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SOME SEQUENCES SUPPLIED BY INEQUALITIES AND THEIR
APPLICATIONS

$TtrFAN M. $OLTUZ

Abstract. In order to prove the convergence of Ishikawa and Mann iterations, the
convergence of one type of sequences is needed. our purpose, in this note, is to give a new
proof of tlte convergence for one of them. We also give generalizations for the sequences.
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1. INTRODUCTION

The convergence of Mann, Ishikawa iterations are studied in the papers
[3], [4], [5]. This iterations are approximating the fixed point of strictly p.ãao-
contractive mapping. one role in the convergence of them is given ùy ,o-"
real nonnegative sequences, which are verifying one type of inequalities.

In Proposition 2.1, we give another proof to Lemma 2.i irom [a]. The
proof from [4] of Lemma 2.1 is similar to that of Lemma 1.2 from [5].'iemma2'1 is used to prove the convergence of the Ishikawa iteration in [+].'In Proposition 2.2 we will study the convergence of the real, nonnegative
sequence (ø,"), given by the following ïecurïence:

an+r1(l-u)an*anM,
where u; € (0,I]¡, M ) 0 are fixed numbers, and a,, € (0,7),Vn € N, ar, _+ 0.

Proposition 2.3, (see [3]), is a generalization of proposition 2.2, but the
sequence isn't necessary convergent to zero. The sequence (ar,) is given by the
following recurrence:

an+r1(l-an)ar*anM,
where DÊ, e,n: æ) a,, € (0,1), Vn € N, and M > 0 is fixed.

In another context, Proposition 2.4 generalizes proposition2.2. The se-
quence (ø") is given by the recurrence:

an+r1(I-c"n)anlcrncr,
1991 AMS subject classification: 40Agb
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2. MAIN R,ESULTS

(1 - w)a2" t bntn ¡ çn,

s1 sup
)

S2 sup

2

where t, e [0,1], Vn € N, and, u € (0,1] is fi,red,, b, _+ 0, cn _+ 0an)0, asn-+Ø.
ProoJ' Flom our assumptions there exist the forowing numbers:

sup{úrr:nt1},
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The proof of the next result is similar to the proof of Proposition 2'I-

PRoposIuoN 2.2. Let (an) be a nonnegatiue and real sequence which

uerifies the following i,nequality

an¡11(7-w)a"*anM,
whereu e (0, L), M ) 0 are fi,red numbers, andar, € (0, 1-), Vn € N, 4,, -+ 0.

Then an -+ 0 øs n -+ æ.

Proof. FYom our assumptions there exist the following numbers:

s :: "uO{#),n€N

nx :: max{a1, s}.

\Me will prove that a, ( rn, Vn, € N. We can see that a1 1 m. We

suppose that an ( m is true, and r¡¡e prove that an¡1 ( rn. We have

an+r 1 (I - u)m* s u.r < (1 - w)m i Tn u) : tn.

The sequence (an) is bounded. Then there exists ¿ : limsupr-oo,n ard
ø ( *oo. Hence o < (1 - w)a -l 0. Thus a:0- n

The next result is Lemma 1 from [3]. Here, instead of 'ur, we have the
sequence (orr).

PROposlrrON 2.3. l3l. Let (a") be a nonnegatiue and real sequence whi,ch

u erifi,es the Jollowing i,nequality

(1) o,n¡11 (1 - an)an * anM,

where DËt e,n:6, an€(0,7),Vn €N ¿r¿d M >0 i,s fired. Then

0 ( lim supan 1 M.

Proposition 2.3 is used to prove the convergence of the Mann iteration
in [3].

Remarlc 2.!. Under the same assumptions as in Proposi,ti'on 2.3, euen i,f

an 4 0, we can haue limn-*an * 0.

For M : \, dr: l_', or: + in Proposition 2.3, we see that
n+ I n

o2a1 verifies the recurrence relation and the inequality (1).

t

where ar, € (0,1), Vrr,ç N,ÐÊ, (rn: æ, and (crr) is a nonnegative realsequence? increasing and bounclìä. '
Proposition 2.5 is another generarization of proposition 2.2. rnthis con_text the sequence (ørr) is given ùy the recurrence:

an*r1(7-c"n)ar*ercn,

äH:îf fJti* N, DÊ, (rn : æ,.and (c,,) is a nonnesarive rear

;;ä' 
arru 2-n=1encn : l. The sequence (ør,) isn'i necessary convergent

Below we will give a new proof to Lemma 2.I from [4].
PRoposrrroN 2.1. ryl !*-(o,), (b^) and, (cn) be three nonnegatiue and.real sequences which ,"ri¡i ffi"fà;w¿ig inequality

an+I {

t

Then

We

2bn

'11)

4c,
u

{

{

n 1t

1n
Ì

m2: max{al,rr,r|}.
We will prove that an ( r¿, Vn € N. We can see that at 1 msuppose that a, { m is true, and we prove that an¡1a 

"rr. 
\,V" huu"

anll < (7 - w)mz ¡ USI t+ us2 (l-w)r¡72+!^2+'' 2 '- 4*:,l 2t 4 ,l

U'3m+f,m<m
The last inequality is true because

Hence the sequence is bounded, so the limit exists ¿ : limsup ,-* an, and.ø ( *oo. Hence a < 1/T= t¿¿. Thus a:0. !

-'uur- 
2 +2.1

anll:
n-7 t n

-t- 

-

n 'n*L n*I
The sequen ce (an) does not converge to zero,lirn,"a*an: lim suprr--o-or, : 1
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coRor'r-aRv 2.7. Let (an) be a nonnegatiue and, real sequence which uer_ifies the followi,ng inequati,ty

an+l1(I- c-)anlaar,
where a € (0, 7l is a f,red number and, an e (0,I), Vn € N, c,, _+ 0. Thenan-+0 asn->æ.

Proof. We put a :: M: t¿ in proposition 2.2. !
Leun¿a 2'1' Let (þr), be a nonneqatiue and rear sequence such that 0n €(0,71, Vn € N. #D"_a, i,'": *, th;;"fä""(;': ó:i'J-"1."""
Proof' For n : 1 we get 1- 0t 

= #A-. suppose the following is true

where cr, € (0,7), Vn € N, DÊren: æ, and (cn) is a nonnegatiue real
sequence, 'increasing and bounded. Then

(2) 0 ( lim sup¿,z ( lim c,,
r¿-+oo t¿-+oo

Proof. By mathematical induction, we shall have

(3) an+r 1(1 - a")(1 -- an-t)... (1 - crt)at * cn

Indeed, for n : 1, we get o, < (I - o1)q I alcy < (1 - a1)a1 * c1

Suppose the inequality holds for n. Then

(t _ þù ...

Forn*lwehave

(t - þù... (1 _ p,)(1_ þ,+t)

I(7-p") l, , '
r + þt -f ...* þn

ant2 <

7 - þn+r 1

r+0r+...+p, 7+0t*...Iþn
þn*,

7 + þt * ...* 13,
1

As (c") is increasing, w€ have (1 - an+t)cn < (1 - an+t)cn+t. Flom
Lemma 2.1, we have: DÊ, (xn : æ =+ llpr(l - arr*r) : g. By Weier-
strass's theorem, there exists limrr--c,r. Taking rr -+ oo from (B), we arrive
to conclusion (2). nObviousl¡ the last inequality

7rfut-...
holds. Indeed

I þ" * þn+t'
, we have

1 13,*, PRoposIuoN 2.5. Let (an)n be a nonnegat'iue and real sequence which
satisfi,es tlte followi,ng inequali,ty7+þr+ _L

¡

7
lþ" 7l-h-r +p" 7*ht- I þ" I þn+t<+1+h1_..

0l þ"+t(ll r

*þ"iþn+t1
t þ" t- þ"+t)+ (1 + lh r ... + þ^) ç
. . 1- þ" * þ"+ùi

an+r1(7-c.n)an*ctncn,

the latter is, of course, true, Vþ¿ e (0,1), and i, e {L,obtains .n,fli 1). Thus, one
where ar, € (0,1), Vrz € N, DÊren: æ, and (cn) is a nonnegat'iue real
sequence and, lf=1 (rncn : L Then

n

_4,t 
- pk) < G*:ñ = EÃ, vn € N (4) 0 ( lim supø,, ( I

r¿-+co

PROpostrtor'l 2.4. Let (an), be a nonnegat,iue and, real sequence whichsatisfies the foilowingin"quohtl""

an+r{(7-c"n)anlercn,

Proof. By mathematical induction, we shall have

n fL

an+r l lIft - c,t)at +Dor"r(5)

k:r È:1
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n"rortäTil'.iî:î 
: 1' we set a2 < (1 - .,t)at *41c1. suppose rhe inequariry

an2 <

n+

h=r h=!
n+ n+I

Ie=l k=I
As (1-a,,ar) e (OJ), we have (r_o:+! Dl=toxc*S Di=r a¿, ¿. FïomLemma 2.t, we have: D,_{, a,, : à nZTti= ""i:ì. Takin ; r¿ _+ oofrom (5), we arrive to 

"ãntlusiän (+). rr',=r\' "n) - u' 
D
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AN APPLICATION OF THE FIXED POINT THEOREM OF
BOHNENBLUST-KARLIN TO THE DARBOUX PROBLEM FOR A

MULTIVALIIED INCLUSION

GtrORGtrTA TEODORU

Abstract. In this paper we consider the Darboux problem
A2-(0.1) 'ffi , F(r,'!, z), z(r,0) : o(ø), z(0,y) : r(y), o(0): ,(0),

whereF:DxEn-+28^isamurtifunction,D:[0,o] x[0,ó],-Ð'istheEuclideanr¿-space
andø € ct([0,a),En), r e c1([0, b],8*).Itisdefinedthenotion of classicalsolutionforthe
Problem (0'1) and it is proved an existence theorem for such a solution using the fixed point
theorem of Bohnenblust-Karlin for rlultivalued applications. The paper is an extension of
[a]. The Darboux problem with -F also dependir - 0z 0z ô22

1,u, ancr.À - a parameter, wirh solutions 0.0".:Ï -:;;"P;F,'* î.i;l)í:i;í:";
functions, with classical or generalized solutions was stuclied in [3], [B], [9], [10], ¡i21,¡t+1_þq.

1. PRELIMINARIES

The Euclidean distance between two points zr, 22 e ,Ðn will be denoted
l4l

p(2t., zz) : lzt - zzl.

DpprxruoN I.I. [4], [9], [10]. IÍ A C En, the cli*ta,ce from z € En to
the set A i,s

p(2, A) : inf{p(2, a) : a e A}.
DpnrrvrlroN 1.2. [6]. A neighbourhood, of the set A c E" is

N,(A) : {z e E" : p(z,a) { e, a € A, 6 > 0}.
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