”y“"*’Zp) L b iy Slne g

then the following inequalities:
o 0 Wi ol A ol I
(19) Tyt N

S'\'/Z(m'—'l)--"-(m'—l+l)||A,,||' 3 ,j|y(rn+2p) ’2

holds, for 1 =(2,3,...,m} and |A, | = max{r, —1,_,i=1,n}.

Proof. We have
y(zl”(t,-)—sf.zf’)(t,-)'=0, P2 0020 Oy

By Rélie’s Theorem it follows the existence of the points r(”e i ti)s
i=0,1,2,...,n— 1 such that

.\-'(21’”’(t,-(”)—sf‘z”’“”(tf“)=0, i=0,1,2,..,n-1.

Furthermore. we have
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(n (N
,tl' t1+l

220A,f, i=0,1,2,. -2

Applying again Rélle’s Theorem for y27*) one obtains the existence of

the points e (12, 1{1}), i=0.1,2,.., n =2 Such that

y(21’+2)(r’(2)) ;(211+7)( ) 0 i=0,1,2,...n-2

and
20 (2 3 i
b - <3lA =0, 1,2, i3,
A k-times applications of Rolle’s Theorem.yields the points
k k- g
r,.( ) (,( a r,(il”), i=0,n-k, k= l_,2,...,m—1
such that : J o |
2 k k k
¥ [1+k)([’( ))_SISIZ/HA)(I’_( ))z()
and |
60~ 8| < e+ DA i=0mF and k21, 20wy
For k = m - | we obtain
y(m+2p—l) (tl(m—-l))_S-s‘m+2p—l) (ri(m«l)): O, = m
and ‘ PR b '

'f('” 1) t('" D« _m“A"”, i:m-

Since la—t(()"'_”)<m"A”” and lb t,(,”’,,,?l'<||A,,|| it follows that: for every

1€ [a, b] there is iye {0, 1,..., m—m +1} such that

It—r,.(“'""‘”‘Sm”A,, ||

and

2 . 2
_)’(”'+ /))(u)___blﬁ‘mf p)(“)] <

(m- II

lv(m+2p I)(t)_b(m+°p ”(1‘)’ ’J'

1 ‘ 1
! 2 ] ' .l 2 2
S[I,(,,..,d“j '(.[r,,,,..,(}'('"””’(u)—s_ﬁ.”’*z”’(u)) du] <

H) iy

hn"A “v(m+2p) _s(ln+2p)“ <\/—-”A ”2 ”v(m+2p)“

(according to (17)).
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Here from we deduce
; , | |
”y(ﬂh?l:—»l) _ Si."”zl"”” < \/;FHA” ”.2_

Similarly, for every ¢ € [a, b] there exists iy € {0, 1,..., n—m + 2} such that

Aotm+2p)
|-‘_ vl

=i s on-la, |

so that

‘ (m+’p—’)(t) T(”” /’—2)(,)l_ J.”” p [":("'hll"—ll(u)__s£m+21’—|)(“)] <

’l)
|f r(m 2) “‘:,(HH‘?.P‘—“ ~S‘("'+Zl);l)‘| < v AL,
y i oy oo
1} ‘
1+~
SVm(m—=D|A,| i -Ny(”’*z”’lL :
It follows

l|v(m+7 )—7) (nh—”p—")

s \/1—7;()11 - 1)||A” ” I+ "y(mnp)

5 .

In general we find
[ 2= = stome2r= < (o = 1m0, |72

forall I =2, 3, 4,._.._,m. |

‘ (m+7/))

,

Remark 3. For | = n we find

(20) e =@ < - e, |72 - fyone o),

In the following we shall give estimations for the norms

(21) [ =s@] , g=0,1,2.0 29~ 1)

necessary for the numerical treatment of the problem (1)—(2).

COROLLARY 6. If the exact solution v of the problem (1)—(2) belongs;to
Hy™ P ((a, b)) and 5. € 85,11, (A,) lis the associated spline solution, then the

following estimation hold:

“y((/) .s(q)‘

<(b- )y f/\/E(m—l)' ”A ”’”“‘

i Am+2p)

2
Jorg=0,1,2....2p- 1.
Proof: Since (1) =5, (1) = ¥(1,) =s,(1,) =0, it follows that there exists at

least one point 1 € (15,1,) such that
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(f(()“) -(t(()”):()’

Yio)=sytp) =y (18 )= 54 (6 ) 20 ) -5 t) =

implying

Then it will exist the points t( e (2t v ( ‘e r” t, ot <t <
P orfo 0 b, 0<h

<1f2) <1, such that
y~<to)_s;<,o)=y~(r<2>) s (167) =" (1) =2 (1
¥t =s5(t,) =0, '

In general, for ‘every ¢ge:{2,...
(¢) (¢=h (¢) (9=1) Jq-DY |
o E(IO,IO ) n e(zo o ) f

)

; p-1] there are
(
q g-2
<t, such that

, g
YO (tg) =i (1) =319 (f((f“ )_S.s.q) (tf)q ) =l

< t("

,2)):

the

q) (g-1) . (q)
e (1, ) eyl

) -
) () s - 20

For g = p — | we deduce the existence of p + | distinct points

(p-1)

to <#PT\icler! < .. )

<t,

at which the (p - 1) - derivative of the difference y(t) s (t ) vanishes::

Finally, we deduce the existence of a point 1, € (a, b) Such that

v( qe=hRCy )—x(’/’ ”(r) 0

But then, for all ¢t € [a, b], we have

‘y( 2p- l)([)_5(7p l)(t)""" ’(Zp](h)—-c 2,7)(;1)]

Ioo

V2P _ g2 nu <(a- b)\/ﬁ(m—i)'“A ”

<,[ —~t | “\)PI’) _s(zlf)

so that

I”——-

Similarly, there i rze (a,b) such that

y(z,;—z)(r) . SE_Z/J—2) (,)| : U-_f Ii‘y.(c.’[)-'l )(h) - S&ZI;—D(’h)J dhl <
y n .

< (b —a) ’|y(2p—l) - SSVZP—I)“

points

PIp.

+"p)||
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where from ‘
’ : L
“}.(2/;—2) _SS_Z;J—Z) < (b _a)z \/;?7("1 o 1)!”A” ” =3 _”y(nw’lp) Ij :
Conliﬁhih‘g’ in‘this manner, we obtain
‘ : |
s =0 = 20D\ (B N St A Iy k2 ||
R it Sl IS CET BV C R T Rl i &
for 1=0,1,2,...,2p—-1.
Therefore
I
A =l _
”y(‘“ ~s@| < B-a)?rt Jmm -na, "2 fyomrze 2,

for ¢=0;1,2,....2p~1
whichends the proof.

Remark 4. For g = 0 one obtains

Iy sy <0 Samm -1, |72 ez

5

By Definition 1, m =2 and then "y: 5, ”m is at least of order

]
2HE

: o, o[ua.,, k ]

Example. - '
Consider the problem

Pl YOO = 1413 +4912 + 32t - 12) €', 1[0, 1]
Gl ¥0)=y'(0)=y(1)=y(1)=0

H

Problem (P1) is a problem of Karpilovskaja type for a fourth order differ-
ential equation which is studied also in [12]. _

In Table 1 the maximum values of the error at the nodes of the uniform
partition A, : n=5, 10, 20, 30, 40 are presented

Table ]
n maxitnum values of the error at the nodes of A,
5 0.0000380786
10 (0.0000023077
20 () 0.0000001 162
30 0.0000000198

40| | C0.0000000055
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