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SOME REMARKS CONCERNING NORM PRESERVING.
EXTENSIONS AND BEST APPROXIMATION*

COSTICA MUSTATA

Abstract. Let X, Y be two normed spaces, X; a subspace of X and A: X - Y a
continuous linear operator. Let us denote Z1 =Ker(A]x,), Z =KerA and for © € X, E (z) =
{y € X: Az = Ay and |ly|| = [|Az||/ |All} and Bi (2) = {11 € X1 : Az = Ay, and ||y =
IlA=]l 711411} -

One gives the relations between the sets E (z), Ei(z) and Pz (z), Pz, (z) where
Pc(z):={y€ C: |z —y||=d(z,C)}. An application is considered.

Let X be a real normed space and M a nonvoid closed subset of X. For
z € X let
d(z,M) =inf{[|z —y|| : y € M}
be the distance from z to M and let
Py (z):={y e M: |z -yl =d(z, M)}

be the set of nearest points from z in the set M.

If Pas(z) # 0 for every z € X then the set M is called proziminal, if
Pps(z) is a singleton for every z € X then M is called chebyshevian and if
Py (z) = 0 for every z € X\ M then the set M is called antiproziminal.

For a subspace Y of X let

V= {z*c X*: z*|y =0}

be the annihilator of the subspace Y in the conjugate space X* of X.

R.R. Phelps [13] studied the relation between the norm-preserving exten-
sion properties of the space Y* with respect to X* and the best approximation
properties of Y. Namely, he proved that every y* € Y* has a unique norm-
preserving extension z* € X* if and only if Y is a chebyshevian subspace
of X*. By the Hahn-Banach extension theorem, every y* € Y* has at least
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one norm-preserving extension z* € X*. Since then, there have been proved
a lot of theorems emphasizing the relations between the extension and best
approximation properties for special classes of functions. These results cor-
respond to various extension theorems, such as Tietze extension theorem for
continuous functions [6], Mc Shane’s extension theorem for Lipschitz functions

[7], extension theorems for bilinear functionals on 2-normed spaces [3].

S. Cobzag [1] proved that all the above mentioned results can be derived
from a formula for the distance to the kernel of a continuous linear operator.
For normed spaces X,Y and 4 : X — vV a continuous linear operator,

let
(1) Z:KerAz{xeX:Az:O}
be the kernel of the operator A. Obviously that Z is a closed subspace of X.
For z € X put
Az
(2) E(z)= {y € X : Ay = Az and |ly|| = “HAH”} .
THEOREM 1. S. Cobzasg, (1]. The following assertions hold:
10
| Az||
3) d(z,2) >
T
20
4z]
(4) d(z,2) = —21
)=
if and only if there ezists sequence (2y,) in Z such that
[ Az||
(5) IT = Znjl —
e ==l = T
(a) If (4) holds then
(6) Pz (z) =2 — E ()
(b) If there ezists 2y € Z such that
(| Az||
7 T — Z =
(7) o~z = 425

then zo € Py (z) and (4) and (6) hold.

By specializing the spaces X , Y and the operator A, S. Cobzag obtained

in the above quoted paper a lot of duality results of Phelps type as well as
- other results on best approximation.
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There are also some duality results as, e.g. th(?se conce?rnmgéS::r[rzri-
preserving extensions of convex or star-shaped L1p§ch1tz f};nctlor%she - Oi'
[9]) which cannot be derived from th(_e theorem mentioned }? ov:. Rt
this paper is to prove a slight extension of Theorem 1 such as to

tension results, too.
o Let X,Y b,e normed spaces over the same field K (R or C), and let
b

A: X = Y be a continuous linear operator. For a subspace X; of X let
Z=Ker A and Z; =Ker (4] x1)
For z € X let

|| Az|]
(8) E(z) = {y € X:Ax = Ay and ||y|| = T4l }

and

= ”A””“}=X NE(z).
© B (x)={yeX1:Am=Ay and [yl = Sl b = 3,

Obviously, Z; is a subspace of Z and E, (z) C E (z), for 7 € X;.

THEOREM 2. 1°. For every z € X; we have

>d(z,%) > Az}

(10) d(z,2y) 2 d(z,Z) 2 T4
20, For z € X1 we have

22— d(o.z) - 14
(11) d(z,Z1) = ! Al
if and only if there exists a sequence (zy) in Zy such that

1z — za]] = Az
- o=l
3°. (a) If the equalities (11) hold then
(13) Py (z) =z — Ei ()
and
(14) Py (z)=1z—-E(z).
(b) If there exists zo € Z1 such that

o = mll = 22

then zg € Py (%) and the equalities (11), (18) and (14) hold.
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Proof. 1°. Let z € X;. For every z € Z1 we have
1A2]| = [ Az - Az|l = | A(z - 2)|| < | Al| = — 2|l

implying
Az
lz — z|| > ! forall ze€ Z
A oionih =
so that
Az||
4]
Similarly
1| Az||
d(z,2) >
| 4
Since Z) is a subspace of Z it follows that
Az||
d(z,21) > d(z,2) > L0 I
4f

for every z € Xj.

| Az
20t d(z,2Z)) = HA”” then, by the definition of d(z,Zy), there exists a

sequence (2,) in Z; such that

| Az]|

l'a;—z7bll — ”A” =

Conversely, if (z,) is a sequence in Zy such that ||z — z, | — ”HTWIH then,

since ||z — z,|| > d(z, Z1), n €N, we get

d(z,Z) < lim ||z — = Mqﬂ
which, combined with (10), gives
A=||
147

. Az
(a) If z € X, is such that d(z,2)) = ””AH” then the following equiva-

lences hold

d ((E, Zl)

2 € Py (z) < z€ Z, and |z — 2| =d(z,7)) =

S r-2€B (z) = z€1-E (z).

Taking into account (1 1) one obtains the equivalences
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| Az]|
1Al

2€Pz(r)<=z€Zand ||z —z2|=d(z,2) =

< zr-2€E(z)<=z2z€x—FE(z).
(b) Let zy € Z; be such that

|| Az
|z — 20|l = =d(z,2)=d(z,2).
4]
It follows that (12) holds for z, = zp, n = 1,2,..., so that by the point 2°of
the theorem, (11), (13) and (14) hold. O
Application

Let X be a real normed space and Y a nonvoid convex subset of X
containing 0.

Consider the space
(16) LipoY ={f:Y — R: f is a Lipschitz on Y and f (0) = 0}

equipped with the Lipschilz norm

(17) 171l = suP{lf %i i ;;(lfml

The space LipgX and the Lipschitz norm |||, are defined similarly.

By the theorem of McShane [7], [4], the space LipgY has the extension
property with respect to LipoX, i.e., for every f € LipyY there exists f €
LipgX such that

yLYy2 €Y, y1 # y2}-

Fly=fand [|[Fllx=|fly.
DEFINITION 1. A function f € LipyY is called convez if

(18) flayi+ (1= a)y2) <af (1) + (1 - ) f (v2)
for all y1,y2 €Y and all o € [0,1], and starshaped if
(19) flay) <af(y)

for every y € Y and every a € [0,1].
Obuiously that every convex function f € LipyY is starshaped.

DEFINITION 2. A subset C' of a vector space X is called a convex cone if
(a) x+y € C for every z,y € C, and
(b) Az € C for every z € C and X > 0.

Denoting by Ky (respectively by Sy) the sets of all convex (respectively
starshaped) functions in LipgY, it follows that Ky and Sy are convex cones
in LipgY.

The sets of convex (starshaped) Lipschitz functions in LipyX are denoted
by Kx (respectively by Sx). Again they are convex cones in LipgX.



178 Costicy Mustita 6

7 Norm Preserving. Extensions 179

By McShane’s theorem ([7], [4]), for every f € LipgY the function

(20) F(z) =it {f () +flyllzs -yl :y €Y}, z € X,
Is a norm preserving extensions of f,le.,
(21) Fly=f and |[Flx=fly

a) if f € Ky then the function F given by (20) belongs to Ky, i.e., Ky
has the extension property with respect to Ky;

b)if f € Sy then F € Sx, so that Sy has the extension property with
respect to Sy, too.

Consider the subspaces

(22) Xe=Kx -Kyx
and
(23) X, =8y - Sy

generated by the cones Ky and § X, respectively. We have X, C X, C LippX.

Take in Theorem 2, A to be the restriction operator r : Lipg X ;
i p T Lapg X — LipgY

(24) 7(F)=Fly, F € Lipy X.
The operator r is linear, continuous, and, since
I (F)ly = 1Flvlly < I1Fllx,
it follows ||r|| < 1.
For f € LipyY put
(25) B(f)={F € LipX : Fly = f and |F|x =||flly}.

By McShane’s theorem [7] the set E (f) is nonem g ;
pty for every f € Lip,Y.
If f € Ky then g v e

(26) Ee(f)={F€E(f): FeKx} #@,

(27) Es(f):{FeE(f):FeSX};é@,
It follows that for f € Sy

Es (f) CE(f)
and for f € Ky
E(f) CEs(f) CE(f).
Let
Y+ ={F € LipX : Fly = 0}
V=%t rimy

and
Vel 21y Lo o)
We have the following result

PROPOSITION 1. (a) If F € Sx then Fly € Sy, Ey(Fly) # & and
l7|x, || = 1. Furthermore

(28) d(FY!) =d(FYt) = |Fly]
and
(29) F—E;(Fly) = P}/SJ_ (F)CPyL(F)=F—E (Fly)

(b) If F € Kx then Fly € Ky, E.(Fly) # @ and |Ir|x,|| = 1. Further-
more
=F—F;(Fly) C Py. (F)=F - E(f)

Proof. (a) If F € E; (F|y) then G = F —F € Y- and
IF = Gllx = [|F|lx = IFlvlly = lIr (F =)y < lIrlx, I I1F = Glly

implying ||r|x,|| = 1. By Theorem 2.(b), G € Py (F) so that (28) and (29)
hold. The proof of (b) is similar. O
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