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ON SOARDI'S BERSTEIN OPERATORS OF SECOND KIND

roAN RA$A

Abstract. We solve a problem, raised by Paolo Soardi, concerning the shape preserv-
ing properties of the Bernstein operators of second kind. \\¡e establish also a Voronovskaja-
type formula for these operators.

1. INTRODUCTION

Paolo Soardi [6] introduced the following Bernstein operators of second.
kind: Bn: C[0, 1] + C[0, 1]

(1) þ,Í(*): @Thrcï-f"it ) @+r-2k) x

" (tr - r)k(t + r)n+r-* - (1 - *y+t-kç1* 
")*) , (=i) ,

where n) I, f e C[0,1], z e [0,1].
They are positive linear operators for which þrI:1 and þ"f Q): f G),'n)l,/eC[0,1].
By an intensive use of probabilistic tools Soardi proved

TspoRplt¡t I.7. Let f be continuous onl0,Il. Tlr,en, for alln) 4,

(2) llp# - fll < (55 +y
n

u(f ,n-r/2¡,

where ll . ll i, the uni,form norm and u i,s the m,odulus of conti,nuity.

In the final part of [6] Soardi raised the problem to decide which properties
of the function / are inherited by the Bnf 's.

We shall give some answers to this problem and shall establish a Voronovskaja-
type formula for the operators prr.
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2. PRESERVATION PROPERTIES

The classical Bernstein operators have many well-known preservation
properties (see [5], [1]). Here are some similar properties of the operators B,r.

TnnoRpir¿ 2.I. Let f e C10,7] and n ) L

(ù U f is 'i,ncreasing, then þ"1 is increas'ing.
(ii) # f is'increasing and conuer, then Bnf is increas'ing and conuer.

Proof. We have for z e [0,1]

lnl2l-1

(B)

This will be accomplished if we prove that the inequality

2 ((t - r)i(t + *)"-i - (1 + r)i G - ù"-i) >

>- (n - zfi (zr ({r + r)*{r - r)n-k-t + (1 - ø)È(t + r¡"-n-r) +

*(n - 2k - r)r2 ({r + r)e{r - r)n-h-r- (1 - r¡fr(t + r)n-fr-l))

holds for 0 < k Sh, 0 < i < lr, 0 < r 1 l.
Denote rn i: n - 2j > 0, pr :: k - i, t::
Then

ffi e [0, t].

(9) m-2P-1-n-2lc-1>0.
The inequality (8) is equivalent to

(10) 2(L +t) (z1l +¿+... + t*-r) -m(tn +t*-p-\) >

Z m(m - 2p - 1)(tm-n-r - te)G - t).
Dividing bv (1 - t)2 we find that (10) is implied bv

m-2P-3

(11) 2(r+t) t (r+t+...+t¿) (r+ú+... + ¡m-2n-3-i) <
i=0

3 m(m - 2p - 1)(1 + ú + .'. + ¡m-2n-2¡.

Let r :: rn -2p - 2; (11) is equivalent to

(12) 2 tnot, - i) + 2r) ti < 
Ð^î 

+ t)ti' .

The inequallry 4i(r - i) +2r 1 m(r+ 1) (for 0 I ¿ < r) is a consequence

of (9) and so (12) is true; this finishes the proof. .tr

Remark,2.2.Lete1(r):r,r4-l},ll'sinceBnelisnotapolynomi'alof
d,egree 11-, we conclud,e that þn(n) 2) does not preserue the conuenity.

Remarlc 2.3. From (3) and (Ð we get

(13) (É,/)'(o) : o, (p,Ð'(r) : n :' l+,r; /l ,n Ln I

where lo,b; ll is the d,iui,d"ed, difference oÍ r correspond'ing to the nod'es a and

b. In parti,cular,

(14) (B,"e1)'10¡ : g, (þ,er)'(r) : ";' .

For,4 ) 0 and 0 < o I 1 let us consider the Lipschitz class

Lip(,4., a) : {l € C[0,1] : l/(r) - f@l < Al, - Ul",r,a Ç[0'1]]'

2
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(B) @"f)'@) - r-22-'-t I pn,*(r) -rr
/n-2k-2\
(."/

/c:0

(4) (t - *')k (Í + ")"-"0 
((n - zk)r - 1.) +

+ (1 - ù"-2k((n - zQr + l)
It is easy to prove that pn,¡ ) 0 on [0,1]; thus (i) is proved. Let now l¿ :
l"lZl- 1. For0<k(lzlet

((n -2k - L)*' -2r) Iz(t - r)i(t + r)"-i)
Then

where

(6)

pf,I: ( ; )

(5) qn,*(r),:å(; 
)(r,- zi)(.-z)e(r+ r)n-k-r

)

*t 2"*' (þn l)" (*) : \,(ø,,*(") - qn,*(- r)) x
h-l

k=0

X r (+) -2r
n-2k-2 n-2k-4

n
+l

n) ).

))
*(qn,n(*) - qn,n(-r)) (, (+) - r (

To finish the proof we have only to show that

(7) qr,*(r))ctn,n(-r), 0<lç<h,

n-2h-2
n

0(ø(1
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TupoRptr¿ 2.4. For n ) 7 anrl, t ) 0 ue haue
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from the sequence

^ n - zlnlzlu)__;- )

(") ç" is an even function'

Then P1 : l,qn(l) :71n:2'3'

we have

n-21ç _
n

k

(16) a(þnl,'='"#uff,t).
Proof. In view of [2], Colollaries 6 and 7, we only need to show that

(17) B,(Lip(A,l)) c Lip(,a'-' ,r).n)/
Let f e Lip(,4,1). Then Aet I / are increasing and we conclude from

Theorem 2.1 that Aþnet + P"f are increasing as well. It imr¡rediately follows
that

/ € Lip(,411 (þ"et)' ll, Ð.
From Theorem 2.1, we deduce also that Bnel is increasing and convex,

hence (þ"et)' is positive and increasing. It follows that

ll@,",)'ll : (þ,",)'(t) : n - t,
n

hence / e Lip (l#,1) and the ploof is complete. n
To conclude this section, let n ) 1 and q: lnl2l be fixed. For 0 ( k 1m

and0(r{1set
, \ nll-2ml-2h / n+I \wn,k\r) : 

Ø+I)2+1r \ *_ n ) 
.

(tt - ,) -k(r I a)n+7-m+* - (t - r)n-tr-rn¡kg + *¡*-h) .

Then

þ,t@):ät (-2#4)-,,0@)
Let 0 ( 0,s { ay< ... <

basic composition formula (a generalisation of the Cauchy-Binet formula, see

[a]) we deduce that the system of functions

(sinh(a6ú), sinh(ø1ú), ..., sinh(ø,,ú))

is totally positive on [0,oo); see also [3], p. 161. Now it is easy to infer that
the system 

( tan,o(r),wn,t(r),...,wr,*(r))
is totally positive on [0,1]. This fact has the following consequences:

A. If {/0, ft,...,fp} C C[0,1] is totally positive, then {8nfs,...,þnfr} i,
totally positive.

B. If 0 < p 1m and {"f0,.ft, "',fù c C[0'11 is a Chebvshev sys-

tem, then {þnfo,. . ' , þnf p} is a Chebyshev system; moreoYerl if / € C[0' 1]

is convex with respect'"ió'1¡0, "',lpj, then Bnf is convex with respect to

{þ,f0, ' '',þ"lp}'
c. The number of strict sign changes of Brrf is not greater than the

number of strict sign changes in the sequence

(, (-:'),, (-#-),, /(1))

(Apply Theorem 3.1 of [3]')

3. MONOTONIC CONVERGENCE

F.ornàl.tet9neC|-7,1]bethefunctiondeterminedbythefollowing
three conditions:""""(;;;iå,': (l;] .')-', r" (+) : **' k :o' 1" l;]

(b) ç* is afÊne on every inter'"ui d"t"ttoined by two consecutive points

n-I
(

a

B"(Lip(A,cy)) c Lip(A ,g),n

n-4 n-2 -

-l

tt nn

'[#] 'n22'

1

)

)

(18) 9n

Using

92,92, -

n-2lc
n

t7

k1--
n

k
*-9"-t

n

these relations it is easy to construct recursively the graphs of
-n"Jri"t"¿ 

to [0,1], this is a decreasing sequence of increasing

concave functions'
Consider now the classical Bernstein operators on C[-1,1]

B*g(t): Ë b,,n(t)g
k:0

n-2lt s€Cl--L,I), Ú€[-1,1],( n,
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where

*(t-t)u, k:0, r,...,n.
nd 9n'
- /(0)) + /(0), we may suppose rhar
f2 even, h: Íz - "f on [0,1]. Then

Let r e [0,1]; by using (22), (23) and the properties of rp,, we find after some
calculation:

þz*f @) - þz^+tf @):
r-t_\rrn_r (z*-r \

;M +W+T L'i'=; (\ - '; ' 
) (t * r)2m-*11- r)k-

-(1 + Ø)k(1 - r¡zm-n) x
(24)
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þ,f@):#Y,rr,r, n-2lc
)

X
2m-2k -I m-k-I 2m-2lc-L m-lc

2m-k n'ì, ) 2m-lI ' n'L ' 4

| ,t#,,]),
+bn,n(r) -nk=0

l"/zl
n'L 2miL)

I-r
-2"

n(

x(t - r)e

,t=0

r-*
n + 7)2n-r

n-2k
n

n

(
+r e"l)

)
bn,¡(-r) :( 2m-k)(2m-k+1

þz*-tf @) - þz*f @) :1*r 1: =#"nen(h + rù@) - #u"e,(rt + fz)(-r).
Since tp,r/1 is odd and gnf2 is even, it follows that Br(,nlr) is odd andB"(p"fù even. We conclude that

(1e) 0,t @) : ï (u,rr,rù@) * *u,@*r,X"))
for all n) I,r e [0,1] and f e C[0,1] wirh /(0) :0.

Tnnonpn¿ J.I. ï I e C¡O,II i,s increasing and, conuer, then
(20) p,Í > þn+tf ) Í, n: r,2,... .

Proof. Let f e CL0,1l,/(0) :0. Then,fi(0) : lz(0):0. By virrue of(18) we have foli: I,2;d ¿ : 0,1, ...,n I I,

(2r) (p,+tÍ¿)(+*):ø,r)(#)
This yields Bn+t(gn+tl¿) : Bn(çnf¿), i: r,2. Now (1g) implies
(22) 2(þ"f @) - þ,+tf @)): B,(pnlz)(") - B,+t(enÍz)(r) +

l+;(B"(v"Íù(x) -Bn+t(enlù(")), ø e [0,r].
on the other hand it is weil-known that for g € c[-r,l] and t e [-1,1],

P; 
( ";' ) 

(r + t¡'-vn '

,(+)-(':-i)
)

2m-I 1

m(m*7 2m-I( )- /(0) +

(25)

* r-*' \rrn_2(zm-z\' rm(2m - L)+^ z¿k:o \ f )
((t + r)2^-t-*(i - ,)k - 0. + ùk0 - *!zm-t-k) x

2m-2k-3 m-k-I 2m-2k-l
2m-1 n'L 2m-I ;r +

+
m(2m - I

(2*-k)(2m-k-I)

(23)B"s(t) - Bn¡1s(t) :

We have proved (24) and (25) for f e C10,1] with /(0) : 0; it is easy ro infer
that they are valid for an arbitrary I e Ct\,I].
_ If f e c10,1] is increasing and convex, then (24) and (25) show that
þ"f > þn+rl,n) I. In order to prove the last inequality in (20) we have only
to apply Theorem 1.1. !

4. A VORONOVSKAJA-TYPE FOR,MULA

Suppose that r € [-1, 7],g e Cl-I,l] and g,,(r) is finite; for the classical
Bernstein operators Bn on C[-7,1], Voronovskaja's formula is

't 
--2(26) ,\,r(ann@) - g(")) : ' ,io" @).

n-2k-2 n-2k-I n_
n

2k

'ltt n
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TnpoRpr¡ 4.1. Let r € (0,I1 and f eC[O,I] wi,th fil(r) fi,ni,te. Then

(27) n(þ,Í(r) - f (*)): 
r 

-*2 ,,,(*) +|f,øl
Proof. Consider the functions g,1þ € C[-1, 1],

,p(t) 2ltl 
'| '| 
t\ 2n - ftl\:ffi' 'þlt): ffi' ¿€[-1'1]'

It is a matter of calculus to prove that
(28) Jg" (ç, - 9) : tþ, uniformlv on [-1,1]'

Now let r € (0,1] and f eC[0,1] with ftt(r) frnite and /(0) :0. Then

n@,r @) - Í (,)) : iu,@(rn - e) - lù rz@) +
1_ I 1

+ 

^B"(n(e" 
- e) - rÐf t@) + Ua"(rþÍz)(") + 2rB"þþf 1)@) +

71
+ rn(B"(erù@) - @lz)(")) + *n@"(plù@) 

_ @il@Ð.
By virtue of (28) we have ]*A"(Ø(en - e) - rþ)f¿)(*) : 0, i : I,2
Moreover, ìyyB"1f r.)(") : lþ(")Í("),, i: I,2. Fyom (26) we infer:

ìyà,(B,(9rù@) - @Í¿)(,)) : #rrf)" (*), ,i : r,2.

Summing up, we flnd

]yàn(P^l(ù - r@D:r -*' ¡"(*) +|r'øl
Thus we have proved (27) fo," f e C10,1] with /(0) : 0 and ///(ø) finite;

it is easy to infer that (27) is true for an arbitrary f e c[0,1] with ¡,,(ri) frnite.
This finishes the proof !
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