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THE ACCELER,ATION OF THtr CONVtrRGENCE OF CERTAINAPPROXIMANT SEQUENCES OF THE SOLUTIONS OF' CERTAIN
EQUATIONS IN NORMED LINEAR SPACES

ADRIAN DIACONU

Abstract. we deverop some ideas from [2] and [3]: given a mappi.g between two Ìinearspaces' a co.responding equation ancl an iterative process for approxirnating a sol'tion of thisequation' rve studv some techniques of improving the convergence of the ite'ative process.This will be accornprished by considering another sequence, depe'ding on the first one, butwhich does not require adclitional essential operations. The irn¡rortance of our results isillustrated by a particular case.

solution of the equation: 
e an element r* € D which will be the

(1) Í @): ov.
In order to determine this element we will use (rr)rr.* C Ð approximantsequences. As the n rank term of this sequence is r,r, the error with which thisterm approximates the solution r* of the equation-i1) being llr* _ rnllr, wewish to make this error decrease as n increases, and, especiìry, being given anumber e ) 0 whicrr we cail the maximum admissibrå 

"rror, 
ìo determine thatrank n starting from which the inequality:

(2) 
ll*. _r,llx ( e

is verified.
Then we want the inequality (2) to ben e N that are as small as påssible. 'ñothirrg. valid for values of the number

that the determination of a new
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approximation z,rn1 is based on a recurrence relation according to the known
anterior approximations, such a cletermination will be called iteration step.
Thus, the accomplishing of the above mentioned desideratum means to reach
the maximum admissible error after as few iteration steps as possible, that
is to achieve a good convergence speed, a speed given by the notion of order
of an approximant sequence, this notion being introduced in [2], through the
following definition.

DprINtttox 7. Let us cons,ider the aboue elements, the number p € N
not null a'nd (rn),rux C D, an approrimant sequence of a solution of the
equati,on (1).

We say that the appror'irnant sequence (r",)rrex is of the order p if a, B ) 0
erist so that for anA n € N ue åø,ue..

The Acceleration of the Convergence

iii) ø, b ) 0 eri,st, so that for any n € N we haue:

a:a*L (btw¡n+r

Þ+t¡t

llr 
("". å 1iQ)(*,) (rn+, -"",')ll" ( , r/ @,)uT,

lll' @") (*n+, - "")ll < bllf @^)llv;
iv) the mapping Í'@o) € (X,y). is inuertible;
v) if ue note:

p0: lll ("0)llv , B0 : ll[f,f"rl-t]ll , n, : bL2Bfrps, M : B.et+2-zn+z 
,

2
25

and,

(3)

In paper [2] we have studied the implications of the quality of it being
an approximant sequence of the order p upon the existence of a solution r* of
the equation (1), upon establishing a convenient convergence speed towards
this solution ø* of the equation (1).

In paper [3] we have linked the above issue to obtaining results that are
similar to Kantorovich's theorem on Newton's method [4], [5] in which most
conditions are imposed upon the initial point ø¡, thus avoiding global condi-
tions which are hard to verify. We have also taken into account I. Päväloiu's
results [6], [7], where the concept of high convergency order is introduced
and we have completed them with the proof of the existence of the mapping
ff'@.)l-t f'or any n € N.

We mention that by (X,Y). we note the set of linear continuous mappings
defined on X, with values in Y, and for a number n € N, we note with (Xn, Y)*
the set of n-linear and continuous mappings defined on X', with values in Y.
We have the followirrg:

TupoRnu 2. Let us consider, besi,des the aboue elements, a natural num-
ber p, and, 6 ) 0; (nr)nrN ç D.

rf:
1) X is a Banach space and S(ro, 6) ç O, S(r0,6) representi,ng the baII

wi,th the centre rs o,nd, radi,us 6;
Ir) the function f : D -+ Y arlmi,ts Fréchet deriuat'iues up to the p order,

p i,ncluded, and, for ¡(n) : D -+ (Xr,Y)* , L > 0 erists, so that the foltowi,ng
i,nequality is ueri,f,ed for any r,y € D:

llrt'r (") - ¡@) rulll < L|, - alx;

the following inequalities are uerifi,ed,:

1rl¿o(ã,aipo1i,6>
then:

j) *n e ,s (zs, ô) , ïr, @,)l-, erists and, llþ, ø"1-r]ll a M for any
n €N;

jj) the equat'ion (1) ad,mi,ts a solution r* e S (*0,õ);
jjj) the sequence (rr,)rrex ,is an approrimant ì"qu"n"" of the p I I ord,er

of this solution of the equatlon (1);
jv) the followi,ng eualuations take place:

-* (ttr @òW , fill*,*, -,ar) < o"#r ll/ (,0) llg*r)" ,

ll*.-r*llx{Iwu?-
1 - (o ll/ ("0)11nn¡@+tY'

For the proof, see [3].
The result above is applied in particular approximation proceedings. By

taking p : 1 we will obtain:

coRor-laRv 3. Taking into account the d,ata g,iuen ,in Theorem 1,
1) X i,s a Banach space and, S(rs,6) a D;
11) the funct'ion f : D -+ Y ad,mits a Fréchet deriuat,iue of the fi,rst ord,er,

and the function f ' t D -+ (x,Y)* uerifies Li,pschitz's cond,,ition, meaning that
¿ > 0 erists so that for any r)A e D we haue:

llt' @) - Í' tu)ll < ¿ l, - al,;

ll/(2"+r)llv ( *llr@òll,v ;

llr. - r.llx < É ll/("")llv .

r
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1ä) the sequence ("r),.ex uerifi,es ilte equality:

f' @,) (*n+t - r,) t Í (r,) : 0v

foranyn€N;
iv) the mapping f 

, 
@o) e (X,y)* i,,s i,nuerti,ble;

v) the i,ni,tial Ttoint rs e D uerifies the inequalities:

ll tr' t",ll-' ll' ttr (,0)ly . #,,
o r'+ll tr, r".lJ -'lj' rrr ("0)ly ;

then

il ,n e S("0, 6), lf,@,)l-, e (y,X)* erists,

jl tr' l""ll-'ll 
= ll lr' r",ll-'ll "'

and:

for anyn € N; 
rxn.r: 

'n - lr' @')l-t I @')

jil the equat'ion (1) ad,mits a solution r* e S (*0,6);
jjj) the sequence (rrr),"ex is an aprori,mant ,àqu"r,r" of the second ord,er

of the solution r* of this equati,on;
jv) the follouing eualuat,ions take place:

-,* (ttr @òtv , fi M,*, - ,,1,) 
= (+)'"-' ,, @o)ní ;

llr* - *"llx <
MPo "{.,'ro)'
t - (LYo')

where , :ll[l'@o)]-'ll"' ,ra po: llf (ro)llv.

This corollary shows through the conclusion j) ihat in this case the result
refers to the method of Newton-Kantorovich, the recurrence formula of which
appears in this conclusion. Taking p : 2 we can obtain the following result
on Cebishev's method. We have:

coRor,r,ARv 4- using the data giuen in the preuious assertions, ,if:
i) X is a Banach space and, S(rs,6) C D;
ti) the functi'on f : D -+ y ad,mi,ts Fréchet d,e,iuatiues up to the order 2

included, and for f" ., 
D -+ (x,',y)* , L ) 0 erists so that for any r,y e D

the following i,nequali,ty i,s ueri,fi,ed,: 
'

llt" @) - r" @)ll < ¿ ll" - yllx;

äi) the sequence (rr)r.¡, together with an aurilzary sequence (gr)rreru,
uerifi,es the relat'ions :

Í, ("*) (r,+, - rn) * f @,) * ï,¡,, 
(r^) ar,: oy,

for anyn € N, 
l' (*') an -l 'f ('n) : ov'

iv) the mappi,ng f, @o) e (X,y)* is inuertible;
v) il ,we note:

po: llr ("0)lly , Bo: llir,r"rl] 
-'ll, 

"r: llÍ,, (r¡)ll + zô,

M : Boet/e, b : lLrMrpo, o, : iür^(ó+ r), e : a + tff;
the followi,ng inequali,ti,es a,re ueri,fied,:

,/-opo <I, #ffi< d < i("tÃ-rt"{,,)ll) ,

then:

il *n e s ("0, Ð, V, @òl-, e (x,y)* e,ists,llV, ø"ll-tll< m ,"a

rn*t : *n - lr' @,)l-' r @.) - ïfr, @òl-, 1,, (rn) {lr, @,))-, Í (*ò}'
foranyn€NI,.

jj) the equat'ion (1) admits a solution r* € 
^g 

(10,6);
jjil the sequence (rr,),,ex 'is an approrimant ,"q,uán"" of the third ord,er

of this solution;
jv) the followi,ng eualuations take place:

/., . 1 \ 3u-r-a" (ll/ @òllv , fullr"+, - ,"11, ) ( o? ll/ ("0)1131 ,

'# |r @o)|ïllr- - r"ll¡ (
t - (" ¡/ ("0) ¡?)'"'

foranyn€N.
The main problêm we are raising and for which we are looking for a

solution in ihe present paper is the following: How can we infl.uence the con-
struction of a sequence (rrr)ru^ using an additional sequence (yr,)r,ux, so that
the order of the approximant sequence (yrr),rex wilr giow ."¡.tuäìiäuy, and
we will need far fewer operations in order to oÈiain yn frorn rn than to àbtain
Inll,
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so, taking the data from the beginning of this paper together with the

natural number p, we will consider the sequences (z,r)na¡ and (g,r)rrary, so that
the following relations will be verified for any n € N:

Í' (r,) (r,+t - vò * f (y") : 0v {rr'@,)l-' Í (*,)}'
which we call the Tlaub-Cebishev method.

In what the convergence of the sequences (rr,)rr.^ and (yn),,r¡, which
verify the relations (4), is concerned, we have the following:

THpoRplr,l 5. Let (X, ll.llx), (y, ll lly) be two normed l'inear spo,ces, D ç X,
f , D ) Y, (rr,)r.x, (yr)rreN, uerifging the relat'iont (4), p € N, not null,
d > 0, M > 0. If the following conditi,ons are fulfilled:

i) (X,ll.llx) ¿r a Banach space;

ir) for o,nA lx e D, ¡(n) @) e (Xn,Y)* eri,sts and represents the Fréchet
deriuatiue of the ord,er p, and, ¡(n) : D -+ (Xe,Y)* ueri,fies Li,pschi,tz's cond,'i-

tion, meaning L > 0 erists so that for any r,U € D we will haue:

llrr"r 
(") - ¡@) tulll < Ltt* -attx;

iii) a, b )- 0 erist so that for any n € N the relat'ions (4) are uerifi,ed;
iv) the mappi,ng l'@o) e (X,Y)* is i,nuertible;
v) the 'inclusion S (ro, 6) ç n tukes place;
v7) considering Lr¡1 : L, we 'introduce the sequence of constants

Lo, Lt, ...Lr, L,p¡1, so that for any i € {0, 1, ..., p} we will haue:

(10) r,r : 
ll¡ø) 

("')ll" t L¿a6;

vii) z/ we note:

po : lll (,0)lly , ô0 : ll/ (go)lly , Bo : Illt't"o)l-t ll 
,

aLoM2(u*g4\
\" 2 )'

KB?pnwherei e {I,2};
the following inequali,ties are uerifi,ed:

4Aú*' 17, hs <f,, d >
MoÅ*t
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where

(e)

(12)

then

zn: rn - lf' (

-!v'@^)r-' r" @,)

,n)l-r I @ò -

(4)

f ' @,) (r,+t - "")ll ( blll @")llv

If, for ar.y n € N, [,f' ("r))-'exists, we can obtain from the first relation

from (4):

(5) rn*r : a, - lf' @,))-' f fu,) ,

and. we observe that if for any n € N we choose An : In¡ we re-encounter

Newton-Kantorovich's method.
It is possible for an operator Q , X -+ X to exist so that, for any rz € N,

Ur: Q (rn), in which case the relation (5) becomes:

(6) rn*t : Q @ò - lÍ' (r,))-' f @ @,)) .

If Q : I y, the identical operator of the space X, we re-encounter Newton-

Kantorovich's method, and if for r € D we have:

e@):*-lf, (")]-t l@),

operator that we will call the operator attached to the function /, we obtain

the method:

rnir : r, - Íf ' @^)l-' Í (",) -(7) 
-U, @,)l-' , (*, - lf 

, (*^))-, f (**)) ,

method studied by J. F. Tlaub [7], and which will consequently bear this

name.
It is clear that, if the Fréchet derivative of the second order of the mapping

/ for any :x e D exists, we can consider:

e@):,- lr'(,)l-' r @)-trlr'øll-'r" @) {[r'r,l] 
-'¡ (*)\"

obtaining the method:

(8)
rntr : rn - lf' @,)l-t f @ò -

|v' @*)l-' Í" (*n) {lÍ' {,,)l-' r @*)\' - lr' (,,)l-' I Q,) ,

I @,) + i j¡ro @n) (an - ,,) ll .,tr@òtî+'
llv

+
2Mbps

7 - A¿+t'')Afo*
p+7

1- h1

hs

1

ht
h"

'- (#)'.

+
-86 exp {M;
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,ì fo, anA n € N, ø, €,9(r¡, 6),lf,@,)l-t erists and,:

rn*1 : a, - lf' @,))-' f @^)
ji) the sequences (r",)r,,ex and (An)n..N are conuergent and, haue the same

li,mit;
jjil ,,f r* : limrr_+ ætn: limrr_1* yn, then f @-) :0vi
jv) for any n € N, tåe foilowing inequatiti,às toke phiá,

llrn+t _ r,llx * ,li?n*r)@+z)" *
+ bA-'É- (o# or)rn+2)"1;

llr"- y"llx ( bMA-

llr @òll" ( 1-

llr @òll" < ;

We will show that for any n € N U {0}, the following are true:
i) r, €,S (r¡, d) ;

ä) [ft(r,)]-, e (x,y)* exisrs, ."a 
lltf, @,)l-rll * r",

iii) ll/ @,)llv ( f,, : A-,+f (o# 
^)(n+z¡" 

.

iv) hn¡1 ( min 
{+,n,(#)r.',"},

v) Bo < B,,-{M;
ui) an e 

^9 
(16, d) ;

vii) ll/ (aòllv ( d,, :
We will use the metho

a
Ã
d

Proof. Let be the sequences: (pr,),rux, (dr)rrex, (Brr),rex, (å,rr)r.*, so
that:

po : llf ("0)llv , ô0 : llÍ fuo)llv , Bo: 
lltr,t"o)]_rll ,

and for any n € N:

(14) Af,*'
Bn

(oú*')@+z¡" .

of mathematical induction.
From the hypotheses of the theorem, with the notations we have intro-

duced, we deduce that i), ii), iii), v) are evidently true for n:0.
In what iv) is concerned, we notice that:

ht : K B? p, : g --$-Artnt : A-_ ho-. 
¿ rt .i'¡ - 

(1 _ho)2--ru -0_hù,

thn
From hs ( , we deduce rhar 

dfu. ( 2, so hr < 2Aú+t. As

po { ØA)-# *" deduce that Ap[tt * 1 and rhus ,, * å trvidenrry

ht: ho(#) : o' (#) 
Ø+z)o 

,so iv) is true ror n:0.
For vi), taking into account the existence of the mapping [/,(rs)]-1, we

have

llao - ,ollx: 
ll tt' (ro)]-' r' @o) (uo - "o¡ll, ç

. litt'(,0)l-'ll llr'r",1 @o - *o)ll" ( ¡oó llr @ùlly : Boópo (
{ Mbpo < ,u, _lF < ¿,

- .fllro

so !s € 
^9 

(øe, d).
Finally, for vii) we will have:

llr.-r"ll;{M a
A

b*,
Ae+r 1

f;

'- (oÅ*')
1 r (r+z¡"

o+' Po )

(oÅ*'

(a+z¡"

@+z¡*

@+t'¡ç,
I

I

A

(oa.')
Aú*')

(n+z¡"

(p+tllr.-y"lly{M

2b*-,
Ar+, t - (ot'*')

PnlT:
Bn+7

7-hn

+
1-

(o# oo

a
A

hn: KBlpn
6n: ol4r*'

@+z¡ollf fuùlh' : do : oP\*' :
So i)-vii) are all true for n:0.
Let us now suppose that they are true for a,'y n ( k, aiming to demon-

strate them for n: lc * 1. So:

AÅ*
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k

n=0

So:

(15) llrn+t - r"ll

From here:

and likewise

So:

so uk+1 € ^9(rs,ô)

10 1132

and

but

The Acceleration of the Convergence tt

i) for any n ( k 'ù/e have:

ll*n+r. - r*llx ( llr,,+r - v"ll x + lla" - r"llx

llrn+t - a,llx < ll[r't""1]-'ll llt' (*n) (,n+r- s')lly <

< B, ll/ (aòllv { Bnõn < Mî(oç.')(p-t2)" ,

lla* - *,llx. 
ll tt' (")l-'ll ttt' @,) @,- "')11,, 

(

{ bB,Pn < bM A_*'' (o#rr) 
(p-t2)"

ii) Let Hk : [f' @*))-' U, @*) - f, @x+t)) : rx _ [f, @n)]-t Í, @o+r)
SO

f, @*+ù : l, (r*) (Ix _ Hn)
and thus:

llø*ll < lll/ r"*lt-'ll ru' @t) -/,("r+r)ll (
{ B*Lzll**+, - **ll* { BnLzllr*+,, - anll* + lla* - "rllx ({ B*Lz(bnllf fuùllv }- B¡bllÍ @ùllv) : L2(bõk i 

",6¡) 
Bl:

: Lz (b + o,6f) Blpo.

As p*: A-#- (o# oo)'o*"r and A# oo< 1 we deduce rhar
^ .__L

/i<A P+1,so:

ll¡¡¿ll < L, (u + dA-#T) Blpr: KBlpr: nu {},
from where we deduce that (I¡ - nù-, e (X,X)* exists and:

llrt- ttn)-'ll 'i-fu'J"
tr'rom the existence of the mapping Ll, @ùl-' we deduce the existence of

the mappin g lÍ' (rn+t)]-' and:

lf' @*+r))-t : (I* - nr)-' ff' @r))-'
with:

ll lr'{"*n,ll-'ll . llr" - nr)-'ll 
ll fr'r"*)l-'ll <

x { Mli?n.'¡@+zt" +bA-+'. (o# 
^)@+'zYf

ll*t +t -rollx ( ! ll""*t - r'llx (

< mft\(oor-¡@+z)" + MbA-#þ^Ø* ro)(o+')'

As Afo+I( 1 and 
"o 

A# po ( 1 we will have:

k 
,(r+z)¿ - A# Å*'\(e^0,) .ffin:0

ll**+r-rollx < M oÅ*'-=, *!4n <6,
t-(l¿+t)n+t r-Af+l i"7

B*
1- hr

_l)
- Dk+l

So ii) is true.
iii) We have:

lll @*+ùll" : ll/ @*ù - r @ù - r,@ù (,*+,. - s*)ll" <

< ll/ ("*+r) - Í fun) - f' fux) (*t+,, - ut)ll" +

+ ll(f' fu*) - f ' @n)) (r*+,. - s*)ll" <

< "] llrr*, - aull', + Lzllan - *nllx . ll**r- s¡llx (

aLz Bîfr*'< r', (|aîofi + uaflp¡*) 
=

(|t- * u¡
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v) FYom Bk+t: :+ we dedu

As o < o* < å, 
;;ft rhe racr

into account the hypothesis of the ind
Evidently:

Bk+t: Bs
1- ho) (1- hù (1- h*)

and

7 *f'.#å k+t

( 1-ho)(1_ht) (1- hn)

p+2

for any i < k. From here we de_

the same relation, for i : 1 we have:

ugh the induction we will thus deduce

that h¿( åo for any i ( k +t,r" + * Jr, ro,

1

f'.øtuïrø;^]
k+t

_ ho) ,-ht) ..(r - h*)

Also

k k¡

Ð-0,(äo* "P-e)
@+z¡t-t

Doo : hot
i=0

h1

1+ ho

, - (h)'.'
and so:

+fo''th
h1 1- år\P+

t^)
1,

h,tr -__:'hn

'-(h)*
1+

34 Adrian Diaconu I2

A" A#-po <
Bn { M we deduce that:

llU (,r+')lllv ( arz (, . +) M'fr*' : Pk+t.

From here: 
A# po*,.: (o# r^)o*'

and from the hypothesis of the induction we deduce that:

r / r r(p+2)ß+r
ll/ ("*+t)llv ( P¡+r < '4-t+1 lAÑ Po)

iv) We have:

h*+r : KB?+rp*+r: 
"énr)Afr*' 

:

:A h¡
fr*t < 2Afr*t 

", 
(ofo*'¡(n+zlh(1- hn)

and as po ( (aÁ)-# *" have Afi+' a 1, so h¡-¡1 a , (i)
@+z¡n

rso
1

h*+t { i
Also

hk+t: o (r+trf--
and, as Bx 2 Bo, we deduce that:

A
h* hl*t

(I - hù' KP+rB2(P+r)'

A 7 
=h!+' a 4A 

,, ho,r*'.h*+r ( 
@qyr O_hgh;'" 

< 
Qrcr¡nr

From the hypotheses we have 4r4. ( 1 1

ppor+ 
so ht+r ( 

øBSpæ¡
* 

Ta (#)'. and from the hypothesis of the induction we have

hoo*',

h1
(p+z)k

hr+r ( l¿o
ho

SO:

hr+ ( -'" 
{ }," (H)

(prz)h
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That conditio" # 
( 1 that rises gives so

ht KB?pr-( 1\
KBñ \ \1-no/

2 llf @x+t)llv <

+ll
il

hs

So we have:

Afo*t <4AÅ+r <7.

h1 ,¡t hr*n^
p+r

1-
Bt+r ( Bo

11r-'' It+I
hs and so llÍ (a*+ùllv < ôr+r.

From the previous relations, using the principle of mathematical induc_tion i)-vii) proved to be true for any n e X.
From here we will show that (rr,)r,ex is fundamental. Indeed:

ll*n+^ - r,llx t"*î' lr¿+t - *oll, S

= 
* li"*l' ?n.')@+2Y 

-\ 
"tË:' (o# 

^){n+z)"1Evidently:

"*ä' (oa.t)@+z¡t - ?a.')Ø+2Y 
*L 

Øa*t)(p+z)"+i-(p+2)- .

(
h1

p+

1-
ho

t- ht p*r 
h,.r ---1'hn( B¡ exP

h,s M
1- ht

t,
So we have: -86 ( Br+r ( M.
vi) Just like for n : lc we have

ak+r - rk+t x { B*+þpn+t { bMA-# (o# 
^)(p+2)h+' 

.
(n+z¡"

. (Aú*,)(n+zY 
--t 

l{oA.r)@+t){n+z¡",,i 
. (ofo*'

1- (o¿.')
(p+t

SO
and likewise

lly*+t -rollx ( llvx rt - rn+llx-| llrr+r - rr - mott 
---*- rollx ' =¡nr*t''*

nlm-L
(n+z¡' A

1

o*t Po

(n+z¡"r (o# 
^) r - (A,n po)('+2:TL

2Mbps

7 - AÅ*t
So:

+ -d,
Aú*' (n+z¡"

thus: y¿at € ^9(rs,ô).
vii) As we know that r*+tt Un+t e S (ro, 6) we can deduce the inequality

rn*m-*"llx<M a
A n +

I @n+t) - I @n+t) - älr"' (,t+t) (a*+, - rn+t)i
(16)

b (oú*'

- rk+1lTi' < t@r;i'lii'

< LW;ll/ (,*+,)ll?+',

Y + 1

Ar+rLI 
1o * t¡ llut+r ll/ ("r+r)ll?*' < (e4+r¡ø+z'

.As Af-o+r < l, we deduce that the rimit of the right side of the previ-ous inequality in 0, showing the fact that the ."q.,urr"."1rr)",eN ìs a Cauchy
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sequence in the Banach space X, so this sequence is convergent and r* e X
exists so that r* : limn-+æ rn.

If in the relation (16) we now make rn -+ æ and then we consider the
. , (pl2)n (nt)\n-r

fact that (Ot*t) 
p+l . (of*.t)*'-' , we will obtain the fiIth of the

relations (13) of the conclusion.
Now we put n, : 0 into this inequality, thus obtaining

ll". - rllx < MoÅ*t MbPo

t7 The Acceleration of the Convergence 39

Clearly, if fft(r*)]-1 exists for any n € N, ihis condition being fulfilled if
the conditions of the theorem 5 are verifi.ed, then the relations (17) will give:

( yn::xn_lf,@òlf @ò,
(1S) 1 ,n+, : rn lf ' @òl I @ò -

[ - tr' @,)]-t r @, - v' @^)l r @ò) ,

so in this case the iterative method (17) is reduced to the iterative method
(7)

For the method generated by the relations (17) we will show that the
hypotheses of the theorem 5 are verified for p : 1. So, if we suppose that the
Fréchet derivative of the first order exists in any point of the set D that the
constant L>0 exists and has the property that for any r,A e D we have:

llr' (") - t' @)ll < ¿ ll" - all

and that the mapping [/'("0)]-i is invertible, we notice that the relations (4)
are verified for a:0 and b:7.

If we calculate the constants for this particular case we will have:

l"l JTpù3"
(1e )

+ (ô,
(aq*'¡o*' 1- AÅ*

and so r* €,5(ro,ô)
As

[;

. , (p*2)n

, 2b (oÅ*') 
p+l

-Ãr-ç,*y+*

0 < ll/ (r,)llv 1 pn: O-* (
1

Ao+, po
(p*2)"

and the limit of the expression on the right is 0, so lim,,-1- ll/ (r")llv : 0,

from where f @.) - 0y.
FYom:

lly, - *,llx < b M A- 'r1 (oh oo)'o*""

we evidently deduce that limrr--¡* (An - *") : 0 x , so lim,r--¡* yn : limna,x x)n :
-.tr 

.

If we take:

ll*,+* - a"llx S llrn+^ - r"ll x + ll*" - a"llx 4ll*n+* - r"llx <

relations which show that the order of convergence of this method is 3, the
same as the one of the method the convergence of which is given by Corollary
4, but presenting the advantage that in this case the calculations are much
simpler.

We can still improve the convergence speed through the method by which
the trio of sequences (r") .x , (y",)rr.s, (r,r)rex Ç X verifies the relations:

( f'@")zntf (*n):ov,
(20) \ l, @") (an - *n) + r @ò + +1,, @,) *": oY,

I f'@") (r,+t - v") * f (an) : ov-

If the hypotheses of the theorem 5 are fulfill"d [/'(rr)]-t exists for any
n € N and thus the recurrence relations from (20) become:

llr @")
a A

llr"+l. - ""ll rlM
A

(tp3) + bA-+ (,qpùt"f ,

(oÅ*'

(t¿*'¡<o*'

(pl-2)"

<M

we now make m -+ oo here, and we will obtain the last of the inequalities (13)

of the conclusion.
So the theorem has been proven.
We will illustrate the importance of the previous theorem through appli-

cations for the case of particular iterative proceedings.
Let us consider the pair of sequences (ø",)rex , (yrr)rrex Ç X that verify

the relations:

(17) f' @") (vn - ,^) + f @ò : oY,

f' @") (rn+t - aò + I (v") : ov

zn:-lf'@,)]-'l(",)
an: rn - v' @,))-' r @,) - TI¡'(",)l-t l" @ò t2
rntT : rn - îf' @,)l-' f @ò - Lf,¡' (",)l-t f" @,) r2n-

- V' @,)l-' r @^)

(2r)

So we are facing the case of the method (B).

We will show that P :2 is the number for which the hypotheses of the
theorem 5 are verified in the case of the method (21).
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The relations o)-g) are true if for o : a+L
(bM)t

6
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We suppose that the F!échet derivative up to the second order, including
it, exists on any point r € D and that the conitant L > 0 for which:

lll" {") - f" @)ll < ¿ ll" - ull,
is valid for any r,U € D also exists.

we keep in mind the fact that, unlike the method in corollary 4, in the
method (21) the role of y,, is taken by zn; so, for a given rn,therol" åf ,rr*,
is taken by an. According to the results from the proof oi the theorem 4 in
paper [3], we conclude that the following are true for any n € N.

a) rn e ,S (26, ô)

Ð V,@^)l-' € (y,x)*.exisrs.1 
lltf, @,)l-rll a u",

Ò lll @")llv < p, 
=;5 (oioo)" ,

d) h, <-," {i, j r,ioa^"} , *r,u 1

e) Bo < u, ¿ ;fi ""o' 'f 
' wnere P : Tú'

f ) ,llf ' @ò (a* - ,òllv < bllf @òW;
,, 

llt 
@.) + r' @.) (an - ,n) * ïr,, @,) @, - "^,j|1, t ollt @òllî .

Here the sequences (p,r),rex, (Br)r,ex , (å",)rrex have the significations
from the theorem 5 wirh p : J, so if we consider M0 : 

f itf, {",)]-r ll "æ ,"0we proceed just as in the demonstration of the theorerå 4, from (ä) we will
deduce:

ö : 1 * *tr*&oo, ": jrlu!(ó + 1) .

the relations (20) are given by the recurrence relations (21), they converge
towards a solution z* of the equation (1) and for any n € N the following
inequalities are verified:

* (" + bA?)
llrn+t - r"llx

llr" - a"llx <

llt @òllv 3

llf (aòllv <

ll*. - *"llx <

(n'aå)

(oo'tà)n" ,

4n

A
bM

A+

PoA

4n

I 4n

A

Poo A+

1

4n
(22)

(ooat'a + uaï)
A

M(
A r - (tp\

(n'aå)

n,

and h¿ : K B? p¿ with i € {1, 2} the following inequalities

ll"- - y"llx s
, (" + bA?)

A r - (tpl)n'
These relations show that the order of the method we have studied is 4,

so we have obtained an acceleration of the convergency speed.
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LzM2A:a b+ dp2o

)2

K:Lz(o*4
\1ã

are verified:

4Apl<r, h<

-86 exp

1 å> MopS 
-2Mbpo2' -1_(tpg)t' 1-AoB

, - (H)" *"H . ,.
'- (#)

so we notice that the hypotheses of the theorem 5 are verifie d for p :2
3T9 

*\ff according to the same ther rem, it results that, for any n € N,
LI'@")l ' exists and thus the sequences (z,r)rr.* and. (y)n.^ which verify


