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Iarly perturbecl boundary value problem.
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We considel the singularly perturbed boundary value problem:

tp1) [-ru"(r)+a(r)ul,(r):f @), for r€(0,1)\-*./ [ u(0) :r(1) :0
where É is a small positive parameter, ø(") > 0 for all r € 10,1], and the
functions ø and / are sufficiently smooth. The solution of (P1) has a boundary
layer at r :7.

It has long been recognized that diflìculties can arise when certain ((cen-

tered" finite-difference and finite-element methods are applied to (P1) when
the diffusion coemcient e is small. In particular, such schemes when applied to
(P1) on a unifbrm grid have an inherent formal cell Reynolds number limitaj
tion. Namely, with a uniform mesh length h and ø(r) constant, one finds that

the cell Reynolds number 4 -rrrt be bounded by some constant depending

on the scheme in order to arr?i¿ spurious oscillations or gross inaccuracies. For
small e this requir-es a prohibitive number of grid points and so alternative
approaches have been developed. One approach is to use a nonuniform mesh
(which must be appropriabely chosen) which is very fine "in the boundary
layer" and coarser elsewhere. Another approach has been to devise schemes
which have no formal cell Reynolds number limitation. Schemes of this type
have been constructed by using uncentered ("upwind" ) differencing for the
first derivative term, or, more generally, by adding an "artificial viscosity" to
the diffusion coeffi.cient e, e.g., [10],
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When the discretizatio:n is made by finite differences, lbrnam irrtroduced
in [11] the concept of Incrernental Unknowns (IU in short). 1'he idea, w'hich
stems from dynamical systems a,pproach, consists in writing the approximate
solution u¿ in the form u¡ : U¿ I zi, ,altere z is a small increment. Passing
flom the nodal unknowns u¿ to the IUs (g¿, z¿) arnounts to a linear cltange of
variables, that is to say, in the language of linear algebra, to the construction
of a preconditioner. Many numerical simulations have shown the efliciency of
such induced preconditioners.

Nurnerical solution of a problern such as (P1) using Incremenl;al Un-
knowns has been considered in [6] and f7] but the IU's that have beeu used in
these arLicles were connected to the Laplacian only: they wele incluced only
by the discretization matrix of ihe Laplacian.

In [3], the authors plopose a construction of IUs that are more adapted
to the problem in the scnse that they take into account the convection term in
the construction of the II-Is, thus leading to the use of an adapted intcrpolator
and of a hierarchichal preconditioner.

We propose in this paper a different approach for the constluction of
adapted incremental unknowns for (P1): we first mal<e a change of variable
(assuming that there exists a grid function, see below) and then discletize the
problem. This change of variable allows us to work on a uniform grid, which
makes the calculations (in palticular via Taylor''s expansions) easier; the effecüs

of the grid will then be on the cocfficients of the differential operators.

2. THE METHOD

Singuìarlv Perturbed Bilocal Problem

which can also be written,

, (y + h) -, (ù :'ln ,(") d (")cls ancl

(1) a
u

u(a) - u(s - h) : I J (ù/(s)ds.
s-h

Let us consider the Taylor expansion of the function /:

(2) ./(r) : ó(v) +(" - v) ó'@) +iø - a)2 ó" @ + 0+ (" - s)) ,

y1s1Il+h,0<P+<1,
U*lt'
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d (r) ó(y) + þ - a) I t Urd,,þ, (y) *Tø - a), ó,, (a + r,-(, -y)),
a

(3) y-h<s{!/,0<0-<1.
Injecting these explessions of @ in (1), we find from (2) and (3):

u(a +h) -r(y): ó(r)oin r(s)c1s+ ó'(ùuln (r-y)J (s)ds+

u (a) -, (a - h) : ó(a)

a--h
If we denote

1t

-r (s)ds + ó' (a) / (r - s) J (s)ds+
y-h

aa
7vth. .+; ï G - a)" J (') ó" (y + o+ (s - y))ds,
"a

.Ï A - a)2 J þ) ó" (y -r o- (, -y))ds

aI
a-l¿

1+,
Let g : [0,1] -+ [0,1] such that g (0) : 0, 9(1) : 1, ) S'(U) for all

z € [0,1] and 0 < J (A) ,: g' (A) < M, VA € (0,1). Furthermore, in order. to
obtain a finer resolution near the boundary layer, we assume that J(1) : Q.

With the change of variable r : S (y) we obtain from (P1), the following
problem:

( / 1 . \'
/Do\ ) -rl - u' (a)l +a(s(v))r' (v): t (u)lØ(v)), 0 <v <7
\LL) \ \J(3 /

I u(o):o'u(1):1
I

Let þ(y): J (A)r' 
(y). By integration of this cquaiion we obtain:

Ulh. a+h y y

lrr"ro,: I rþ)ó(s)dsand I,,r,ro,: I rþ)ó(s)ds,

al-h

cL+ (u) : I "/ (s) ds,

a

Ia- (v): -r (s) ds,

a

y-h
v+h

Ib+ (a) -- (" - s) -r (s) ds,

v

It'- (y) : ("-y) J(s)ds,
y-h

u

1t a y-h y-h
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I+ (a) : 1.

t
1

t

v+h

I
g

v

I
-l¿

þ - ù' J (') ó" (y + e+ (s - y)) ds,

1

Let lr: ,i, and for j :0,,I,2,...,2N, yj : jh. For y: aj in (1) we
have for j : 1, ...,2N - I:

('- y)' J (') ó" (y + e- (s - s)) ds,
(7) lw +]('¡-'¡-)-+ (r¡-r¡+t):Jjlj,

I- (v):
U where in general f¡ : f fu¡)

we obtain

o+ (a) ó@) + b- (ù ó' (v) : u (a + h) - " (v) - I+ (v)

and
a- (y) ó@) + u- (ù Ó' @) : u (v) - u (v - h) - I- (a)'

whichisasystemoftwoequationswithtwounknowns@(g)and{,(g)whose
determinant will be denoted bv 

" 
(g)'

PRoposlrtoN !. TlLe futtctdons et, b* are non-negat'iue funct'i'ons and

the function ris a negat'iue one'

Since r ( 0 the system has the solution'

Since u (y¡) :: u(g (y¡)) : u(ri), for j :0,1, ..., 2N, we can write (Z):
f

o, j €o;

"i 
- ,t,

("¡*r-_j-l
2

(u¡ - u¡-ù -
(B) eat (ri+t - ,¡_r)

2r¡ J¡
(u¡ - u¡¡1) :

: rj+, _ r;. t

-, uf t, for j :7, ...,2N - L

Remarlc I. If g (y) ,: y then we obtain the class,ical upwi,nd scheme

Let a¡ :
j :7, ...,2N -
written as

ea¡ (ri+t - *¡_ù
and B¡

f(1,; eA)
JJ

b- (a)

,fu) l, (y 'r h) - u (y)l
¿r+ (v)

l,(y)-u(y-h)l+
2r¡J¡ a, rjJj

ó(v): r (a)

fu) r+
1. We obtain a finite dimensional linear system which can be

+
t+ (y) I- (a) - t'- @)

r (a)
(e) þ¡ (,¡ - r¡-r) -t a¡ (u¡ - ui+ù : T¡, for

j : I, ...,2N - 7.

By using trapezoidal rule:
9i +t

and

ó'@) t3, 
@l 

Í, @) - u (y - nn - ";l3l) Íu (a + h') - t;(v)l +

a- (a I+ (v) - o+ ) t- (v)
+ r (a) h

\Me consider the following approximation fot þ' (g) anci { (y):

ó' (a) : +& l' tu) - u (a - al - ";lß) þ @ + h) - u (v)l'

,, \ u(a)-u(a-h)
Q\A): 

"- 
(y) -,

aj

we have

(4)

and

(5)

ul : 
f; @i+, Ij

sot

which is a backward type approximation
r j : -h(r¡+, - r¡) (r¡ - ,¡_r) .

As usual when an IU methocl is impremented, two different kinds of un-
krrowns must be distinguished: those associated with the coarse grid compo-
nents which al'e on G", and whose indices are even and those associated with
the complernentary points (odd indices) which are on Gf \G";

If we substitute in (P2), we obtain the approximation:

-,{\ -u(v- h)l - T#þ@ +r',l -'(Y)l}

l, fu) - u (a - h)) : t (a) I (Y) .

+

ooooooo(6)

o: points in G., o : points in G¡\G".
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(az¡+tuz¿+z I B2¿¡1u2¡) I

76

If we write the system at the complementary points, we obtain

(oz¿+t t þz¿+ù u2i+r - þz¿+tuz¿ - crzi+tuzi+2 : 2ilry f2i+r. Let- 
2

Hence, assuming tltat a2¿¡1 * þz¿+t f 0, we have

Perturbed Bilocal Problem

and then the complementary ones) in the form

r (t¡, Br\
^--\"' tt')'

where 1\¿, i:7,2 are invertible diagonal matrices.

Construction of S
We want to construct a matrix S of the form:

IO
G1 I

and such that AS is upper triangular. We have:

t67

1u2i+7:

+
az¡+t -f þz¿+t

we note that u2¿¡1 is expressed as the sum of a convex combination of
u2¿ a\d u2¿+2j which is nothing but a bilinear interpolation scheme, and a
correction term whose order is connected to the order of the interpolation
scheme. If we set

(10) z2i+r : u2i+r - * -]r--- (az¿+tuz¿+z I þz¿+tuz¿) ,az¿+t -f Þz¿+t

then the system, at the complementary points, is reduced to

(11) z2i+L: 
--f - 

r2i+2 - r'; ^' d2i+r l þz¿+t 
' 

:la+r' i :0' "'' N - 1'

so that these values are now explicit. The incremental unknowns for this
problem consist of ihe numbers Azi : u2i,'i :0,...,N, and, at the points
2i, + I, the numbers z2i+t.

At ¡:2i, i:1,...,N- 1 (9) using (10) and (11) becomes:

Therefore the under-matrix G1 satisfies

Gr : -r\tlBz,
hence

aa+r lrÞzt+t

þz¿þz¿-t:#(ur¿-uz¿-z) *uzi-t t p2i_l

Ic;tc - I¡;LÚ I

--- ^ -J2i+lz

'-- (

0

I
s: ( -n,!'u,

)

AS: 2L1 81
B2 lt2 )(

I
G1

0 \ _ / ¡\, +s,c,
r )- \ er+,\rc,

B1
lt2

)

d2ia2i+l
(ur¿ - uz¿+z)

(12) fz¿ -l
a2i

a2i+t
Dp2i

* þz¿+t

fz¿_t*
!x2i - !L2i-2

2 a2i-
+

az¿+t I þz¿+t

Since the recurrence conditions are satisfi.ed, we can obviously repeat
recursively the process described above using d t 1 embedded grids, that is to
say using d levels of IUs.

From the point of view of the matriceal framework, this construction can
be summarized by the determination of two matrices S and ¿T under and
upper triangular respectively such that

úTAS

is bloc diagonal, A being the discretization matrix.
We first consider two grid levels. The discretization matrix A written

with the hierarchical ordering (considering first the coarse grisd unknowns

Construction of T
We now want to construct a matrix ¿T of the form:

4:(I GZ\*-\o r )'
and such that ttÃS is block diagonal. We hav

¿TÃs : / Ât + gtct Br * GzÂz \
\oÌr2)

and then G2 must satisfy
Br*GzÂz:0.

Thus
I -81¡.t1OI

and then A can be written in the form

A:¿TÃS:(Lr*B¡G1
\0

r2i+ | - r2i.-7

)

0

1\2 )
we note that since the rinear system is non-symmetrical, these IUs leadto a non-symmetrical hierarchical preconditioner.
The first diagonar brock of Â is stil tridiagonal and we can and we canrepeat recursively the reduction procedure described above by using d levels

of IUs.
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(8u)

(Bb)

and
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l1)ai' rj+ nJ
o,i

2 (r¡ - r¡_ù

The Uf incremental unlcnowns are the n'umbers 
"Lj)*r,

1

*\t)*, + ÞLj\,

I8 Sinsular'lv Perturberl

3. CONCLUSION

exp - exp

Bilocal Problem 169

We now desclibe two cases.

If:

L) g, (aì = fu-!#@ - !it|-y:) thun,

lr_ _ "_. \#;+)tu¡ - u¡_,) *
€ T.j+t - r.j_t I+ *(u¡-u¡+r):-r:lt,r¡¡t - I¡

'Lj\r: uz.i+t - (o[]\ *, t + ol')*,,, ¡ ¡,)

These Ul IUs are Uncentered Incremental Unknowns defined in [3]

2) s, @¡) = 
gfu+Jþl : !i!J-3i th"n,

since the discretization points will be mor-e dense in the bound.ary layer
(near r : 1) we may assume that:

!x2i+2 - rz¿+r ( ix2i+r - 12¿ fot i : 0r..., N - 1.

For example, if g (a) : t - (1 - Lr)o+,, p nonnegative inr,eger, this condition is
satisfied.

In this case, assuming that a (r) > 0, we have:

(13) l,(2) | .- l,(1) I

lzzi+tl s lzzrirl,
hence \ve can expect that u2-IUs are better (for preconditio'ing) than u1-
IUs, for this type of convection-diffusion problem ft 1"¡¡ > O.

For U1-IUs we have the following a priori estimates [3].

PRoposlrrox 2. The ui incrernentar unknowns satisfy the foilowi,ng a
priori estimates:

N_1
D ,30*, ( c. ar,
i-o

Et fu",*, - aro)' ( c. az,
j=0

where A.r:j€{.ï:f¡l_ 
r¡(*i*r-r¡) anrt C is a constant ind,epend,ent of tlre

mesh.

using (13) and this result \¡/e can obtain a priori estimates for u3-IUs.
The numerical example.
We consider the following problem:

-eut' (r) * u' (r): 1, for ,r € (0, 1)
z(0):z(1):s,

and

Dppwrrtox 1

j :0, .'., ¡f - 7 defi'ned by

E

1-
oG)€,P.¡ : 

-r

nJ nJ_l

(2\
ai

ïi+r - ri-r

(r¡+r - r¡) - ,¡-r)("¡
Ii +L - r.i-r / \ ri+l - rj_t 

"\uj -uj+t): 
-;-Il,

2 (r¡¡1 - r¡)

pr':l aj
2 (r¡ - r¡_1)

(:) 1
which have the exact solution z (r) : lr-I

(2)
zi.i'+t'

1-exp 1

eDppINItIoN 2. The U2 'incremental unknowns are the numbers
j:0,...,N-Idefi'nedbY We make the change of-variable by using function S@):1- (i _A)r+,

and we consider p :2,,, : 
# and e : 0,0001. we have in the following table

the spectral condition nu nber of the matrix Âd obtained by using d levels of
IUs.

(2\
zòjît: uzj+t - (05])* r"r, + o!]) * ru, ¡ ¡r)

1

*8)*, + þL')*,
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