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At¡stract. The theory of singular integral equations and boundary ploblems for ana-

lytic functions with piecewise Hölder and piecewise continuous coefficients along Lyapunov

curves has been developed rather completely. Many rvorks are devoted to this theme, among

which we mention only fundamental ones [1 6]. Further the theory of singular integral

equations and boundary problems deveìoped intensively in such directions as, for example,

wàakening conditions on the class offunctions under consideration [7-8], on the coefficients

of equations and boundary problerns [9-11], the extension of admissible curves [12-16], the

study of singular equations which do not satisfy the condition of Hausdorff normal solvability

[12], of ringitul. intlgral equations with non-diagonal singularities (with shift) [18-25], etc'

The present work is a survey of problems and results reìated to the influence of corner

points of integration contour on various properties of singular operators' The main atten-

tion is paid to properties obtained by the author and which differ from the corresponding

properties in the case of a Lyapunov contour. Note that the case of an rrnlimited contour

has been considered in the author's work [26]

1.. ON THE E,SSENTIAL NORM OF SINGULAR OPERATORS

TnpORpvi 1.7. Letl be a p'iecewise Lgapunou contour with a fi,ni,te num-

ber of selfi,ntersect'ion po'ints, tt, tz, ..', tn be soïne po'ints on l, 0t, þ2, "',
Bn be real nurnbers and

TL

(1.1) p(t):\lt-trl7o
k:1

The operator

(1.2) (srp) Ø: * I*u" (r e r)
I
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if 2._(p(oo,
if 1<p(2.

, a series of works appeared where the

2 3 of Operators
i,s bounded, i,n the space Lr(l,p) il and, o,nly if the numbers B¡ (k : I,2, ..., n)sati,sfy the conditions -I < þn <p-I (k-:'L, ..., n). 

- r

The sufficient part of this assertion_is proved for a Lyapunov contour in
[5], for a piecewise Lyapunov contour in lt2j, t:. | :i:;il; ,r, [22] an<i foran arbitrary unbounded contour in [2S] (see also fZg]). 

- -7'

In [Z] it was shown rhat rhe "or- i¡So¡¡o in thl siu"e Lr(fo) (fo : {t: lt!: 1Ì) for p:2n and p:2" (2" - 1)-t is equal to u (p), where

59

u(p):

After this result has been obtained
norms of singular operators in various spaces were evaluated and calculated.In [30] the norm of the operator

2tr

(cç)(t): * I çtu)ctanÇdy
0

äiì ll.o. " (p) (i" rhe space Lo@,2r)).
(p) for arry p € (1, oo).

,i :i: :ï.î:l'.ïä,* :*:i
nd ([31] p. BB) ir is proved rhar

."ïiÏl"f ,åïi"rff :ffi åïii:;"å:
x(0,p - 2), then

llSollo,p-to¡o : llso ll, .

The series of investigation was completed in [82].For the first time the case of cont
in [14] and the case of contour with sel

Let lo have one corner point wit
ctan? (o) 12, lP.]z : le.lz : (sind (a))

(1.3) ctano(a):1 I t1-v\af2
å -Rtt, ll' 

n "r (H) "'" 
- (r- ", (H)"''l

In particula, lS,¡, lr: \f and. lSy¡2lr: Ø.

Tnpo*pr¿ r.2. Letr be a piecew,ise Lyapunou contour with corner points
tt, ..., tn and, p(t) : .ff V - ü,lp* Ft < l3t, < t), then

k=I

lSr l¿r(r,r) : r€Ë, lS o*l zrlr.o,ltlp h) .

"' ,&ä (ot, "., an) : ako. IÍ o,r,o:7, then

lsrl¿,(r,p) : räT, "¡unn!11ol-.

tf p(t):7, then lsrl¿r(r) : "¡un9(on) . For the operators py and, e¡
the equatities lpyl_: lell : (ls"l, + t) tztsrl

In the space Lp (l) the estimates

if P :2"
.#!, ir2n <p 12'+t' 

)

where t: (2"+t - p) lp, are ualid,.

consider the case when r has selfintersection points. To formulate oneresult we introduce some notations, which will be àho used further. Let rbe a composite contour consistin g of m simple piecewise Lyapunov closed
curves .yrt...t 7^, which have a point ú6 in common, p(t): f\¡t_¿r¡A*

k=0(-t <, Þn 1p- t), of., : p(r+ þù-r (k:0, r, ..., n), hn¡1 : p, E*:
max (å,¿, hn (h*- 1)-t), (k :0, 1, ..., n r r)and å : max (ã1, Èr, 

-...', 

E,*r)".
TnpoRpvr I.J. For the essential norm of operators pr, er and, Sy i,n thespace L, (1, p) the foilowing estimates are true:

(r.4) lll,rt lQrlrr,) max(Gi""/h)-r , ("inn¡*lr-r)-t) 
,

lsrlro ) max (ctantr/2h, ctantr/2mùs).

These estimates are in concordance with the corresponding results from
[32] and embrace all the cases of bourdedners of op"räto, sr in Lo(r,p).Remark that for one class of contours the above estimates are exact. so, if thetangents to I at selfintersection points are perpendicular and, p(¿) : í, the;in (1.a) the equality sign takes place.

Let I be a simple closed piecewise Lyapunov contour which bounds adomain gi, - be Riemann funcìion -rppil;eil*;"cÈ: {z : lzl< 1} andtr, ..., ú,, be all the corner points of conlour i *itt urrglJs o*ì 1o a "* 
( ij.-

{
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(1.5)

is cornpact in the space Lp (1, p) , i,f anrl, only if f or : ,.
h:T

THpoRpn¿ r.5. The operator sf acting in the space Lo (r,pt-o) has the
form
(1.6) Si: -VhSVht,
where (Vç)(t): p(t) and, h ,is a piecewi,se Höld,er funct,ion onl.

THpoRpu r.6. Tlte operator si -,s" 'is compact on the space L2(f) ,r
L

and only i,f I a¡r: l.
k:7

2. FACTORIZATION. NOETHER THEOR,EMS

:Li^q, ò :.PrLi (r,p) ; - Li Q, ò : erLi (r, p) + C
Let f be a closed composite piecewise Lyapunov contour which bounds

a domain Gi. gy G! we denote the domain .hi"h complementr c¡ u i t"
the full plane. Assume that 0 e G¡ and oo € Gi. Let B^x^ be the set of
square matrices of order rn with elements from E; py : 

116¿¡ (1 + .9¡) l2lli¡=r,
Qr:I-Pr;+Li (l,p) : PrLi (f,p);

- Li F, ò : QrLi (f , p) + C (C is the set of complex numbers) .

1". class Facffi(l). The generalized facto,ization of a mat,ir a(e G
LA** Q)) wi,th respect to contourr in the space Lff (l,p) is def,ned, (see [sl],
ft1, [35]) its representation i,n the form
(2.1) a: a-Da¡,
where p : ll6¡n (t - zo)"i llT, j,¿ ( 1, zo a Gi; Kj are,integers (o, ) oz > ... >
n*), and the factors a+ satisfy the following cond,,itions:

i) .a- e -Li"^_(|.,p)., a+ e +LTxrn (1,pl-q), o-r e -Lrnxrn (r,pr-o)
and, aJr e + LT'^ Q, ò; (p-' + q-L : r);

i,i,) the operator ajrPya¡I is bound,ed, in the space Lff (l,p).
The set of all matrix-functions a (e GLT"* (f)) admitting generarized

raúorization with respect to contour f in the space Lffx^ (f , p) will be de_
noted by Facffi(l).

2". Class Nryp\). We regard measurable essent'ially bounded matrir-
funct'ions a(t) as belongi,ng to the Noether class (d,enoted by Facffi(l)), i,f the
operator A: aPr * Qr i,s Noetherian.

THpoRprr¿ 2.1. (see [54]). NtipF): FacWQ).

3o. The connection between Factffi (f) and Factff (l)
Let h be a function from Factff (f) such that

h: h_ .h+.

Denote Et : LT (f) and F,:LT (f , plt *l-'), (1 < p < oo).

THponplr¡ 2.2. There erist inuers'íble operators B : tsz -+ E1 and, C :

Et -+ 82 such that Jor any pair of matrir-functions a,b e LA** Q) the
equality

(2.2) B(aPy +bQr) C:haPr+bQr
holds.

The proof is contained in [36].

CoRolr,aRy 2.L The operator A : aPr -lbQr (a,b e LA*^ (f )) zs l/oe-
therian i,n the space Lff (f,ln*l-o) if and, only i,f the operator An: haP*ber
possesses the same property i,n the space LI (l). Then dimker Alri(r,ln*l-o) :
dimker Anlryy) ¿nd dimker A*l"T(r,ln*¡-n(r-e)) : dimker Ail"yg¡

CoRor-r,¡.ny 2.2. a eFacffiln*¡_o (f) ç alù eFacffi(l).

Show (see [37-38]), that Theorerrr2.2 permits to reduce the investigation

of the operator A: aPr-lbQr in the space p(¿) : frV-fu1Þn ,o rU""
k:t

investigation of some singular operator in the space Lff (f) (without weight).
For simplicity we assume that f consists of ¡u closed curves 11, ..., f, having
a point ú6 in common and

p(t):ú,r- t*lþ.,(-1 < þn<p- t).
Æ:0

Denote by l¿, (1 ( ¿* ( z) the curve containing point ú¿ and set

h¡,(t) : { A- "ù-+ for tet¿r,
I i for úef\f¿u,

where zp is apoint of the domain Gfi, bounded by the curve l¡0, a (t - ,r)-*
is a branch of this function continuous at any point I € f¿* different from ú¿.

THpoRpn¡ I.4. Operator

(Nd@:*l(
I

,'(r) 1
rp (r) dru(r)-u(t) r-t



62 Vasile Nvasa

Let æ1, ..., @v be some points belonging, respectively, to the domains
GI , ..., Gl , ot, ...t ou be some real numbers and h* (r) be a fixed branch of
the function (z - @k)"o defined on the complex plane C with a cut which-joins
z¡ and oo and intersects the contour f in one point ú6. The functions h*(t),
ß: I, ..., u) are continuous at any point ú € l, perhaps except the point ús :

h¡(ts+ 0) I0 and

(2.3) ñn (to - O) lhn (¿o + O) - exp (2nio¡,) ,

where the numbers h¿ (ús - 0) and hn (to + 0) are determined by the equalities
3.1 of Chap. Xof thework[7] (seealso[t6]), Byh(ú) wedenotetheproduct

(2.4) h (t) : h (t) . ... . h, (t) hL ft) , ... .1,, (t) .

THpoRprvt 2.3. (see [37]). Let i oo: -99. ,t"nk:I P

a e Factffi (f) <+ ah e Factf (l) .

CoRor,leRv 2.3. Let A: aPr *bQr, h be a function determ,ined by the
equali,ty (2.6) and An: ahPr -f bQr. Then A e Nryo (r) <+ A¡ e Ntff (l).
By thi,s Ind A : Ind, An.

4". Class MoQ) (see [39]). In this and next items we assume that f
consists of two curves 11 and 12, having one common point ú¡, and besides
the tangents to I at this point are perpendicular and p (ú) is the function
determined by the equality (2.4).

Let rs be a point on I different from ú¡. Denote by ll (16) the closed
halfplane which does not contain the origin. By A (16) we denote the angle
with vertex at the origin and value of. n 12. To the class M, (f) refer essentially
bounded measurable functions a (t) satisfying the conditions:

(i) essinf lo (¿)l > 0; ú € r;
(ii) for any point ¿ € f\ {t6} there exist a neighbourhood z (t) (c f\ {¿o})

of the point r and a pair of functions gl þ) such that (gi (¿))*t € ¿å (f),
(s; (t))+' e L;(f ) and the range of the function sl (t) h (t) a (t) s; (t) at
t e u (r) is contained inside 

^ 
(r).

(iii) for the point úe either there exist a neighbourhood u (ú6) and func-
tions 9f (t) such that (90+ (¿))*t e L+*(l) and the range of the function

9d- (f) h(t) a(t) gl (t) at ú € z (ts) is contained inside À (¿o), or there exist finite
limits a(ts+ 0) and hu(to -0)o(¿o -0) lhro(tof 0)a(¿o+O) # (--,0).

TupoRprvr 2.4. Mp(l) c Factzp(l).

CoRor,lRRv 2.4. Let a e Mp(l). Then the operator A: aP -lQ i,s

Noetherian i,n the space L2(l,p).

Theorv of Operators 63

CoRor,r¡.nv 2.5. Mp (f) n pC (t) : Fact (t) n pC (t), where pC (t) i,s
a set of aII piecewise continuous functions on l.

Note that if f is a simple closed Lyapunov contour and p (¿) : t, then the
class M1 (f) coincides with the class Ã12,r¡ introduced by I. B. simonenko
(see [a0]) . In this case, as known (see [40]) , ap -f be is Noetherian if and only
if a e A (2,l) (: Ml (f)) From this and Theorem 2.4 follows

TnpoRplr¿ 2.5. Mp(f) : Nt2p(l).

class Mtr F) (see [36]). To class Mi F) we refer matrix-functions
a(t) : lla¡x(t)lli,h (t € l) of order zn with etements a¡r e L*(r) satisfying
the conditions:

(i) essinf ldet ø (t)l > 0, (ú e r);
(ii) for any point r € I except, perhaps, a finite number of points ús, r¡

(lc :7,..., /), there exist a neighborhood z (ú) (C l) of the point , u,,d u
pair of matrix-functions g"* such that (gf (¿))*t e +LAr^ (f), (s, (¿))*t e
- LTnxn-L (f) and for any t e u (r)

Pte(sf (t)h"(t)a(t)s; (ú)) > "(t) > c(r) cos0(r)

where ReB: (B+8.)12, B* is the matrix conjugate to B, d(r) is the
function from Theorem 1.2 and c(r) is the norm of the operator hrol in the
space Ll (" (")). Note that c (r) coincides wirh 

,åÏfo"l ", 
(h" (t) a(t)), where

s1(hra) is the greatest eigenvalue of the matrix (hraa* h*)t/2.
(iii) there exist finite limits az¡ (az¡-ù of matrix-function a (t) as ú tends

to ú6 along arc l¡ (i : 7,2) directed to point ú6 (from point ú¡) and the
spectrum of matrix e-niþoaqalTozotr does not intersect the negative semi-
axrs lK ;

(i") at points r¿ there exist finite limits on the left and on the rigþt.
e(r* - 0) and a(rn + 0) of the matrix ø (ú) and the spectrum of matrix

"-riBþ¡) 
o-, (rr + 0)ø (r¡ _ 0)

does not intersect the negative semi-axis IR-;
It easy to see thai if all the points r¡ (le : r, ..., I) at which there exist

limits a(r¡tO) are ordinary (see [1], p. 16), then the conditions (iv) are
equivalent to conditions (ii). This can be deduced also from Lemma 2.1 of the
work [15].

Tueonpu 2.6. Let the matri,r-funct'ion a belong to the set MI (l), then
the operator A : aP -f Q is Noetherian in the space Ll (f , p).

Remark that for I being a closed Lyapunov contour and p(ú) : 1 this
theorem was proved by I. B. simonenko (see [41], Theorem 8), and the set

I6
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3. THE DEPENDENCE OF NOETHERIAN PROPEFUTY OF SINGULAR
INTEGRAL OPERATORS \MITH SHIFT AND CONJUGATION ON THE

EXISTENCE OF A CORNER POINTS ON CONTOUR

7". Singular operators w¿th shift. Let f be a closed piecewise Lya-
punov contour, u:l -+1, (Vp)(t): ç("(t)). In the space -Lo(f) consider
a singular integral operator with shift u(t) of the form A: a(t)I + b(ú)^9+
(c(t) t + d(t) ^9)V, where a(t), b(t), c(t) and d(t) are bounded measurable
functions on I' Assume that the mapping z satisfies the following conditions:

(i) u (u (¿)) : 1;

(ii) the derivative z' (ú) has on I a flnite number of discontinuity points of
the first kind and on arcs l¿, joining discontinuity points it satisfies the Hölder
conditions;

(iii) z(ú+0) l0(tef).
Together with the operator,4 of the form (3.1) consider also the operator

,4 determined in the space L2r(l): Lp(f) x Io(f) by the equality

(3,) Ã: ll:;+'å, J,..Hrll.
+ ll-. 9 -: 0 ll

ll alv,v - r^s) llv,v - 'Ð ll 
: As r R'

wtrere/(t) : f @(t1)) and e : I (e : -1), if the mapping z preserves (re-
verses) orientation on l. As is known [4], if a, b, c and d are continuous
functions and u'(t) e H (f), then the operator .R is compact in L2, and the
following theorem is true.

TnpoRprr¿ 3.7. A e Ntp(l) <+ Ão e Nt|(l), by this Ind,A: fnaÃo.
Show (see [4:]), that the assertion ceases to be true iff has corner points.

In such case, usually, the derivative z/ (t) has on I discontinuity point, and it
turns out that if the operator A is Noetherian, then the operator ,4.6 is also
Noetherian but the converse does not hold.

TnpoRplr¿ 3.2. If the operator A (a, b, c, d€ C (f)) i,s Noetherian'in the

space L, (l), then the operator Ãs i,s also Noetherian in the space L'ze F).

Indeed, the operatot Ã ir Noetherian if and only if

Ar (¿) : (o(ú) +b(¿)) (uAl*,bA)) - ("(¿) +d(t)) (a1t¡ + 'açt¡1t¡) ¡o
and

^z(t): 
(a (ú) - b(¿)) (ual -'ã1t¡) - (" (¿) - d,(t)) (utri - ,lçt¡ 1t¡) ¡ o

Mr Q) coincides with class fu Q,I.) introduced in [a7]. For f being a simple

l'äpiáou contour Theorem 2.6 is contained in the work by N. Ia. Krup-

,rir.^¡+21. Note also that from Theorem 2.6 follows that if a,b e LA"*(l),

"r.irìftã"tb(ú)l 
>0 (ú€I') and b-rae MiQ), thentheoperator aP+bQis

Noetherian in the sPace Ll (f'P)'

ConorraRv 2.6. Mi (l) c Factry'F)

Theorems 2.5 and.2.6 aretransferred, with corresponding changes, to the

case of an unclosed contour' 
nov contour with6o. Class G¡p (f). Let f be a closed piecewise Lyapu

corners t7, ...,t' and p(t)bethe weight cletermined by the equality (1'1)' By

Guo (f) ¿-á"oi. ih" r"i ài a11 matrices ¿ of L\x^ (f) satisfying the following

conditions:
(i) essinf ldet a (t)l > 0, (t e f);
iií¡ fot uu"h poìr,t r € f\ {út, "', ú,} (" ) n), llnerc exist a neighbour-

hood u(r) (c f), there exist a neighbourho a

pair of matrix-functions gf, such that (9f (¿)) €
-- 

Lrnxrn (f ) and for any t e u (r), the matrix g C

¡." ö , in"r" ¡. (ô) (0 < 6 < 2tr) denoted ang 0

and value less than ô.

(iii) for the points t¡ (ls : I, '.,, n) there exists finite limits a (t¡, t 0) and

aet(/) 0')"(t*+0) + (1- ln?i)"(¿t -0)) l0 (0 ( ¡-¿ 
( 1), where

( sin0*l,exp(i0_ny,) , 0t.: r _ 2tr (t + 0t) ln, if 0n # 0,

f x 0t) : 1 sin 0¡ exp (id¡)

[ , ir o¡:s
(iv) there exist a neighbourhood u l!ù (tt : n I 1, "', s) and a pair of ma-

tri*rìrrátionsef , o¡ sucñtr'at (gf (¿))+t 
'€ 

Lmx* (r), (gk (¿))*t € LP,x^ (l)
for any t e u (t¡r), the matrix g[ "gl is unitary and

/ ' 
2'iPl' \

o (glog[) c 
^Æ 

(ó) (t e ,+ (¿¡)) , " ls;"s["-ì^ )c ^Æ 

(d) (t e u- (¿*)) 
'

where u+ (tk): {ú € u(tù, ¡7 tn} and u* (¿t) : {t e u(tn), t <tn}'

TupoRptr¡ 2.7. (see [15])' Let a e G6o(l), where

tan612: min (*æt^"f;, *-# "'^'fi) '

then the operator aP l-Q i,s Noetheri'an in the space Lff (f'p)'

CoRor,raRY 2.7' G,plf) cfacÇ(t)'
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for any ú € f . Let the operator A be Noetherian) then the determinant of its

symbol (see [22]) is not equal to zero: det,4 (ú1, Ð + 0. one can check directly

that
det A(t,-oo) ' det A(t,*oo) : Ar (¿) ' Lz(t)'

Therefore, the operatot Ã ir Noetherian in fflQ). The theorem is

proved.
The following example shows that the converse of Theorem 3.2 is not

true. Let lu reverse orientation on I and the corner point f¡ (e f) with the

angle g (0 < a < n) be afixed point of the mappingu i u(to) : Ú6. In this case

it is easy to see that the derivative u' (t) is discontinuous at the point ú¡ and

ut (t +0) : "*p 
(i0 i o), u' (t -0) : e"p (i0 - o), where ø is a real number.

Consider the operator

where ó is complex number. The operator A has the form

ã: 
ll -i, T ll 

. 
ll ,,u,1, *,, S ll 

- Ão + R

If 6 + ti, the operator Ã is Noetherian. Let A (ú, €) be symbol of the

operator -4 at the point ú6. One can check directly that

det '4 (ús, €) : 62 + 2 (a + 13) 6 f 1' where

2". singular operators uith conjugation. singular integral opera-
tors with conjugation have the form

A:aP+bQ+("p+se)V,
where a, b, c, d e PC^(f), P : (1+ S) 12, e : I - p, (Vç)(t) :þ@ andI is a closed piecewise Lyapunov contour,

By constructing Nether theory of operator ,4 in the monograph [a] an
essential role was played by the fact that if at each point of .orrto,r, r-trr.
Lyapunov condition is satisfied, then the operator v Sv +^9 is compact in the
??u!" Lr(f'p). In this case the operator,4 is (see[4]) Noetherian if and only
if the operator

Av : 
ll# ;il'. llå #ll'

possesses the same property in the space L2r(l,p) : Lr(l,p) x Lp(f,p).
It is quite different if the contour I has corner points. It tuins out that

in this case the operator vsv + ^9 is not compact in tro(1, p) and, if ,4 is
Noetherian, then Av is also Noetherian but the convers" 

""u.". 
to be true.It is these facts which constitute significant difference between a piecewise

Lyapunov contour and a Lyapunov contour.

TirpoRpl¿ 3.3. The operator

(VSV + S) p: -17fl

11 Theorv of Sineular Operators 67

A: I + 6SV,

eþ)dr.*l
I

r-t
exp[(2zr -e-to)(t

e"p ({ + 1Í )-r
From this, due to Theorem 1'1 from 122), it follows that for any ô :

I

- (o + B¡ + 1f @ + ø2 - 1 the operator á is Noetherian in ihe space ,Lo (f).
Thus, the conditions for operator A being Noetherian depend on angle 0.

Conollanv 3.7. Let "' 
(t) ç H (l), then the operator VSV - eS i's not

compact in Lo (l).

coRor,lRRy 3.2. Ir the operator a, determ'ined by the equality 3.1 i,s

Noetherian, then the oTterators A and As determined by the equali'ty 3.2 are

also Noetherian and Ind'A:Ind,Ao.

COnoll¡,nv 33. If the operato, Ã it Noetherian, then Ãs is also Noe-

therian. The conuerse 'is not true, 'in general'

Note that the corresponding example of non-Noetherian operator A for

which the operator ,4.s is Noetherian can be given also in the case when z
preserves the orientation of contour l.

'is compact i'n the space Lo(l,p) il and only i,f r is a Lyapunou contour.

The sufficient part of this assertion has been proved in [a]. prove the
necessity. Let V SV i ,S be compact, then the operator A¡ : V SV + .g _ À1
is Noetherian for all À e c\ {0} . Therefore, due to Theorem 1 of work [4g],det,4¡ (tn,Ð l0 forall k*1, ..., s and -oo < 4 < oo, where t¡(k :1, ..., ;i"
are all corner points of contour f. Fhom this we obtain that

'î" ^?,-,"rr =o (ro:e*p(€+i1+B*))zl -r \ \ p /)
The last is possible only for 0k: n. The theorem is proved.

The condition for operator ,4. being Noetherian, unlike singlar operators
not containing the operator V (i.e.ap + be) depends essentially on contour.
For example, the operator ¿, : (r + J2) p + (1 - ,/r) e -rv is Noetherian in
a-ll spaces Lo (l,p) if f is a Lyapunov contour and is not Noetherian in Lz (l)
if f has one corner point with angle nf 2.

3". Generalized, Riemann problern. consider the generalized bound-
ary Riemann problem: to find analytically representable ùy cauchy integral

+ I

and þ:
I

a:
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I 0 for all lc : 7, ..., fr, where
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Ind,A: Ind,
a t) + b(t)
a(t)-b(t

69

in ]?t' and Fa functions o+ (r) and Õ- (z) limit values of which on I belong

to the space Lo (f , p) and satisfy the conditions

o+ (¿) : a(t) o- (¿) + b (¿) o- (¿) r c (t) ,

where a (t) , b (t) are defined on I continuous functions and c (ú) e Lo (1,, p) .

Noetiret tl*oty of this problem in the case of a Lyapunov contour has

been constructed in the works [45], [46], [a]. In particular, in these works it
is established that a necessary and sufficient condition for the problem being

Noetherian is that the inequality la(t)l ) 0 should be satisfied for all t e f'
In the case of a piecewise Lyapunov contour the following theorem is true
(see [47], [ae]).

TupORpn¿ 3.4. In order that the generali,zed boundary R'iemann prablem

in Lo (1, p) be Noetherian it ,is necessary and sufficient that the following con-

di,ti,ons be sati,sfied:
(t) la(t)l > o (t e r) ;

(i,i,) la (tn)l' - lb (t*)l'

/ 1*ui), 
-oo ((loo, 0r:0(t¡) and, þn: þftn)zh : exp 

[€ 
+ i----t--. /

This, in the case of a piecewise Lyapunov contour the Noetherian prop-

erty of Riemann problem depends not only on the coefficient a (ú), as it was

in ihe case of a Lyapunov contour, but also on the coefficient b (f).

The results of this section can be extended, without essential changes,

to the case when I consists of a finite number of closed piecewise Lyapunov

curves without common Points.

4. PERTUIÌBATION OF SINGULAR INTEGRÄ.L OPER,ATOR,S

In this section we will show that the Noetherian property of operators

aP *bQ is stable under perturbation by some not compact operators. Remark

that analogous questions have also been studied in [53] and [54]. For simplicity

assume that f (: {ú: l¿l :1}) is a unit circle' Lel a¡(k:7, "', s) be some

complex numbers. Introduce the following notations:

f :{€ i€:t-a¡,t€l} and ñ¿:{€'€:t+a¡, ú€f}'

Assume that f¡ n f n ñk : ø (i,k :1,...,s).

TnpoRplvt 4.7. Let a, b, c¡ € L* (f) (k : 1,...,s) . In order that the

operator

(4 1) (Aç) (t) : a(t) eQ) ++ I e-Ð,d,. 
Ë "r@ |, | :Pe*

f'-'f

be Noetherian in the space L, (1, p) it is necess(ffa and, sufficient that the
operator

(4.2) (Ae) ft) : o (t) ,p (t) + lA t ç 0),d,

", d r-t
possesses the same property. If the operator As is Noetherian, then Ind,A :
IndAs.

Inparticular,if a,beC (l), the condition o2 ft) _br(t) +0(ú e l) is a
necessary and sufficient condition for the operator á being Noetherian and

In the general case (a, b e Loo (l)) one can apply the criteria from section 2
to the operator ,4.. Note that the operator ,4s is (see [1]) the characteristic
part of the operator ,4..

It turns out that the operators vith kernels (, - t - ",ù-L 
are not, in

general, compact in the space L, (1, p) (see [51]). proof of theorem 4.1 is based
on a series of properties of operators with kernels (, - t - c,ù-r and their
compositions with operator 

^9 and operators ør. The conditions f¿olnñy : fl
is essential. For example

(4.r) (Aç)(t) : Àç(t) + .I f ,\') 
-o

7t1 .l T-t_I
f

À e C is a Noetherian in Lz (l) for À : 2i, whereas (Aoç) (¿) : f,p (¿) i.
invertible for all 

^ 
+ 0.

DprrNruox 4.I. The subset (h,tz), (tz,ts), ..., (t*,tt) of the set.X.xl
is callerl, m-li,nk ,Í t¡ # t¡ for j + k [55].

DpFwruoi.l 4.2. The set M C r x I is called, ad,missible if there erists a
nei,ghborhood' of this set which does not conta,in m-li,nlcs for a,ny m.

Dpr,wrrroN 4.8. Let

(4.4) (Hç) (t) : h (r,t) e Q) dr (t e r)

,**l
I

I
I

we say that the essent'ial singulari,ty of the lcernel h(r.,t) is contained, in the
set M i,f the i,ntegral operators with the lcernel

ñft,t): { L- ., in a,neighborhood of the set M,
I h(r,t) at other points of I x l,

is compact.



Note that the operator K is not (see [51]) compact in the space L, (f 
'p) '

The set M corresponairrg to the operator k äonsists of two points (-1' 1) a1{

(1, _1), forming two linù's. Denotã by Íl the set of all functions from PC (f)

àontinuous in some neighborhood of the points r : XI'

TnpoRPl,t 4.4. Let a,b €. Tl

A:aI+bS+ KeNtrr(f) <+ Ao:aI +b'Se ¡lúep(f)'

If Ao e Ntep (l), then IndA -- Ind'Ao'
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In conclusion remark ihat the results of this section can be transferred to
case where I is an arbitrary piecewise Lyapunov contour which has no straiglrt-
line parts as well as to operators of the form (a.1) with matrix coefficients.
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T

I r)
r-t-a¡,

In [53] the following assertion is proved'

TrrpoRplr¡ 4,2. Let the essent,ial singularity of the lcernel h(r,t') of the

i,ntegro',t operator (4.Ð b" conta'ined'in an adm'issi'ble set M'
"'""-" 

i Ao: ot iUí.^br(f) è A:(rI +bS +H € 
^br(f) 

and' Ind'As:

IndA.

Denote by M the set of pairs (r,t) e f xl for which r-t-dk:0
(le : L,...,s) ' Ássume that the numbers ok are such that M + Ø' Then the set

M consists of finite number of points (n,tù, .'., (tN,ú¡v) and the operator

(4.5)

s

(Nd@: i cr@: I
k:I " t,

T

is not compact in the space Lp(f,p) . From TheoÎem 4.2 one can deduce (see

[53]) the following Proposition'

TspoRprr¡4.S.LetthesetMd,onotcontainm-Ii,nlcs(*:1,"',N)'In
ord,er that the operator A: aI +bS * K (a,b ç PC-(f)) óe 

.Noetherian 
in the

leã"" fo(T,p)'it i,, i""",,o'a and' sffici'enl that the operator Ao: aI +bS

possess the same property' 
"If 

the operator As is Noetherian' then IndA :

Ind,As.

TheaboveexampleplovesthattherestrictionsontheSetofsingularities
are, in some sense, exact. In this connection the question of the necessity of

conditions of Theorem 4.3 arises naturally'
Tobemoleexact,whetherthereexistsanoperatoroftheform(4'6)sat-

e set M contains an m-link; 2) lc¡ (t)l >
3) the oPerator A -- aI + bS + K e

(f)
As oPerator K we take the operator

acting bY the rule

(4.6) (I(P) (t) : +I
I

I 1fdr*. I
r7t .lI

2

ç(r
r-tl2 dr

t
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