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Indeed, for n:1, we get a,2 < (r - ,.)q * a1c1. suppose the inequarity
holds for n. Then

ant2 <

REVUE D'ANALYSE NUVTÉNTqUE ET DE THÉORTP DE L'APPR,OXIMATION

Torne 29, No 2, 2000, pp. 218-219

ln n

LÈ=t k=t
I {xn¡1cn¡1 1

n*l n AN APPLICATION OF THE FIXED POINT THEOREM OF
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As (1-a,,..t) e (0:_1L we have (1-o,+-r) Di=, d¡c¡, l Di:ra¡c¿. Fbom
Lemma 2.7, we have: fpren : oo + llÊr(1---o,) : O. .iãi.i"g 

?? -+ oo
from (5), we arrive to conclusion (4). tr
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Abstract. In this paper vye consider the Darboux problem

(0.1) -3': . F(r,u, z), z(x,o) : o(ø), z(g,s) : r(y), o(0): r(0),0r0s -'

where F : D x En -+ 2E^ is a multifunction, D : [0, a] x [0,b], D- is the Euclidean ?¿-space
andø€cr([0,a],En), r€cl([0,b],8").Itisdefinedthenotionof classicalsolutionforthe
problem (0.1) and it is proved an existence theorem for such a solution using the fixed point
theorem of Bohlenblust-Karlin for ¡¡rultivalued apptications. The paper is an extension of

[a]. The Darboux problem with.F also d.ependi. ^ 0z Ôz ô2tngor *, Ar, ñ, 
o¡(*,a), Pi(r,y), i:

l,u, and À - a parameter, with solutions defined in various ways as absolutely continuous
functions, with classical or generalized solutions was studied in [3], [g], [9], [10], [12], [14]-[94].

1. PRELIMINARIES
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The Euclidean distance between two points zr, 22 e -En will be denoted
t4l

DpptNrr:rox 1.1
the set A i,s

p(zt, zz) : lz1 - z2l.

[4], [9], [10]. # A C En, the distance from z e En to

P(2, A) : inf{p(2, a) : a e A}'

Dp¡'rNrtrol 1.2. [6] . A nei,ghbourhood of the set A c E" 'is

Nr(A) : {z € En : p(z,a) 1 e, a e A1 6 > 0}.
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DpFINItrou 1.3. [4], [6], [9], [10], [13], [15]. I/ A and B are compact sub-

sets of a metric space x, the Hausdorff-Pomqte'iu metric h i,s defined thus:

h is ihe smallest posi,tiue real number d such that A is contained i,n a d-

nei,ghbourhood, of B and B i'n a d-nei,ghbourhood of A:

h(A,B): inf{d€lR4 : Ac Nd@) and B çNdØ)}'

TnpoRpu 1.1. [4], l1l. rhe set{ln : compÐn of all nonempty, compact

subsets oÍ En, w¿th ihà topologg i,nduced by the Hausdorff-Pompe'iu metric, is

a complete metric space, (Q",h).

DpFmIuoN 1.4. [6], [9], [10], ll3l. Let X, Y be two nonemptv sets' A

multifuncti,on F : x -+ 2Y is a function from x i,nto the family of all nonempty

subsets of Y .

DpFmrrroN 1.5. [4], [6]. Let D: [0,a] x [0,b] C lR2. A rnulti,functi,on

G : D -+ On ¿'s measurable (in the sense of Lebesque) if for euery closed subset

L c 8", the set

A- - {(",y) e D : G(r,y) a A' I ø)

is Lebesgue-measurable.

DpFrsrrrol,r 1.6. [6], [9], [i0]. If T i,s a topolog,ical space andY a metric

space, the multi,function F : T -+ 2Y is upper semicont'inuous (Iower sem'icon-

tinuous) i,f for euery closed (open) suset B ÇY, the set

{ter:F'(ú) nB+Ø}
'is closed (open) in T.

DpFrNlrroN L.7. l7).The multifunction F :T -+ 2Y i,s continuous i,f it is
upper and lower semicont'inuous.

Dpr.INruoN 1.8. [1], [4], [18]. Let be G : D -+ f}?¿. The Aumann'integral

of the set-ualued functio'n G i,s defined by

l,l 
""'v)drdv 

:

{1, I e@,y)ò,rdy: e measurable, s@,ù e G(r,a), (r,r) t D}

The Fixed Point Theorem of Bohnenblust-Ka¡lin 2t5

Lemma L.4 of. [4] can be easily extended for functions in two variables as

follows:

LnvuA I.L LetG: D -+ On be measurable, with ualues i,n aball Br(0)
centered, at ï-the origi,n of 8", of radius p. Let us consi,der the sets

Y -- {g e LØ(D,8") , g(€,q) e co G(t,ù, (t,n) e D}

and,

B: {h e C(D,E') : h(r,a) : a(r,r). l: fo' o|,rt)d€drt, s €Y}.

Then B is a compact, conuer subset of C(D,8").

Then 6 is a compact, convex subset of C(DrE").

Tnponeu 1.2. (Bohnenblust-Karlin) [ ]. Let S be a cornpact conuer

subset of a Banach space X and A : S -+ CCI(S) [15] a cont'inuous (in the

Hausd,orff topotogy) mapping from s i,nto the space of nonempty closed conuer

subsets àf S. The:n A has a fi,red po'int, 'i.e. there erists a I € S such that

p e A(p). See also [2]' [7], [1s].
ry I C IR is a compact ,interual and x is a Banach space, we d,enote by

C|(I,X) ft01 the space of all continuously di.fferentiable functions from I into

X, endowed with the norm

¡¡,pll 6r 1r,x) 
: må¿(ll (p(¿) ll + i¿¡ll r'1(¿) ll.

2. RESULTS

Let the following hypothesese satisfied:

(Hr) F : D x E" + O" is a multifunction with its values F(,,A, z) fot (*,a) e

b, ze En as compact convex sets in En contained inthe ballof radius.L.
(H2) The functions C1([0, a],8"), r e Ct(l},bl,E") satisfy the condition

o(0) : r19¡'
(H3) The function a: D -+ -8", defined by

(2.L) a(r,a) : o(*) + r@) - o(0), (r,Y) e D,

is bounded. There exists a¡ € R-. such that

(2.2) lo(*,a)l ( oo, (r,Y) e D'

Dpr,rNruoN 2.1. [18], [19]. The Darbour problem for the hyperboli'c i'n-

clus'ion

022
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DppINttIotI 1.9. [4]' For a mapping G: D ] Qn, i't is defi'ned coG:
D -+ {ln, to be the map from D into Q" taking ualues coG(r,y) as the closed,

conuered hull of G(*,y), (r,g) e D.
we shall use the notat'ion c(D,8") for the space of cont'inuous n-uector

ualued" functions, d,efi,ned on D, wi,th the un'iform topology, i,.e. the topology

i,nrl,uced, Uy llsll: max{lg(z,a)l'@,ù € D}, where ls@,a)l i,s the Eucli,dean

norrn of g(r,a) e En.
(2.3) e F(r,y,z), (*,a) e D, z € En,
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has a fixed point p and p is therefore a solution of the problem (2.3F-(2.4).
Indeed

Y(p) : {f e L*,(D,8") , lG,ù € r'({, q,p(€,?)), ((, rt) € D}

and

A(ç) : {h e C (D , E") : h,(r, y) : a(r, y) *

(2.4)

276 (ìeolseta Teodoru 4

cons'ists in the determ'inati,on of a solut'ion for (2.3) sati,sfying conditi,ons

z(r,0) : o(r), 0

z(0,A) : r(A), 0

Dp¡'INtuorq 2.2. l5l, [10], [34]. A functi,on z : D -+ En is said to be

a cl,ass'ical solut'ion ol e.Ð+(2./r) iÍ 2,ffi *" i'n C(D,8") and' for euery

@,a) e D, z salisfics (2.3), ; ". 
a':!"uty) 

€ F(r,!J,z(:L,y)), anrt also (2./).
drdy

'IsnoRnv 2.L. Let the hypotheses (H1), Û1r), Es) be satisfi'ed. Then
the Darbour prolilem (2 3)+(2.Ð has a class'ical solution.

Proof. I'et C7(D,.E") be the compact subset of C(D,-Ð") consisting of
functions with Lipschitz constant -L and of norm less than or equal to asl_ Lab.

Cr(D,8") : {.f e C(D,8") : lf (r,a) - f @',y')l <

L(1" - ,'l + la - y'1,(r,a),(r',a') e D,l/l < 
"o 

+ Labj.

LeL zbeinC(D,En) and !3- inC(D,E').Integrating i]- ouc, thc) /- )rðy " öröy
domain

Dq) :{({,ri) : 0 < ( I r, 0 1 n 1 A} ç D, (r,y) e D,

and using (2.2), (2.4) one gets

1r 1a
<a <l).

lr" lr' /(€,ri)d(.l,i, r ev(ç)\.

From ,4(p) : 9 it follows

p@,a): h(,,a): a(r,r). l: loo 
f te,ry)d€dry,

hence

9'? ,r.a): f @,y) e F(r,y,p(r,y)), f or(r,a) Ç Dôr0y\*'
i.e. (2.3) is satisfied, and (2.4) obviously holds. One has

lHn,o) :o(r), o1r1a

lff,',a):,(a), o<a<b.

The theorem 2.7 is thus proved.

(2.5) z(r,y)

For Z e C¡,(D, E") let us take

Y(z): {f e L,-(D,8"), f (€,'ù € -F'(€, T,z(€,4)), (4, n) e D}

and

A(z) : {h e C(D, E") : h(r,y) : a(r,y) *

: o(,) +,@)- o(o) * 
lo" l, ffiou, :

: o(r,ù * .[, l, ffiour, @,v) e D

lr" lr' rô,n)d€dn, I €v(r))'
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