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Abstract. We give an asymptotic estimation for some sequences of divided
differences. We use this estimation to obtain a Voronovskaya-type formula in-
volving linear positive operators.
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1. INTRODUCTION AND NOTATIONS

Consider the points o < 21 < ... < x, on the real axis and let f: [xg, x,] —
R be an arbitrary function. Denote by [z, ..

the function f on the knots xq, ..., x,, usually defined by

problem was to calculate Ay := [0, ..., ZTn;€ntk], k

3 f(z:)
[0, ..., zn; f] = ZO (zi—z0)...(xi—zi—1)(@i—ziq1)...(Ts—2n)
1=
Consider the polynomial functions e¢;: R — R, e;(z) = 2%, i =0,1,.... It
is known that [zg,...,2n;e] =0, i =0,...,n — 1, [zg,...,Tpn;en] = 1. The

Popoviciu uses the identity

L= 1
L0 -5 T xfl ~ (z—z0)...(x—TN)"

to prove the following formula
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Ay = Sooooay e,
0<i0yernsin <k

This formula was rediscovered in 1981 by E. Neuman [3]. It does not look
much “friendlier” than the initial one,
n+k

Z;

Ay = zZ:O (zi—x0)...(xi—xi—1)(Ti—Tiy1)...(Ti—2n) "

Therefore, in [7], it is suggested that a recurrence formula might be more
useful. We shall use such a formula in order to give an asymptotic estimation
for Ay under some supplementary assumptions on the knots (see Theorem 1).
Consider now a triangular matrix of nodes (2, ), n=0,1,...;k=0,...,n,
(1) “1<z0<zp1<...<2pn<1, n=0,1,...
satisfying the conditions:
(2) Tnn—i = —Tng, 1=0,...,m, n=0,1,....
Let a > 0. For n > 1 consider the operator L,, : C[—a—1,a+1] — C[—a,al,

Lpf(z) =nllx+zn0,...,2+ Tpn; Frl,

where f € C[—a—1,a+ 1], x € [~a,a], F,, € C"[—a — 1,a + 1], B = f.
The L, are positive linear operators of probabilistic type and Bernstein—
Schnabl type operators.
For particular choices of the matrix (z, ;) various inequalities involving L, f
have been studied in [4], [5], [8], [12]. If z,;, = -1 + %, i=20,...,n, we have
also [10]

(3) Lof(z) =27 / / (Bttta) gr, b,

Using the L,, operator notation, [7] gives

k—1 ‘ , Lye2(0)
Lnes; 7 nt2k
W |Lso - S e < Tl e,
for all f € C*[—a — 1,a + 1], where || - |(=1,1] denotes the uniform norm on

C[—1,1]. As positive operators, L, have been studied in [9], [10].
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They verify:

feonvex = L,f > Ly f > f,

ILuf = £l < 2w (£, 7).

n

We have: Leg = eg, Le; = e1, L(ey — weg)?(z) = m Yoo x?w-.

For equidistant knots =, ; = —1 + %, 1 =0,...,n, we obtain

L(ey —zeg)?(z) = £

3n’

hence, using [I, Corollary 4.12], we can prove now that

ILnf — f]| <2.25ws (f, ﬁ)

Our aim is to give a more refined analysis of the convergence behaviour of
the operators L,. This is accomplished in Theorem 2.

2. MAIN RESULTS

THEOREM 1. If the triangular matric (z,, 1) satisfies the relations (1), (2)
and

n
(5) lim 1 Zoxi =2 €eR
1=

n—oo

then, for all k € N, the following equality is fulfilled

‘ B k
(6) 71131010 " k[xn707 -y Tnyn; Entok] = %

The previous relation can be written in the form

. k
(7) nh_>rr010 nF Lpear(0) = a7 (2k).
THEOREM 2. If f € C**[—a — 1,a + 1], then, for every matriz (z, ) satis-

fying the conditions (1), (2) and (5), the following Voronovskaya—type relation
holds true:

k-1 A
(8) lim. nk (Ln f(z) - Zo Ln(ggz)!(m f(QZ)(x)> = AN p(2K) (),

uniformly for x € [—a,al.
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3. PROOF OF THEOREM 1.

Consider the polynomial function (e; —xy) ... (e1—2p ), which we write as
ent1—Chien—- - —Cype1 — Oy py1eg. Consider also the sums S, ), = Zn: mfm.,
p=1,2,.... Using (2) it is obvious that =
(9) Snp =0, for odd p.

Using (1) it can be easily shown that

S
(10) lim £ =0, p=1,2,...; k>1
n—oo N
We write the relation (5) in the form

(11) lim 22

n—oo n

=2\

The coefficients

Cop= (DY 3 i T,
0<i1<...<ip<n

can be computed by using Newton’s formulas:
Cn,l = Sn,l
1 =
Chp = 5 <Sn7p - Zl SMC’n,p_i) , p=2...,n+1.
1=

By considering (9) it follows that:
Chp =0, forodd p,

1
Ch2 = §Sn2

) )

(12) k-1
Crok = 35 (Snﬂk - Z S”aziCnQ(ki)) s k=1,...,[(n+1)/2].
i1

We define v, as

C
o= lim 2R g =12
n—oo n
We have
C S,
v1 = lim n2 — im 222 = A,
n—oo n n—oco 2N

and, from (10) and (12), it follows that
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Vo= —2Yh-1, k=2
hence

(_1)k+1)\k;

o k=1

(13) Vi =
Using the divided difference functional, define the numbers:

Apji=[Zn0s- - Tunientjl, J=-n,—n+1....
It is well known that

_Jo, ifj=-n,...,—1,
(14) A"’J_{l, if 7 =0.

In order to calculate A, ; for j > 1, observe that

[Zn0s- s Tnnsej—1(e1 — Tno) ... (€1 — Tpm)] =0,

that is

[:En,Ua -y Tnn; Cntj — Cn,lenﬂel - n,n+1€jfl] =0.

As a consequence we have

n+1 '
An,j = > Cn,iAn,j—i, j=12 ...
i=1

1=

and using (14), we find that

J
(15) An,j = Z Cn,iAn,j—ia j=1....,n+1.
=1
Using
Apo = 1

An,l = C'n,lféln,oz0

in (15), it can be deduced that

(16) A,p, =0, forodd p,
and hence

i 1
(17) Apok = 21 Croifpog—iy, 1<k< 23

By defining
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we have By = 1, and using (17) we find
k
By =% %iBk-i, k>1
i=1

ie.,

k i+1y4
(18) By=Y LN B o k>

(19) By="-, k>0

which completes the proof.

4. PROOF OF THEOREM 2

For arbitrary x € [—a, a] consider the function g, : [-a — 1,a + 1] = R,
2k (e1—zeo)? r(i
w1 ] - 3 55 [O@),
1=

Taylor’s formula implies the existence of a point £ € (—a—1,a+ 1), |[x —¢| <
|z — t|, such that

(t— :E)Qk

@ O -1 @),

9a(t) =
For any € > 0 there exists a number § > 0 such that
|92(8)] < (t —2)* ¢
forallt € [-a—1,a+1], [t — x| <.
Let C be a constant such that |g.(t)] < C6%**2 for all € [~a,al, t €
[—a — 1,a + 1]. Consequently, we obtain
|9:(8)] < e (t—2)* + O (t — 2)*7?

for all x € [—a,a], t € [-a —1,a + 1], that is,
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92| < & (e1 — weg)™ + C (1 — weg)™ 2,

and so,
|Lngz(x)| < € Ln(er — xe)?* (z) + C Ly(er — xeg)? 2 (2).
Using the equality
Ln(f)(z) = Ly (f o (e1 + zen))(0),

we obtain

| Lynga(2)| < € Lnea(0) + C Lpeay12(0).
Taking into account the fact that

20 Lnei(0) = ——— Apq, i=1,2,...

(20) €i(0) gy i !

it follows

(21) lim n'L -(0)—X(2')' i =1,2
nl_}II;OTL n€2i = 1) e=1,2,....

Consequently, we obtain

lim n*L,g.(z) =0,

n—oo
uniformly for = € [—a, al, that is
ok 2K 1ei0) o
11_>m n* (L f(z) — Y =252 fO(2) ) = 0.
o i=0

Finally, using (16) the relation (8) is proved.

5. REMARKS

(a) Suppose that (1), (2) and (5) are satisfied and let f € C[—a—1,a+1]
be 2k-times differentiable at x € [—a, a]. By using the Lemma and [11],
Corollary 2] we obtain

k-1 . U
. Lynes; (0 i
(22) lim n* (Ln UOEDY 20 f(2 )(x)> = @),

(b) If 23 = —1+42i/n,i=0,...,n, then A = 1/6; in this special case the
formula (22) can be found in [2]. In particular, for £ = 1 and k = 3,
we have

(23) lim n(Lnf(x) = f(2)) = §f"(2),

n—oo

respectively
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. " v VI A%
(24) nh_?gon <” <”(Lnf(f) - f(fﬂ)) -1 él‘)) -1 72(:5)) = f129(6x) - flséx)'
(c) In the case of Chebyshev’s knots
Tp g = cos? 2%211) T, k=0,...,n,
we obtain

n
1 2 2%+1 _ _ 1
nt1 ];()COS 2nt1) T T 20 Vn 21,

hence A = 1.
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