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Abstract' In tìris paPcr rl'e introduce the convex (nonconcave, ¡rolynomial, ¡onconvex,
respective concave) functiorrs of ordcr n on unclilectccl networks. lVe stucly somc proper.r;ies
of thern. Irinally rve frarle these functions in allure theor.y ini;rorlucccl by tr. popoviciu (1gBJ).
We aclopt the defilitiorr of netl'olk as rnctric space intr:oducecl by p. M. Dearing and R. L.
Fl'ancis (1974)
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1. PRELIMINARY NOTIONS AND RESULINS

The def ition of network as met'ic space was introduced in [l] ancl was
used in scveral paper.s (see, e.g., l2), [4], [3] ctc.).

we consider a,n undir'ected, co'nectccl g'aph G : (w,,4), without loops
or: rnultiple edges. To each veltex we associate a point u¿ f¡orn a¡ euclidean
space x. This yields a finite subsct v : {u1, ..., ur,"} of x, callecl the vertex
set of the network- wc arso associate to eacrr edge (u¿, -¡) e,4 a rectiffabre
arc fu¿,u¡l c x called edge of the network. we ass.rne ihat any two edges
have no irrterior conìmon points. consider that [a¿,u¡lhas the positivc territl.
l¡¡ and denote by E thc set of all eclges. we crefine the networh 

-N : (v, E)"bv
¡/ : {u € X I I (zu¿,u¡) €,4 so that, r e [u¿,u¡]] .

It is obvious thal; 1V is a geonetric irnage of G, which follows naturalìy from
an emÌ¡edding of G in x. supposc trrat for each [u¿, u¡l e (I there exists a
continnous onc-to-one mapping 0¡¡ : [u¿,r¡] -+ [0, f] witn a ij (ui) : 0, 0¿¡ (u¡) :
1 arrd 0¿¡ ([u¿,r.,¡]) : 10,1].

We derrote by 'I¿¡ the inverse function of 0¿i.
Any connected a'd closed subset of an edge bounclecl by two poi^ts r

and y or [u¿,o7] is called a closecl subedgc ¿nd is rlenoted ny (r,al in one or
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both of r1a are missing ,we say than the subedge is open in z, or in y or is
open and we denote this by (*,A),1*,y) or (r,y) respectively' Using d¿r', it is

possible to compute the length of [r, y] as

t (l",yl) : l0¿¡ (r) - 0¿¡ (a)l't¿¡

Particularly rve have

I (lu¿,u¡l) : lij, I (l'¿,"]) : o¿¡ (r)I¿¡

and
I ([r,u¡)) : (1 - 0¿¡ (r)) l¿¡.

A path L(r,y) linking two points r and y in l/ is a sequence of edges

and at most two subedges at extremities, starting at r and ending at y. If
r : A then the path is called cycle. The length of a path (cycle) is the sum

of the lengths of all its component edges and subedges and will be denoted

by I (I (r,y)). If a path (cycle) contains only distinct vertices then we call it
elementary.

A network is connected if for any points r,u € N there exists a path

L (r,y) c N.
A connected network without cycles is called tree.

Let -L* (r,g) be a shortest path between the points r,U € lü. This path

is also called geodesic. One defines a distance on ,ly' as follows:

DpnINIrloN 1.1. [1] For any r,A e N, the distance from r to y, d(r,y)
in the networlc N i,s the length of a shortest path from r to g:

d(r,Y) : I (L* (",Y)) '

It is obvious that (¡ú, d) is a metric space.

For r, U e N, we denote

(1) (",u) : {z e N ld(r,z) t d(z,a) : d(*,a)} ,

and (ø,y) is catled the metric segment between r and g.

DprINtttoN 1.2. [1] A set D C ll ¿'s called d-conuer if þ,al C D for all
r,y € D.

We consider now two points r,A e N, D(*,a) c (r,A) u shortest path
fromz tog and afunction/: N -+ R. We consider also anonnegative integer

n) 0, and the distinct points

(2) trt ...t rn*r

such that {rt, ..., rr¿+r} C D (r,Y).
In [3] E. Iacob denoted:

( -. 
n l

P,(*) : l, n : D (r,y) -+ Rl P(t¡ : Ð"rar (r,t), ck € R | .

[*=o)

The elements of Pn (r) are called metric polynomials. E. Iacob established that
there exists a single metric porynomial p* € p, (r) which is equar with / on
the points (2). The polynomial p* was denoted 'wiìf, ¿ (p, (r) ì rt, ...,, rn+tl Í)and was called interpolation metric polynomial of l,agìa"ge type.

TupoRplvr 1.1. f3] The metri,c polynomi,al
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(3) D
i=l

r,t) - d(r,11 )) ... (d (r,t) - d(*,r¿-r))
(,,, ¿) - d,(r,r¡,-'))
-d r, rn+I))

n+7 (d(
(d (",

d (r,t) - d

f @¡)
, *r)) ... (d
.. (d (r,t)

(d (r, r¿)

!1,ïi) - d,(r,r¿¡)) ...(d( r,ni.) - cL(r,r,,¡))
belongs to the set Pn (r) and sati,sfies the cond,it,ions
(4) L (P,r(r) ,rLt ..., rn+ü f) @¿) : f @ù , f or i.:T,n +a

/) is the unique metric polynomial in
)
(r);*r., ...t rntril) corresponding to

difference or rhe r'ncrion / on rhe 0",;;:iîj';ilåTs åï."îT"Ír:t:fi:iï:
only consider divided differences rerative to the fixed point ø.

The divided differences have the following propui.ti"r.
THøoRpri¡ L2. L1l For euery di,stinct pctints rt, ..., rn+t € D(r,y) we

haue

frt, *2, ..., rn+t, Íl:
1

(5) d(r,r¿) - d(r,r)) (d(r,r¿) - d(*,*¿-ù)
1

(d(

n]_7t
i:7

Í ("¿)(

(d(r,r¿) - d(r,r¿+ù). - d(r,rr+t))
- As in [6] we denote withDrr,r"¡...,rn*t the set of all functions definecl on

the distinct points (2) and we definé'tûe'iùnctional

ûnr rÍ2,...,an+, i D rr,*"r...,øra1 _ì IR

by
(trÍt,r2,...,Ín+, ff) : Lrtr*Zr..,rur+ti Í1 .

TupoRpti¿ 1.3. [5] The functi,oTlal a?],r2,"'nn+t ¿, l,inear., so

atL'r2, .'íxn+t (/ + g) : aT"r,*r,...fintL (Í) + oîrr,"rt...fln+r (n) ,

respectiuely

A.ul,.D2,...,an+, @Ð _ d.Clrr,!x2,...,".*, (,f) ,

for all f ,g e Drr,rr,...,rn¡, and, a € iR.
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llutroRpt¿ 1.4. [5] tr-or a point In-¡2 Ç D (r,tl) different from, euery po'int

Ilt I2t ...t In*l ue ho|ue

.f (r,"+z) - [,('P,, (") ;" Ltt2t "'trn-rü Í) ('n+r) :
(6) == (cI(r,t;,r-¡2) - dþ;,ør )) ' (d (r,rn',2) - d(",,r))'

'... ' (d (r,r,r-¡z) - d(r,r¡,t r )) ' lrt,rr,.'.,ar,+2, ff '

Dp¡'INI'riou 1.3. We say that tl¿e rlisti,nct points rt, .", r',, e D(r,y)
,fo7m a metri,c ¿;ttccess'ion relatiue to t:, if th,e Jollowing in'equulities are sal'isft'ed:

d,(r,r) 1 ct(r,rr) <- ... < cL(r,r,") .

Conolr,.qRv 1.5. [5] tf the 'points rr¡!u2t ...t tr¿1-tttnt2 form a metri'c

succession relutiue to r tlt'en tlt'e coeffic'ient

(d,(r,rn-¡,¿) - d(*,"t)) @(r,r,,+z) - d(r,rr))' .."
.(rt(*,rn+z) - d(r,u,,r r))

of th,e d,iuirl,ert rlr,JJerence l"'t,r", ...t rn1,2l fl .fronr, tlte relatior¿ (6) i,s positiue.

So, in thc.se condztions, th'e si'grt' ol the d'ifference

f @n+z) - L (P, (,) ;'t,12¡ "'t n,"+l l) ('n+")

d,cpend,s orily ort' tLre sign of the iliui,rled di'fferencelr1,r2, "', r,r+zif)'

2. FUNCTIONS OF ORDER n ON UNDIR,ECTED NIfTWOR,KS

In this section we define the corrvex (nonconcave, polynorniaì , nonconvex,

rcspcctive concave) fr-rnctions of order n on undirected netrvorks, whele n Þ- -I
is z-r,n integer number. These are a generalization frorn undirecl,ed networks of

real functions of order n introcluced in [Sl by 'I. Popoviciu and a]so studicd in

lel, [10], [11], [12], [13], [6] etc.

We consicler a netrvork ly', two points r,Ll € N, D (r,y) c (r,g) a shoriest

patlr from r Lo y,a function f : D (r,y) + R and a1 intelger number n )- -7.
We consiclel also a system olrtI2 clistinct points tr,12,.'.t rnt2€ D(r,y)'
We clenote llt : lR. Ll {-oo, +-}.

Dprtut'uoN 2.1. TLrß,function f : D(r,tì -+ [P' is called conuer, (non-

concaue, polynomi,al, noncorn)er, respect'iue concaue) of order n relatiue to r
cnt, the rlistzn,ct po,ints rrtr2, ...t Int2 e D (r,y) if the followi,ng i,nequali,ty i's

sati,s.fied

l*t,*r, ...t rn*21l) > (>,--,{, resytecti'ue 1) 0'

DprtNttlou 2.2. The functi,on f : D (r,:q) + Ñ is called conuer (non-

(:oTùca;)e, polynontio)l noncon,uer, respect'iue concaue) of order n relat'iue to r

on D (r,y), if for ^any 
d,isti,nct points rt¡r2t ...t rn!2 € D (r,y), the foltowingi,nequ,ali,ty i,s satisfied

[*t,*r, ...t rn]2t fl > (>,:,{, respectiue 1) 0.

The function / which have one of the properbies of this definition is calledalso function of order n on I) (r,y) reratiuã to ". ur;* ;;* the theorern 1.4we obtain the following equivalent definition:

DpprNruoN 2J' The function f : D (r,a) -+ R- is catterr, conuer (non-concaue' poltlnomial, nonconuer, respectiue 
"or"or") of orcler n relatiue to ron D (r,y) if for any distinct Ttodnts "r,*r, ...t rt¿*2 e D (r,y) such that these

.forrn a rnetric success,ion, the foltowiig inequalitìls ,a,ì¡"a
:f @"+z) - L(Pr(");*r,(x2t...t rn+tìl)(rn+z) > (>,:,{, respecti,ue 1) 0.

In the following we plesent some basic proper-ties of functions of order non undirected netwolks.

THpoRptr,l 2.1. U I: D(r,y) _+R and g: D(*,ù _+ IR, øre two e.onuer(nonconcaue, polynomi,ot, ,oà.o"iuer, respecti,ue concaue) Junct,ions of ordern relat'iue to r on, D(*,y) an., a ,is a real posit,iue nu*b"r, then f I g and,a.f are also conuer (no_nconcaue, porynomial, nonconuer, respect,iue concaue)
funct,ions o.f order n relatiue to r ànb@,ù.' 

- ---*t '

- Proof. These properties of the functions of order n are aconsequence of.the properties of the divided crifferences established in Theo'em 1.3. n
THpoRpvr 2.2. I. tÍ {h : D (r,y) _+ R}*.x ,is a punctual conaergent

sequence o.f conuer or nonconcaue function, oÍ 
";d';; r, r"toti,re to r on D(*,a),tl¿en the limit Junction

f : D(r,y) -+ R, .f ("): ]\fo{r¡,
xs nonconco,,ue of order n relatiue to r on D (rry).

2. ï {Ín : D (r,y) -+ R}rux is a punctual conuergent sequence of con_

íi"Zrioii"'1'conue:x 
functions of order n relat'iue to r on D(r,,), then thå hmit

f : D(r,y) -+ [R, .f ("): ]!¿f o{r¡,
is nonconuer of ord,er n relat,iue to r on D(r,A).

.3- # ur ' 
n @,a) n R)4u* is a punctuar conuergent sequence of poty-nomial funct'ions of orcrer " í".i,àär" to r on D(r,y) then the timit function

f : D(r,y) -+ R, .f (r): ]y¿f *{r¡,
t's polynomial of orcler n relatiue to r on D(r,y).

54 Convex F\rnctions of Orde¡ n 155
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Proof . 1. We consider the arbitrary distinct points lxtt. . . trnt2 e D (r,y)
and the sequence of punctual convergent functions

f ¡: D(r.,g) -+ lR, k : L,2,. .' ,

corlvex or nonconcave of order n relative to r on D(r,,y), having the limit
function

f : D(r,y) -+ R, lQ): ¡lyf kØ.

Then

, rn¡z; Í) :
1

(d(r,r¿) - d(r,r))
1

(d (r,r¿) - d(",ri-))

,r¿) - d,(r,r¿¡1)) . (d(*,'ri) - d(r,*n+z))

Convex Functions of Order r¿ r57

which is the punctual supremum of this family. Then, for arbitrary distinct
points rttr2t.,.trnt2 e D (r,y) , the following relations are satisfied:

f*rr*rr...rtn+zifs]:

Daniela Marian

(d(r,r¿) - d(r,r1))
1

6 7

n12t 1

i,=l
sup/ (ø¿) .

1¿E (d(r,r¿) - d(r,r1))
1

(d(r,r¿) - d(r,ri_1))

(d (r, r¿)
n*2

>supt
ÍeF i=t

- d(*,2¿+r))

f @¿)

(d(r,r¿) - d(*,r"+z))
1

(d (r,r¿) - d(r,"r)) . . .. . (d (r,r

)=

i) - d(*,r¡-t))
\_
)-lx(r,

l*t, "zn*2
-\--1r i:r

1

) (d ("
- sup

ler

ri)-d(*,*¿+t))..
ll¡ I2t. . . ,fn¡Z; l)

(d(r,r,1) - d(r,r"+z))
1

t

f n@¿) (d(r,r¿) - d(r,r1)) (d(r,r¿) - d(r,*¿_1))
1

(d(r,r¿) - d(r,r
: 

*tiå l*t, 
*2,... ,

since the convexity or nonconcavity of order r¿ of the functions /¡ relative to r
on D(r,g), imply the nonnegativity of the divided differences [rr,.. . ,rn+z; f nf

for any ,k e N.

The other two affirmations can be proved in a similar way. !

THpoRBIi¡ 2.3. If F ¡'i,s a fam,ilg of real conuer (nonconcaue, respectiue

polynomi,al) functions of order n relatiue to r on D(*,A), then the functi,on

f ,: D(r,g) -+ R, f ,Q) : sopf (ò,

whi,ch is the punctual supremum of thi's family, is a conuer (nonconcaue, re-

specti,ue polynomial) funct'ion, of order n relatiue to r on D(*,A).

Proof . We consider the family .F of convex (nonconcave, respective poly-

nomial) functions of order n relative to r on D(*,A) and the function

/, : D (r,g/) -+ R, I'Q) : sq-f Q),

Now, since the functions of the family F are convex (nonconcave, respective
polynomial) functions of order n on D(r,y), we have

l*r,*z,...rrn¡2if] > (>' respective:) 0, for every f QF,

so we obtain

sup[r1, r2t...,rn¡2)/] > (>, respective :) 0.
reF

This implies that /, is convex (nonconcave, respective polynomial) of order n
on D(r,y). !

We can prove the next theorem in an analogous fashion.

THpoRplr¡ 2.4. If f is a fami,Iy of real functions defined on D(r,y),concaue
(nonconuer, respectiue polynomi,al) of order n relatiue to r on D(r,g),'then
the function

g: N -+ R, g(r) :ir.rf¡çyf (z),

whi,ch'is the punctual i,nfimum of this fami,ly, is a concaue (nonconuer, respec-

tiue polynomial) functi,on of ord,er n relat'iue to r on D(r,A).

3. ELEMENTS OF ALLURE THEORY ON UNDIRECTED NET\MORKS

In this section we present some elements of allure theory on undirected
networks. Even if the term "allure" was used for a very long time in mathe-

matics, an exact definition was given only in 1983 by E. Popoviciu in [7]' We

recall the definition in the following.

(d("
n*2
D
i=l

( ti^ fr@n)
\k-+oo

1

d(r,r¿) - d(r,*¿-r))

(d(r,r¿) - d(r,r"+z))d (r, r¿¡1))
I

¿+r)) ' .... (d(r,*o) - d(r,r^+z))
rn¡2;f¡))0
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consider a set x, a nonempty subset y c x, and a partition of the
set Y:

Y:YuY2u...UY*
Yr\Yi: ø Tor i, -l j

Let U be a set of operators of the form U : X _+ y.
DpprNmroN 3.r. The elernent r e x i,s sairl to haue the allure (y¡,u) iÍUr e Y¡.

Dppr'rrroru 8.2. The element r e x is saitl, to h,aue the allure (y¡,u) iÍ
for eucry U e U tlt,e element r h,as the allure (y¡,U).

From undirectecl networks we have immediately the next example of
allure.

Era'mple 3.1. (The d-convexity allure of the subsets of an undirectecl
networl< l/.) Lct N : (V,E) be an und
consider Y : X, anci the partition of IZ
Define the operator IJ : p (l/) + p(lf
P (N), wherc the set [,4] is the union of a
each pair of points f'om ,4. It is clea' thab a subset A of N is d-convex if and
only if this have the allure ({ø} ,U).

Eram|tle 3.2. 1'he allure of the fïrnctions of ordel n on undirectecl net-
wollrs.) consicler a flxed irrteger number' ,rr, ) 0, a network N, two points
r,,!) € l/, a path D (r,A) C (r,y) ancl the set p,"¡1(ø;). Þ-or every system of
r¿ --l- 2 clistirr.ct points

(7) r7,r2,...t!Ln1-2
frorn D (r,y) we consicler the interpolation operator of Lagrange type relativelor
(B) L (Pnt (r) ; r1,t2, ..., rn+2,.) ,

rvhich attacli to a fr'rction /, defined on the poi'ts (z), ihe metric polyrromial
L (Ttr+t (r);rrt12, ...t nn+z;.f) .

Denotr: by 4
of points (7)
set of polyno
term d"+r (r
for Pn¡1(r):

p"+t (r) : pi+t @) lp,, (r) up[*, (r) .

Considering now X : {Jlf : D (r,y) -+ R}, y : pn+t (z), wc have y C X.If we apply Definition 3.1 rve have that the function / hìs ihe all're
(PI*, @), L (pn+t (r) ; rr, t2t ..., r,+z;.))

Convex F\rnctions of Order n 159

if
L (Pn+, (*) ; rt, 12,..., rn+zi /) e PI+r @) .

In this case / is convex of order n rclative to r on the points (7). If / has
the allure (PI*r(r),Ln+t(r)) then / is convex of order n relative to r on
D (",y). The allure

(P;n, @), L (pn+t (r) ; rr, 12, ..., r,,+zì .))

expresses the concavity of order n rela,tivc to ø on the points (7), and the
allure

(P;*,, (r) , L,,¡7 (r))
explesses the concavity of order n relative to z on D (r,,y).The allure

(P" (") , L (Pn+t (r) ;:r1, 12, ..., rn+zl'))
expresscs the polynomiality of olclel n relative to r on the points (7), and the
ailure

(P" (r) , L"+,. (*))
explesses the polinomiality of order r¿ relative to r on D (r,U).

Rem,ark 3.1. If we want to determine other types of allures which have
the sa,me operatol of interpolation (B), we must consider some other partitions.
Anotirer imrnecliately partition of Pn 11 (r,) is

P,+t (r) : Ut[+, (r) r-t p,,, (")] u p, 
r , @) .

With this partition the allure

(PI*r. (r) t-t P," \r) , L (pn+t (r) ; rr,, rz, ...rnt_2, .))

expresses the nonconcaviby of ordcr n lelative to ø on tlLe points ('/), and the
al1ure

(P[*, (r) o P, (r) , L,¡1 (r))
expresses the nonconcavity of order n relative to u on D (*,y).
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Abstract. We propose some incremental unknowns which to be adopted for a singu-
Iarly perturbecl boundary value problem.
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We considel the singularly perturbed boundary value problem:

tp1) [-ru"(r)+a(r)ul,(r):f @), for r€(0,1)\-*./ [ u(0) :r(1) :0
where É is a small positive parameter, ø(") > 0 for all r € 10,1], and the
functions ø and / are sufficiently smooth. The solution of (P1) has a boundary
layer at r :7.

It has long been recognized that diflìculties can arise when certain ((cen-

tered" finite-difference and finite-element methods are applied to (P1) when
the diffusion coemcient e is small. In particular, such schemes when applied to
(P1) on a unifbrm grid have an inherent formal cell Reynolds number limitaj
tion. Namely, with a uniform mesh length h and ø(r) constant, one finds that

the cell Reynolds number 4 -rrrt be bounded by some constant depending

on the scheme in order to arr?i¿ spurious oscillations or gross inaccuracies. For
small e this requir-es a prohibitive number of grid points and so alternative
approaches have been developed. One approach is to use a nonuniform mesh
(which must be appropriabely chosen) which is very fine "in the boundary
layer" and coarser elsewhere. Another approach has been to devise schemes
which have no formal cell Reynolds number limitation. Schemes of this type
have been constructed by using uncentered ("upwind" ) differencing for the
first derivative term, or, more generally, by adding an "artificial viscosity" to
the diffusion coeffi.cient e, e.g., [10],
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