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ON A CLASS OF DIMSIMs METHODS

IULIAN COROIAN

Abstract. We provide conditions concerning the partitioned block matrix from the
Runge-Kutta methods in order to obtain methods of given order.

1. INTRODUCTION

The general linear methods for the numerical solutions of the initial value
problem

(1.1) v r a )

(1.2) a(ro) :,uo

withgiven f ,lo,b]xR ) R^,lJo: a, Ao € R*, introducedbyJ. C.
Butcher, [1], have been discussed by many authors, [1] [Z]. This type of nu-
merical methods includes, as particular cases, many known methods: linear
multistep methods, Runge-Kutta methods, predictor-corrector methods, etc. "

The general linear methods with s stages are defined by:

s r
(1.J) yl"+r] : hDa¿jÍ(rn t c¡h, y;"*t\ +D,"0¡y?); i: r,2,

j:t j:t

(1.4) al**'t: h t b¿¡ I @n t c¡h, y;"*'\ +f ,oi{t; ,i : r,2, ...,r,
j:t j=r

where n :0, I,2, ..., N - 1, h: (b - o)lN, tn: r0 I nh, fl:0,I,2,...,N.
The methods given by (1.3)-(1.4) can be represented as a partitioned

(s + r) x (s * r) matrix
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(1 .5)

with

A: (o¿¡); B: (b¿¡),U : (u¿j),V : (u¿¡).

If the matrix ,4. is strictly lower triangular, then the general linear meth-
ods (1.3)-(1.4) are called explicit and in opposite case, implicit. The diagonally
implicit multistage integration methods (DIMSiMs), investigated by Butcher
and Jackiewicz, l2], [3], have a matrix ,4 lower triangular, with a constant
value on the diagonal. This class of methods can be divided into four types,

[3], depending on the structure of the matrix ,4..

The vector. y.['*t], i :T], called internal stages of the method, give
approximations of order q (the stage order) for the solution of the problem

(1.1)-(1.2) at points rn + cih, i, : lJ, U["+t) cailed internal stages, give ap-
proximations of order p (the order of method), of the solution of the problem
(1.1)-(1.2) at the point z,r-,.1 : rnl h. We recall that the general linear meth-
ods (1.3)-(1.4) have the stage order q and the order p, if there exist vectors
ak: (o4k, (r2tt, ..., an*)T, lc :0,7r 2, ..., p, such that under the assumption

p

2. OR,DER CONDITIONS FOR A NEW CLASS OF DIMSIMs

First, we recall one result of Butcher, from [B], expressed by
TnpoRpn' 2'r' (Theorem s.1 from [sJ) The method, (1 s)-(1.Ð has or-rler p - q, i,f the matrices A, B, (J,'V sailify \

(2.1) e'" : zAe." I Uw + Oen+\,
(2'2) ez . ,u) : zBe., -f Vw + Oen+\,
wherec:(cttc2r...rcr)Tre.":(ectzr€"rrr..,re""r)T and,w:(wtrw2r..,)ur)
is the uector wi,th components

p

wi : Daikzk, i : I, 2, ..., r.
h:o

Now, we will extend the conclusion.of the theorem 5.1, [3], varid onry ifthe matrix [/ is the identity matrix, by the next theorem
TupoRpr¡ 2.2. The DIMSIM

tJ2
2
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(Ê Y,)

(2.3)

has the order p: q: r : s, i,f and, only if, the mo,tri,ces A, B, U, V satisfy(2.4) UV : Vu
and

(2.5) UB : Bo - AB1 - VBz +VA,
uhere Bo, Bt, 82 are matrices of ord,er s hauing respectiuely the erements

A
B

U
V )

(1.6) a:"1 :\a¿¡y&) @ò n* + o (he+r) ,

fr:0

one has

(1.7) Yol"l : y@n + c¿h) 1- o(hø+t¡, i : 1,2,

p

,s, (2.6) t9,: ü*"t e¡@)d'r , j

' 
)"oi r, r.r"'l- * ffi ,' ̂ '),

e¡ (r) :
(1 .B) ,ln+rl - \,a¡y(*) (rn + h) + Ogf+r¡

k:0
The matrix V determines the stability of the method (1.3)-(1.4). The

method is stable (or zero stable) if V is power bounded, i. e.

(1.9) sup lllz"ll < oo.

The aim of this paper is to highlight a class of DIMSIMs of the type 1,

with p : q: r : s, in section 2,by an extension of a result of J. C. Butcher
([3], Theorem 5.1). Also we derive a family of such stable methods depending
on two parameters, in section 3.

Proof. Using Theorem 2.I and (2.4), we obtain
(2.7) (Jw : (I - zA)e." + Oen+\,
(2.8) e"[Jw : z(JBe"" -f VUw I Oen+rS,
with 1- the identity matrix.

FÞom (2.2) and (2.8) we obtain

VUw : Ve'" - V Aze"" + OQv+I),

(1+ c¿)

ejkj) )

s

il @-"t)
k:I, kli
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(2.e) (U B - V A)2e"" : e'' e"" - A(ze"e"") - Ve"" 1- OQn+r¡ The proof follows immediately. In this case, the order condition (2.b) can
be written as the system

.,btt * 1bzt: J:1 t
2li +ù + t'

þún + (o + 13 - þt)bzt : ?? -', .

(3.4) 
I- t-LL ' \-" ' r '-"'o' 2(I+l)'
abn I þbzz: ==1-,2(1 + ì'
þtbn+(o+þ-þùbzz-2- * z(r+ù'

From the system (3.4) follows

For z:0, we see that the conclition Ve: e: (1' 1'

1b finish the proof, with (2'9) we follow exactly the

and obtain the conclusion (2'5)'

..., 1)T € -R', hold'
Butcher's Proof, [3],

!

Remarlç 2.1. The order condition (2.5) from Theor9m2.2, offers the pos-

sibility to construct a class of DiMSIMs of ãrder p, which includes the general

class found bY Butcher, [3], P' 356'

3. A FAMILY OF STABLE DIMSIMs OF ORDER 2

Inihefollowing,usingTheorem2'2',wewilld'eriveafamilyofstable
DIMSIMs wittr p : n -- '": ':2 of type 1' depending on two parameters'

f'o, this, we select thã matrices A, B, U, V of the form

btt :

br2:

bn

bz2 :

(2cr-rt)@-þù+p(I+j)
2(a-r p)(r + t)@ - þt) '

t@-þt)+(2a-3)BQ+1)
(3.5) 2(a + þ)(t +.y)(" - þt)(2a-I)a-fu(2a+1)

t:(0
\û, 3), B: (

bir bn
bzt bzz )

)

2(a+ p)Q+t)@- þt)'.tkr - þt) - (2a - 3)a(1 + 1)

(3.1)
2(a+ p)(1+t)@- þt)

U- utt u1.2

u2r u22 )
v- (

u I-u
u I-u

with a, B, 1 free parameters, subject to a I -þ, ^f + -1, a * h.
The remaining parameters a, B, 7 w1lfl, be obtained from the condition

satisfying (2.4), (2.5).

We take c: (cr,"r)' : (0,1)T and then the matrices Be' 81' B2 fuom

(2.5) are

(3.6) det M(z) :0.
Here, the stability matrix M(r), is given by

tlt_(r.z¡ Bo: [ 2
\0 i)'"': ( j, 'r)' u': ( i ;)

(3.7) M(r):V *zB(I - zA)-rU,
with .4, B from (3.1) and t/, lz from (3.3).

After a tedious computation one hasRemark 3.1. In order to apply Theorem 2'2we need matrices [/' V such

that
UV:VU (3.s)

where

detM a) : Nê+ 1), 
+ +(å * #) u,

If we take .'t 1

U: (
Dap

þt a+ þ - 0t
v 1 t'y 1 -tl N :2(a+ Þ) (1 +r) @_ þt),

¡/1
A : ; (1 - 2a- 3l), n : 

rNa(2a - 3),

¡¡z
C : --------- (0 - a)1 - a(2a - J))

2(1 *7)..

(3.3) 1^Y

I*l 7*l (3.e)

with o, þ, I I -1 real parameters, then (2'4) hold' and for o:0' P -- 0

follows that (J :,I, where -I is identity matrix'
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By substituting (3'9) in (3'8) we obtain

(3.10) detM Ø : i+ r) {(t - 
(zo- ¡)r) z i (2 - a)t' 

"}'
\Me see, that for a:2 and 7: 1 follows

det M (z) :0'

So, for o' : 2, .Y : l, with (3'5) we have obtained one family of DIMSIMs of

tyie 1 and oi order p : 2 : q depending on two parameters. This family is

characterized bY the matrices

[5] COROIAN, I., BÀ.RBOSU, D., on the general linear method,s for initial ualue problems,
Technical University Kosice, Slovakia, Matematica a jej aplikacie v technickych vedach,pp.20 24,7997.

[6] JACKIEwrcz,z', VERMIGLIO,R., General rinear method,s w,ith enternal stages ol dif-
ferent ord,er, BIT, 96, 4, pp. 688-71 2, 1996.

[7] JACKIEwrcz, z', VERMIGLIO, R., ZENNARO, M., variabre step size d,iagonalry ,im-
plicit multistage 'integrat,ion method,s for ord,inary d,ifferentiat eqiation, Appl. Numer.
Math., 16, pp. 343-367, 199b.

Received September 10, lggg
North Un,iuersity of Baia Mare

D epartment of M athemat,ics
and, Computer Science

Victoriei 76,

/800 Baia Mare Romania
E-mail: icoroian@univer. ubm, ro

5a-38 1

o: (0,
4(az - Uz,

3a-5P
a(L; þ)

(3. 11) 4(o2
r12
Ll2

_p2
112
r12

+(" - þ)

U- o¿

p

where a, þ € R, a * þ, o I -8, are free parameters'

Remarlc 3'2' Because ll7"ll : !, n € N*' the matrices (3'11) provide

stable methods.

Remarlc3.3'Ifweselectforparametersa,Bthevaluesa:1'É:0we
obtain the DIMSIM given by the matrices

,:(9 
3

u: (å Î

B
514
314
r12
L12

rl4
-rl4
1/2 \
u2)

(3.12)
,V:

This particular DIMSIM has been found by J. C. Butcher, [3], section 6, using

as matrix U line identitY matrix 1
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