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à ualeurs réelles h: X -+ IRfr eú une Jonction affine à ualeurs réelles h: X -+
]0, *[ telles que

p("): (tu(") lh("), ..., hk@) ln@)), Vr e X.

PRoposrrroN 3.1. Soi,t p: X -+ IRk zne fonction ratio-ffine défini,e sur

l'ensemble non u'ide et conuere X C IR" et soit g i Y -+ IRn une fonction
R!-conuere, d,éfini'e sur un ensemble (onuere Y c Rk tel que p(X) CY' Si

f r, lz et {l sont d"éfi,ni'es pa¡ (1) (où fu: lR.-, Ez : IR' et C : Rl) alors

Ia fonction composée Í:go p: x -+lRn est àlafoi,s (l¡12,{l)-conuere au

sens direct et au sens 'inuerse sur X.

Démonstration. En tenant compte du fait que les fonctions ratio-affines

transforment les segments en segments [7], c'est à dire

P (conv {","'}): conv ({p ("t) , p (*")}) ' V", 12 e X'

iI est aisé de voir que, sous les hypothèses de Ia proposition, les deux conditions

(2) et (3) sont satisfaites, d'orì Ia conclusion. n

Pour conclure, notons que les fonctions vectorielles convexes à la fois au

sens direct et au sens inverse sont des fonctions quasiconvexes qui ne sont pas

forcément convexes, ni strictement quasiconvexes, mais qui possèdent des pro-

priétés supplémentaires utiles dans I'optimisation vectorielle, notamment pour

l'étude de la structure topologique des ensembles d'efficience [2] et pour cer-

taines méthodes de scalarisation des problèmes d'optimization multicritère [4].
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THE OPTIMAL EFFICIENCY INDEX OF A CLASS OF HERMITE
ITERATIVE METHODS WITH TWO STEPS

ION PÄVALOIU

At¡stract. The inverse interpolatory polynomials of Hermite type with 2 nodes, all
having the same order of multiplicity q € N, provide a class of iterative methods for solving
scala-r' equations. In this note we determine the iterative method with the highest efficiency
index: the optimal method is obtained for q:2.
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1. INTRODUCTION

As we have determining the Hermite interpo_
latory interative efficiency iádu* cannot be solved
in the general ca ome upper and lower
bounds f'or the efficiency indexes; t en the ãoefficients of
the characteristic equation whose p he convergence order
of the considered equation.

In this note we shall consider a subclass of Hermite interpolatory meth-
ods, based on two interpolatory nodes which have the ru-. -últipliciiy order
q € NI. we shall use the efficiency index defined in [a] for deteimining the
method with the optimal efficiency index.

Let 1 : fa,bl , a,b e R, a { b, f : I -+ -R and consider the equation
(1) f (") : o,

\Me assume that this equation has a unique solution r ela,ó[. For solving
the above equation we consider a function g; I -+ / and we alsoassume thaî
7 is the unique fixed point of g in I.
. For approximating z there is usually taken an element from the sequence
(r")">o generated by the iterative method:

(2) rsrL:g(rr), s:0, I,..., rs€. f.
More generally, if h : Ik -+ 1 is a function of ,k variables whose restriction

to the diagonal of the set Ifr coincides with g, then the following sequence may



84 Ion Påväloiu

be considered for approximating z:

(3) rs¡-¿ : h(rrrrr¡1r...trs+h-r), s : 0, 7r..., r0,rr¡...t r¡-1 € I.

The convergence of the sequence (r")">o generated by (Z) or (3) depends on
certain properties of the functions /, g and resp. h. The time needed by a
computer to obtain a convenient approximation of ã depends on the conver-
gence order of the sequence ("r)"ro and also on the number of elementary
operations performed at each iteration step.

While the convergence order may be determined exactly in most of the
situations, the number of elementary operations may be hard to evaluate.

For this r-eason Ostrowski has proposed in [a] a simplification of this
problem, by considering the number of function evaluations needed at each
iteration step. This leads to the definition of the efficiency index, which may
be naturally applied to the comparison of different methods.

Consider a sequence ("r)r>o which together with / and g satisfies:
a) r, e.,I; for all s : 0, 1, ...

b) ("")">o converges to ã;
c) the sequence g ((ø"))r>0 converges also to z;
d) /(z) :¡;
e) / is derivable at z;
f) forall r,A € lthereexists m€ R¡, suchthat 0 ( [",A;l] <rn,

where [",A;l ] denotes the divided differences of / on the nodes r andy.
Concerning the convergence order of (rr)r;¡, we shall consider the fol-

lowing definition:

DpnlNtrIox I. l4], The sequence (rr)rro has the conuergence order u €
R, u ) 7, wi,th respect to the functi,on g i,f there eri,sts the li,mi,t

- ,:,-- ln l9 (r,) - r I0: lIlIì ---
sJoo ln lr" - rl

and, a: u

Lpir,tua 2. l7l, If the sequence (rr)rro and the funct'ions f and g satisfy
condit'ions a) - f ), then the necessary and sufficient cond'it'ion for the sequence
(rr)rro to haue the conuergence order w Ç R, w ) I, w'ith respect to g i,s that
there-erists the limi,t

B : ,li'å
and B : ¡¡.

Lplr¿ua 3. l7l, # (rr)">o is a sequence of real pos'iti,ue numbers sati,sfyi,ng

r) the sequence (u")"ro conuerges to 0;

li) there erist the nonnegat'iue real numbers e,L1e2.t...tan¡1 and, a bound,ed,
sequence of real posit'iue numbers ("r)"ro , 0 < inf {cr} and the followi,ng equal-

ities hold,: - s

us*n+l: crul'u?' . ..u?t, s : 0, 1,...i

äi) the seçluen( /lnu"a1 \ Inz"'1- ( 
'il )"rnit 

conuersent andlirnffi : ø ) 0,

then u i,s the posi,tiue root of the equation

¿n*7 - un+rtn - drt'-l a2t - a1 : e.

We shall denote in the following by m, the number of function evaluations
that must be performed at the step s for the iteration (2) or (3).

Taking into account Lemmas 1 and 2, the following definition becomes
natural:

DppIxluox 4. [4], The real number E is called the ffici,ency ind,er of
the method (2) (resp. (3)) if there erists

I : tim /ln | / (r'+r)l\ -"
\ l"lf @,)l /

and, I : E.

Remarlc. If there exists s¡ € N such that for s ) s¡ the values rns ale
constant, rns : rl then the efficiency index is given by relation

(4) E : a*.

2. T\MO STEP HERMITE INTERPOLATORY ITERATIVE MLETHODS

Let q € N, Ø ) 1 be a natural number and consider the Hermite inverse
interpolatory polynomial on two nodes with the same multiplicity order q.

We shall make the following assumptions concerning the function /:
a) / is derivable on ]ø,b[ up to and including the 2q-th order]
þ) f ' @) l0 for alI r ela,b[;
7) equation (1) has a solution r ela,bf.
Under these assumptions, it is clear that / admits an inverse f -r : D -+ I,

where D : f (1), and also that 
1* 

tl::" by the relation

z: /-' (o).

Moreover, ,f -1 i. derivable up to the order 2q at all points from D and.
the k-th derivative, for k e N, 1( k <2q is given by [g].
(b)

[¡-,(s)](fr):, (#)" (rr*lr"r)'-,

2 The Ontimal Efficiencv Index B5
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where v¡e have denoted gr-: / (ø), and the above s rm extends on the nonneg-ative whole solutions of the ,Vàtå-

iz t2h+... + (k - 1) i* : tc - Iùri'z+...+ix:k-r
Denote by H (ur,q;t)2tq; f -'la) the Hermite inverse interpolatory poly-nomial satisfying

(6) u{n) (ur,q;a2,q; f -t lao): l/-t fuo)l&) , ,i : 1,2; k :0, 1, ..., Ç _ r,
where [/-.t.(un)J 

(o) : 
"f 
-t fu¿) , ¿ : I,2 and. y1,az e D.

Consider also the polynomial

,t fu) : (a - at)o (a - aùn
The residual in the interpolation formula beco es then

R(r-';a) : f-, fu) - H (ur,q;a2,q; f-rlu¡ :
1 

f '- t (d1)] Qù ,, (a) ,(2q)t L'

where 01 belongs to the s nallest open intervar determined bv the points y, gr1and y2.

L2t *",.us+l € -I be two approximations of the lorution r. Then the nextapproximation may be determined by

(7) rs*2:H(u,,eiasit¡s;f-rlo) ,":0,1...,.
we shall assume that all the elements of the sequence (r")">o generated

bV (7) belong to the interval 1.

thut 
Tukirg into account the above assumptions we easily get for s : 0,1,...

5
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It follows that the convergence order is

.._ q+t/FT+q
2

3. THE OPTIMAL EFFICIENCY INDEX

We remark that in order to generate the elements of the sequence ("r)">o
given by (7), at each iteration step s, s ) 2, thefollowing function evaluatioñsare needed:

f , f',..., ¡Ø-t),
allat rr, since their values at rr-1 are known from the previous step. Hencethere are needed g function evalrratiorrs.

Remarlc. Taking into account that
nomial is computed with the aid of t
by (5) have a rather complicated form,
account q - 1 more function evaluation
the Hermite polynomial determined b
of a one more function evaluation. lir" 

"un 
therefore conclude that at eachiteration step there is_necessary an amount of 2q function evaluations. Theseconsiderations may affect the value of the efficieåcy i"a"", Lrrt we shail see in

index is not affected by considering a
onal with g.
function evaluations as being equal to
y (4), the efficiency index oÌ method

(B) E:err:ln*'/{*ul*.r\Y/ 
| z l

. ïh" value of q for which E attains the upper bound is given by thesolution of p'(q) : 0, and we see below that thiå solution does not depe'don d.

By (S) we get

4

lr-t @)l('q)

where a, belongs to the open interval determin"d 
-b_y 

the points r and. rr¡2,and á" is contained in the ãpen interval ¿uterrnl""Jîr" Oiri)r"*r.
Assuming that f/-t fu)l?o) l0 for atl y Ç inil),denoting

I f @,+z)l: l/,(o")l (2q)t l/(""+t)lo I f @)f, s : 0,1,

lÍ-'@òleø
(zq)t , s:0,1,

ç'(q): jrølf|^ s+ ø2+4q
2

"" 
: lÍ,@òl

and applying Lemma 2, we obtain the following equation for determining theconvergence order of method (Z):

t2-qt-Ø:0.

Since tp(S) > 0, it follows that equation ç,(q):0 is equivalent with thefollowing one

(!,,,, * @* on)' : o.
\ø 2 )-v'
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For computing the divided differences from (12) one can use the re-
currence formula for divided differences with the aid of the following table:

w

and

a, : f(r"), y,+r : f (rr+t), la,,U,,/-t] : å,
ly,,U,+t;f-rl Í- rlt f,rrrs+ti ll

lar*r,y" ¡-11 1

rlrr J - /(r"+il'
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whence we get

(9) ü(q) : {qzr4q-tq*2 -rn-lq-14

For solving this equation denote t : Ç + \/æ I 4q and, we notice that
dt-:- ) 0 for o ) 0. By this substitution, equation (g) becomesdq

t+2 t,nQ): t+4-ln¡:0,
and since q'(t) < 0 for ú > 0, it follows that eq_uationq(u):0 has a unique
positive solution 7. We also notice that q (2) :2i> 0 and rt ee) : fi-t .
0, i.e..2 < F.( 2e, which lead us to the conclusion that the positiie .iot 4 ot
equation p' (q) :0 satisfies

2<q+J-û+4q<2",

q+ q2+4q
2 -0.

and whence

(10)
)e'

e+I'
we also remark that 4(¿) > o for 1 ( ú ( ú and q(t) <0 for I ( ú, so it

follows that gt(s) > 0 
^rï.q 

<q and,9t (q) < 0 for q ) Ç. Thefuncrion
E : g (q) has at q - 4 a maiimum value. It remains to compute the maximum
value of E in the set of natural numbers from the neighbãrhood of the real
number q. By (10), the value of q for which ,Ð attains ihe maximum belongs
to !!e set {1,2, 3}. One can easily check rhat ,p (1) < I e) and ç (Z) > p (B\,
which implies that E attains the maximum value for q:2.

We have proved the following theorem:

TnpoRpiue 5. Among aII the'iteratiue method,s (7), the method, with the
highest efficiency ind,er is the one correspond,ing to q -'2, being gi,uen by

(11) rs*2: H (u,,2;ar+t,z; l-rl0) , ro, 11 e I, s : 0, !,...,.
Finally we give for H an expression based on the divided differences on

double nodes (see [6]).

H (u,,2;a,+t,z; f -lo) : r, - lu,,y,; l-tla" r
(12) + la,,a,,a,+t; f-rla? -

lAr,Ar,Us+7tAs*tt f -') A?Ar+r,
where Ar: f (*r) , Ar+r: ,f (rr+r).

1

,<q<


