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ON A POSSSIBLtr DETERMINATION OF THE FRAME BOUNDS

DANItrLA CATINA$

Abstract. We give conditions which ensure that the subset {tr¿, n € N- } of a separable

real Hilbert space ?1 is a frame, and we obtain formulas for the frame bounds in terrns of
the eigenvalues of the Gram matrices of the finite subsets.

1. INTRODUCTION

In a separable Hilbert space ?l) a subset {"n,n € N} is called a frame
if there exists A,B, B ) 0, A < oo (called the frame bounds) such that
Bll"ll' < t lþ,",)l' < ¿ll"ll', for every r €'11. tr'or such a sequence,

n€N
we can find the set {ã,r,n € N} (called the dual frame) having the bounds
A-r,B-t, and allowing the reconstruction ,r : I(2, en)én : Dþ,õn)"n,
for every r €'Jl(see [2]). The advantage of tn" å1,L", over theåTTnonor-ut
and complete bases (which allow the Fourier expansion " 

: l@,en)€n,
Vr e 71) is that the set {en,,n€ N} need be neither orth,onormailì, Urr"urty
independent. Moreover, 1f A: B (tight frame), than that frame allows the
unique expansion r: A-L I (",en)en,Vr €71, similarly to the Fourier one.

n€N

2. PRELIMINA.RIES

In this section we remind some known relations which we shall use in the
following.

Let {rr,n e N*} be a subset of the separable real Hilbert space (?1, (., .)),
r € ?4 and (.,.)" the standard Euclidean product in IR". The Gram matrices
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All its eigenvalues are nonpositive numbers, so ((Gfr - À1"G,,)a,u)e is a
negative definite quadratic form, whence the stated inequality.

In the same way, (GnA,GnA)"^- Ài'i(G,A,U)" : ((G7 - \îi"G*)y,A)".
The diagonal form of the matrix G2n - \;i"Gn is

diag(G2,- Àf"'G,,) : (Àfi"(Àf'" - Àil'n),. . ., Àru"(Àru* _ Àf'')).
AII its eigenvalues are nonnegative numbers) so ((Gr" - Àli"Gn)U,A)" is

a positive definite quadratic form, whence the stated inequality. fl
we will study the set {rn: n a N*}, which may be linearry depende't.

have the following ProPerties:
Pl:AtltLeeige"valuesofthematricesG,-arenonnegativenumbers;if

the set ¡";:. . 
' 
,r1it ii""arly independent' then these eigenvalues are positive'

P2: The sYstem

.*c|(r1,rn):þt,")

..-t ü(rn,rn) : (rn,r)

with the unknowns c!,cï, "',qris solvable for every r €'J1'since if a row of

the matrix of coefficiãnt-s is a linear combination of the other rows' then the

same thing happens in the augmented matrix'

If rank Gn : P : P(n), ffo' "*urr 
de-

pendent, where rr, \s a Permutatio ." )

r- t-¡ are linear combinations of ron

GT',q,. ..,q,) with (c|" çt¡,'",cf,,,

(22) G"(p(:):(:Ï,;l)
e denoted G"(P) : G(rr1),'" ,rr@))'

allest, respective the largest eigenvalue

ing inequalities hold:

""(A,A)"' VY e Rn

I Àå'u"(G'a,U)., Vg € R'2

P roo f . \G nu, G,U) "- Àî"" \G.A, Ul " 
: (G"a' ù "- 

(\i"" G nU' U) " 
: ((G'"-

i.'Ëiiî""iîH'l'î",'il"Tiïi'åi1T*
iagC : (P(Àfi"), . . ., P(Àfu")).
atrix G2.- Àf""G,., is

cliag(Gfl - Àl""Gn): (Àri"(Àfi" - Àf"")','" 
', 
Àru()lu" - Àr*))'
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3. PROPERTIES OF THE SUM (rr,r)' +...+ (rn,r)", re .11,,t,f 
0
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associated to {r,r,rz € N*}, defined bY

(,t,'ù
(rz,rù

(rt,,r)
(rz,r")

(rtrr")
(rzrrn)

, n€N*,Gr.: G(rt,' '' ,rn) :

(rn, rr) (rn, rz) (rn, rn)

Consider in the beginning a fixed n

Let Cn : ("7, cT,, . . . , cft) and X, :

written as GrC[ - Xn.

The system (2.1) may be

(

€ N*
ry

(rn, r)

If we suppose that r"_(r), . . . 
? 
rr.(p) are linearly independent and, rr_1¡¡, k :

p+ r , n, are linear combinations of the r (p : p(n)) , the solution of the system
(2.1), considered in P2, may be written as

(3 1) ["ir,: Girl,¡x,(,t

l"T,@*r):'..:rT^6¡:0
where

/(2"^1r¡, r)\
(3.2) Cp@) : G(r,*(t),.. . ,r,*@)) and, Xr61 : I : I

Consider the expression

E(X") : cT(rt,r) + . . . t cft(r,,r) : CnX,.
In the case when ("7,...,cf1) is the solution (3.1) of the system (2.I), it

becomes the quadratic form

n (x rç,¡) : Cnxn : (Gitaxoçn¡, xp6¡) 
".

The eigenvalues of the matrix G;11¡ 
"te 

the inverse of the eigenvalues of
Gp(n), (which are positive numbers), so, taking into account PB, we shall have
that:

(3.3) E(xr6¡) : (G;rlrxr6¡,x,,çn¡)"= ffit xp,.'),xp@)).,
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n

k:t
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Àft"þ) being the smallest eigenvalue of the matrix Gp(n)'

Remark 1. Instead of the linearly independent elements Tr^(t),' ' ' ,rrn(p),

we may tahe other linearly independent elements :Lo*(-t)'"''ro*@) wtth øt'

f"r-.riution of {1, 2,..',ni, diffe'e"t fromr, Hence, the matrix Gp1"¡ is not

unique, so it is possible to frnd more values for Àfi"(p)' W" will choose the

largest of them.

CoNSBQUBNCES:
1-. Let (q, . ' . , cfi) bean arbitrary solution of the system (2'1)' According

to P4 we obtain:

: i(qþr,r) + ... + cft(r^,r)2)
k:t

: (G,CI, G,CT.) "l Àå'u"(G' cl, cl) 
"

: Àf'" t ciþi@¡,r) + c\(r¡,,12) t

THpoRptr,l 7. Let Fr, , IR" I R, Fn(h,...,tn) : (r _ lJ¡r¡r,, -
n,

k=L

Dilro), and, (c!,...,cn) an arbitrary solution of the system (P.1). Then
k:7

7o. If p: n, then min-FÌ,, : (r,rl - D,"h@n,r)

20 If p < n, then mintr], : (r,") - t cT_6¡(r,*ç*¡,r) : (r,*) -
k=l

n,

k:1

p

k:r
n

Ie=l

\cft(r¡, r)
\,("n,*)'

-l fi(r¡,r"))

Proof. 10. The necessary conditions for extremrt-. + : 0, lç : 13,
lead to the system (2.1). The Hessian matrix of the fu.rJt'ion f-,, is, at any
point, the Gram matrix G(rr,...,rn), which is strictly positive defined cf.
Pl. So, fl" will have a minimum attained at (ci,...,cn), the solution of the
system (2.1), namely:

(3.4)
k:1

n: Àr'"t +þn,r).
k:7

Remarlç 2' When p(n) : n' the above inequality can be immediately

obtained: from P3 it follows that
1

Àä** 
(x' ' xn) 

" 
1 (G;' Xn' xn) 

" 
: E(x") 

'

,.". i\"0, r)2 <Àf'" É ctþn, ù .

te:l k=7

2. Flom (3.3) we obtain:

\x,,xnl > (Xrçn¡,xoç*¡) > rftþ)ø(xp1,,;), i'e'

20. First we prove the following auxiliary results.

Lptr¿va 7. Let (rT.G),...,cf,.çr¡) be the solut,ion of the systern (2.2) and

. ,d,n) an arbitrary solut'ion of the system (2.1).

min4n : (r, r) - \ cfr (r*, r)

(,t'+,

Then \,lTþt,") : t cT_@)(r,^&), :x), i.e tlten ualue of the funct'ion
k:t

p

k:1
p

(3.b) ilrn,r)' >f@,^(n),r)2> lf''(p) f,"T^ur(r,-(t)'r)'
k=I k:7 k:l

where ("7,...,cft) is the solution of the system (2'1) defined by (3'1)'

Fn i,s the same at euery st,ationary po,int: (r,r) -\,"T*ø(rr^çn¡,r)
h-1.

Proof. For the sake of simplicity we omit the upper indices and we con-
sider that trt...)ï.p are linearly independent and 2o11, ...rtn are linear com-
binations of them:

n

4. PROPERTIES OF THE SUM Ðt^(",r), rQ'11' '10' (c1 '"''c')
soLUTroN or hÉe SYSTEM (2'1)

Supposeafixedn€N*andpdefinedatthebeginningofsection2'

rptj :l a¡w*, i :TJ, - p, with o¡¡ € R.
k:t

Then the solution of the system (2.2) can be written as (c1, ...,cp)

p



8 Daniela Cátinas 6 7 Determination of the FYame Bounds 9

The system (2.1) becomes n p n-p n-p p

n-p p
So,Dd,¿(r¿,r):t

"o -Dd"p¡¡a¡t (r¿,r) + t dp+jDa¡t,(rn,r) :
(q,r1)d4+ ... + (r1,rr)d'o: \:rt,"t) - I dp+iDo.¡n(u,r*) i,:1 i=l j:r j:t k:r

p
j:t k:r lct(r.i,rl.

i:t
Finally, the value of Fn at any stationary point is

p

(r,r) -D"?*W¡(r,^6¡,r). !
k:t

Lpuua 2. The stat'ionary points of Fn are points of minimum.

Proof. The function fl" is in fact a second order polynomial with n vari-
ables. Writing the Taylor formula at an arbitrary stationary point (ù, . . . , dr)
we get (taking into account the fact that the Hessian matrix of fì, is the Gram
matrix Grr);

Fn(tt,. . . ,tn) : Fn(dt,... ,dn)* i +( dt,.. . ,dn)(tn - d,ù +
í1: ott'

+ YTGn(q,. . .,rn)Y, Y : (h - ch,... ,tn - dn)r .

Since Y"G nY ) 0 (cf. P1-, the matrix G,, is positive defined), we obtain:

Fn(h,...,tn) ) Fn(d4,...,dn), V(úr,. ..,tn) € R',
i.e. (d1, . . . ,dr) is a point of minimum. n

The two lemmas show that the minimum value of fl" is

n-p p

(rr, r:)fi+ . . . + \rr, rp)dn : (rt, 
"o) - Ð dp+iDa¡*('p, rn)

j:7 k:I

n-p p

(nn,r1)c\+ ... + (rn,rr)d'r: (nt,rn) - Ddontl.o¡/*,,'rc)j:t k:r

Its general solution will be (dr,...,d,,), with d'o: ffi, i:7,p and d'p+t,

... ,d, arbitrary, the matrices A¿, 'i:7,P, being given by

A¿:

n-p p

\q,rtl .. .\r-r¿_ù (r,rt) - Ðdrn, Drai*\u,rn)

n-p p

(rp,rt) . . . (rp,r¿-) (r,rr) - D- dp+i .|,-a¡t(re,r*)j:r h:7

(r1,r¿¡) .'.(*t, "p)\il
I

(x)p, ri+t) . . . (rr, 
"r) /

p

We get
(*, *) - Ð {_frl(r,^@), r)

k:7
n p n-p A consequence of lemma 1 is the following equality:

la¡"þn,r) D oo@0,") + t d,r¡¿lrp¡r, rl : p

É
k:r

k:1 i:t i:L (4 1) \,"?.ra(r,*&),r) : "Tþx
x) )

: #oË,u"' A¿) ('¡, 
") . Ð-o*|Ð.,¡ n(r *' r)

If we split det A¿ after the column i we obtain:

lc=7

whence the stated affirmation 20.

Relations (4.1) and (3.5) imply
TL

det A¿

(q,"t)...\"t,*¿-tl (*,rt) (r1,r¿¡t\... (q,rp)

(rr,rr) ..'. (ro,r;t) (*,rp) (ro,,+t) "'('r,'p)

(4.2) l("r,*)2 > rf'"(p)\cfr(rn,r), Vn € N*.
le=I k:1

On the other hand,by P4 we obtain, using the same equalities as in the
consequence 1, section 2, that

n-p n-p n, n

lar¡¡a¡;detGr: "o -Dd,o¡¡a¡i l,l"r,r)2 > À;''" lcfr(r¡,r),
j:7 j:t

det Go (4.3)
k:1 k:t

VneN*
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where Àf -'" is the smallest positive eigenvarue of the matrix Gn

5. MAIN RESULT

co

THpoRprr¿ 2- Let {*n,n € N*} be a subset of the separabre rear Hilbert
space 71 and Gn the Gram matrices associated to sets {*t-,k: 1,.. .,n},n eN] 

^l/e denote bA À#i": -a*{Àå'i"(p), À;-i"} and, Àff"; t'h'e targest eigenualue
of G".

Let A : lim sup Àf;u" and B : lim inf Àf'".
n-+6) n-+oo

The followinq statements are true

From (4.2) and (4.3) it foilows that there exists n1(e) such that
nTL

(5.2) l,{"*,ù2 > (B - ,)D"Tþu,r), vn } n{e),
k=l k:L

yh:I" kT,;:.,cf;) is an arbitrary solution of (2.I). Consider now r¿: max
{n(r),a(r)}. Taking into account Theorem 1, we have F',(c!,...,"n) a
Fn(ri,. ..,ë") ( e, i.e. D"iþ*,r) ) (r,r) - e.

Consequentry, uy fs.å¡,
oonTL

I{r,, ù2 >f{"*, ù2 > @ - r)L,qþn,r) > (B- e)((r, r) - e)
n:I k:I Iç=l

B I Determination of the FYame Bounds 11

L. If A 1 æ, then \,1"r,*)2 < All"ll2, V r € ?!.
k=7

2. If span{rn, n € N*} : 'JL and, B } 0, then Bllrll2 1)|].þn, r)2 , yr €

?1. n:t
3. If A a -, | ).0 and Ða"T",, n e N*) :?1, then the set {rn, n €N*] /orrns a frame 'in ?4.

Proof. L. Let re 'líande)0. There,,existsn6(e) suchthatÀ1"<A+
e , Vn > ro(r). From (3.4) it foltows rhat f (rrk,r)2 1(A+ e)lciþ¡,r),
Vn ) ro(r), where 1"T,...,cft) is u., urfnlury solurion ot çZ!¡'. Take an
arbitrary n> ns(€). Since.Fl" (tr,...,tn) ) 0, Vlt1, ...,tn) € lRr, we have

(,,*) > f "Tþr,a >_ |-f,þu,,)r.
k:l n -' É,

Keeping the extreme sides ancl passing to limit we get

1-(r,r) ) -j- \-'- A+r?_
inequality which holds for every e ) 0.

So

Keeping only the inequality \,{*,, ")2 
> (B + e)((r, r) _ e), which holds

co

for every e ) 0, it follows

(5.3)

oo

n:7

oo

\1",,r¡2 > a¡lr¡¡2
n=l

(r*, r)' ,

3. The statement is an immediate consequence of the previous two affir_mations. tr

6. A' PARTICULAR CASE

In the separable real Hilbert space ?l we consider the orthonormal set
{pn,n € N*}. We construct the set {e,r,n e N*} in the following way:

et: altpt
ez:alrpt*orzzpz

(6 1)

ex : ar*tPt * ...I ar¡¡p¡

ek+L: a?fl*+t

€k+2: aStp*+t+... + aTzpn+z

e2k: a2ktp*+r+ ... + a2n*pzlc

(5.1) \,{"r,r)2 < Alrl2
co

k:1

2. Assume that the set {rn,n e N*} is closed in H, (sparr{ø_ãe X*} :'11), and let u € ?1, e ) 0. Then there áxists n(e) e N; ;"d ("Ð;;,l;
that F"(c!,. . ., "i) < e, Vn > 

"(e).
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or Eth: AtPllEt*': AzPt+r,..., where A^: (a\)¿:*,¡:r¡, El:
(q,. ... ,e+),1:., EI*t : ("t+r,...,e2k)7,. . . , Etk: (e¿, ,",,*n_'r)ä, ,ir" -urri-
ces P¿1, Pt*' ,. . . being defined in an analogous way.

The matrices A^ are triangular and we may assume they have different
dimensions. Relations (6.1) which define the set i"r, n € N-Ì may be written
in matrix form: .E - M. p, where E: (EIEflt...)r, f : çelffnt...)t,and M is a block cliagonal infinite matrix: ai""giU¡ :' (ArA2..'.): 

ñ ' t

Denoting by Gn the Gram matrix associated to the'brãck s Al, A2, . . . , An,
we get:

13

A1 - ÀI¡
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det(G,, - ÀIn.¡) : A2 - ÀI¡

|lr-ÀIrl'lAz-ÀInl
An - ÀI¡,

lA" - 
^rklIn this wa¡ the conditions ,4 < oo and B ) 0 are easily satisfied, taking

for instance matrices A^having the same real positive eigenvalues.
The coefficients af, must be taken such that.pu"{";" € N-}:71.

7. COMPARISON .\MITH EXISTING R,ESULTS

In [3] is given an equivalent condition under which a frame is a Riesz
basis of a separable Hilbert space and there are obtained (using a different

approach) formulas for the Riesz bounds: lim.,ro0;""f for the lower bound
B and liminfÀf* for the upper bound a."Ìffi.,g'Þ 4 ft can be proved that
(rf'')
Ë 

can be replaced by Àfi" (which is a better value) and, at the same
time, an optimal lower bound for the frame {r¿ : i : r,r} considered in [B].The conditions of closedness (condiiion 20 in Theorem 2) is imposed in [3] too.

The advantage of our resurts consists in the fact that the set 1"0 , i L x1
need not be linearly independent, as it was assumed in [3]. though, *u 

"orr-sidered here only real Hilbert spaces.
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