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Abstract. We establish direct and converse estimates for a generalized Kan-
torovich polynomial operator depending on a positive parameter.
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1. INTRODUCTION

In [6] is defined the following Kantorovich type polynomial:

n k+t1

(1 Ki(f) = () S wip@)- [ fw) du,
k=0 n+l

where f € L'[0,1], « >0, z € [0,1] and

o n k=) (1_p)(n—Fk,—a)
wn,k(x) = (k) g(n,—)a) )
(2) 2B = zz+a)... (z+ (k—1Da).
For a = 0, K? is the Kantorovich operator K,, given by
n k4l
- n\ k o n—k n+l
(3) Kn(f,2) = (n+1) kzo (M2 (1 — ) / Flu)du.
= n+

The positive linear polynomial operator K¢ is the Kantorovich variant of
the following Stancu operator introduced in [7]:

n
k
Bi(fix) = 3 winl@) £ (),
k=0
where f is a real function on [0,1], x € [0,1] and « > 0. For f € C[0,1] it can
be found in [2] an asymptotic relation of Voronovskaja type and direct results
for the operator K, respectively.
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The aim of the present paper is to give direct and converse results for the
operators (1)-(2) in the spaces LP[0,1], 1 < p < oo endowed with the norm

15l = ([ 1@Pas)”, 1p< o0

(for p = oo we will always consider C[0,1] instead of L*°[0,1] with [|f|eo
— sup{|f (@) @ € [0, 1]}).

In the following w(f,d),, w?(f,d), and wi(f, d)p denote the usual modulus
of continuity and the second modulus of smoothness of f € LP[0,1], 1 <
p < oo and the second modulus of smoothness of Ditzian-Totik [3] defined
by wi(fv 5)[) = Sup0<h§6 ||A}2W;(z) f(x)”lh where f € LP[O’ 1]7 1< p < oo
and ¢(x) = /(1 —z), = € [0,1]. Furthermore, we shall use the following
K-functionals:

(4) Kou(f.t%)p, = if{|If gl +lle*9"ll, : g€ C?[0,1]},
(5) Kopo(f,1%)p = inf{|lf —glly +2l°9 "l +t*llg"ll, = g € C?0,1]}
(see [3]) and

(6) E(f,t)p =inf{|lf —gl, + £ 1(&*¢)llp : g€ C?[0,1]}

in view of [5].

Before we state our theorems let us observe the dependence of the parameter
a of n such that o = a(n) — 0, as n — oo, when we approximate f by K¢ f
in LP[0,1], 1 < p < oo. Indeed, in this case lim, o ||[KSf — f|l, = 0 and in
particular we have lim,, o || K2(t?, 2) — 22||; = 0. Simple computations show
(or see [2, Lm 1.1, p. 72]) that

Ko((t—2)%2) = a(l—g). 2=l 1

(a+1)(n+1)2 3(n+1)2
and
Ko((t—x)%2) = Ko(t*x)—2®> -2z KXt —x,z)
(42 2 z(1—2x
= KJ(t*,x)—z° — %
Hence
a 1 am@®=1)4+(n-1) 1
IR =2 @) = § - st 4+ st
and
IR ((t =), @)l < ||K5 (8, 2) — 2?1+ gy — 0, asm — oo
Thus

a 1)+(n—1
Jin S =0
which is possible when a = a(n) — 0, as n — oc.
In the following the constant C' denotes a positive constant which can be
different at each occurrence.
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2. DIRECT THEOREMS
Our main result is the following

THEOREM 1. Let f € LP[0,1] where 1 < p < oo. Then there exists C > 0
independent of n and f such that

) K5 f = fllp < C - (wilfsn )y + 07 Y| fllp), for a = a(n) = O(n™)
and 1 < p < oc;

(i) [|[K5f = flh <C- (wz(f,n_l/z)l +n7 [ flh), for a=a(n) = O(n™*).

Proof of Theorem[1]. (i) It is known the following representation of K2 by
means of K, [6]:

1 T 1—x
Ky (f,x) = ﬁ/{) ta M1 —t)7 L Ky(f, t)dt

where B(a,b) denotes the Beta function. By expanding K,f by Taylor’s
formula we get

Kalf,8) = Kalf2) + K4 ()~ ) + [ (= wKL(Fu)d

T

(7 K“(f, z) — Kn(f,
_ /0 t%f (1= )% [ Kn(fot) — Kn(f, ) dt
_ /1 %— 1—t_1{K’(f, x)(t —x) +
a’ o 0

+/;(t —WK!({, u)du} dt.

By simple computations we obtain

®) [ Eta-ns

“Ht—2)dt =0

1
z_q l-z 4 21, ax(l—x) z l-=z
9) /Ota (- 0Tt~ o)t = 200 g (2 1),
Then, in view of , and [3, Lm. 9.6.1, p. 140] we have

1
1 o101 _ -1, =2l
§B<£ = /0 tam"(1-1) 2(—2)

a’ «

[t =)l

In what follows the proof is standard using the Hardy-Littlewood maximal
function:

t
M (G, x) = sup ’ ﬁ/ G(v)dv |,
t T
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where G(v) = v(1—v)|K//(f,v)|, v € [0,1]. Then, by (10), (9) and the inequal-
ity |[M(G)|l, < p/(p—1) ||G||p, true for 1 < p < oo, we obtain

(1) [EZ(f,2) = Kn(f, @) <
| 5t - D 1o 0 G |
B B a’ ozz) 0 w(lix) ’ p

1
B T e .
oty [ a0 = ] MG,

a’a

< C - 2K ()l
On the other hand, in view of |3 (9.3.5) and (9.3.7), p. 118] we have from
for every g € C2[0,1] :
K = Knfllp <

C
< Oy
C %

(HSDQK” f= 9)”1)"‘ ”SDQKH( )Hp)
(n 1f = gllo+ 1¥°9"115)
(||f 9llp + = 16°9"[Ip)-

Hence |[KSf — K. pr < CK2¢( 1), for a = O(n™!). Using the equi-
valence of K ,(f,n™!),, with w?{,( 1/2) (see [3 Th. 2.1.1, p. 11]) and
[3, Th. 9.3.2, p. 117], we get ().

(ii) In this case we need the following lemma:

LEMMA 2. If a = a(n) = O(n™*) then for wy) ). defined by we have
[wy elll = O(1/(n + 1)). Moreover, for Ki'f defined by there exists C
independent of n and f such that || K3 f|l1 < C| fll1-

Proof of Lemma[2l Let z € [1/(2n?),1 — (1/(2n?))]. Then
(12)  wp (@) /wn (@) =
- (1+a)(1+2a)3.(1+(n—1)a) (1+5) (1 + 27&) o (1 + (k;:l)a) '
(22 (1 2)-- (1 522)
) (e )
1+2an® 1. a4+2an®" =1 +2an3"?

where 0 k < n. Since wy . is a polynomial of degree n we can use
[3, Th. 8.4.8, p. 108] translated from [—1,1] to [0, 1] to obtain the estimate

< Cllwnllzren)i-a/eny)

< CA+2an®)" 2 lwy ,lloip/en2),1-)@2n2)
< C(1+2an®)" 7 |wp gl

On the other hand [|w)) ||y = O(1/(n + 1)) and

+‘Q ik
Q

Oé

3

IN

VA

(K

(1+2an3)"2 = [(1 4 2an%)/ @) 22 0=D) _ ()
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for a« = O(n~*). Hence Jwyy el =O1/(n +1)).
Using this last estimation we obtain
k+1

AR > {<n+1> [ i
0 0 = -
kgl
< Z/ x)dx(n + )/:+1 |f(u)|du
n+1
< clflh
which was to be proved. O

Now let E(n) = [1/n,1 — (1/n)] and = € E(n). By expanding the function
g € C?[0,1] by Taylor’s formula we get
t

9(t) = gla) +9'(a) (t =)+ [ (- wg" (w)du.

Hence, in view of K3(t — x,x) = (1 —2z)/(2(n + 1)) [2, Lm. 1.1, p. 72] we
have

(13) K g —gllrrem) <
t
< [ Ag@lrae-walde+ [ Ka( [ - wg'wduse) |do
E(n) E(n) z
t
- @ | g2 do+ [ Ka( [ - wg"wduz) | do

t
< gt ol R

x

(t —u)g" (u)du; IL‘) ’ dz.

Furthermore we shall use some typical ideas which can be found in
[3, Ch. 9, p. 145]. Thus we point out only that estimate which is different
of the standard one. This happens at the evaluation of I,,, more precisely we
have to prove for = € E(n)

> @)k —al+ 1) < G- (plan )
keD(l,n,x)

(see [3} (9.6.11), p. 146]). But this follows from wy; ; (z) < w27k(x)'(1+n2a)"_2
see the proof of Lemma ' where € E(n) and a = O(n~%) implies (1 +
n? a)"2 = O(1), as n — oo. Therefore

> owii@ (E-al+l) < Y Cufu@) (| E-a]+E)

keD(l,n,x) keD(ln,x)
< 7S (elo) n
using [3, (9.6.11), p. 146]. In conclusion

t
[ ([ - wg' iz ) | de< Gl

—1/2)
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and from ([13]) we obtain
1&g = gl mmy < S (19 + 19%"[1) -
Hence, in view of [3, §9.6, p. 140] we get
(14) K39 = Engllr sy < < (19l +lle?"|h)

Now let = € [0,1] \ E(n) and g € C?[0,1]. Using the modified Taylor’s
formula

1
t=a) [ [Kilg.a+ult - )~ K (g 2)]du.
0
and the representation of K by means of K, we obtain

(15) | K5 (9,2 z) |=

W'/ tﬁ_l(l_t)%_l[K;L(gva)(t_x)+

a 0

+(t — ) /01 {K (9,2 +u(t —x)) — K|(g,x }du} dt ‘

< sty [ 700 el

a’ «a

1
/ | K} (9,2 +u(t —z)) — K,,(9,2) | dudt <
0

IA

La_ 1=z _
ﬁ/0 (1= ) 5t — 1] w (K (g), |t — o) dt

a’ «

IN

1 z 1w _
sy =0 = al(n2fe = al + (K (9) ) e

a’ «a 0
o 1, .
_ w92 / et (1 —t) = Pt —2)® + |t — af]dt
B( ) 0
On the other hand, in view of Cauchy’s inequality and @D we have

1 —x
/ ta 11 —t) & WYt —a| dt <
0

1 z_1 I_J 1 % 1 z_q 11—z 1 2 2
g(/ S (1—1) a _dt> (/ B - (=) dt>
0 0
1—x -z
= 1(+o¢) (a’ a )

Hence, by (15) and @ we have

| K5(g,2) = Kn(g,2) < (n? - 25522 4 /202w (K (9), )1
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Because x € [0,1/n]U[1 — (1/n),1] and a = O(n™*) we obtain

Ki(g0) ~ Kalg ) < (5 it el @)
< C-w(Kp(g9),n *n
< SIK9)h
< 7702”9””1-
Hence
(16) 159 = Kngllzioanmemy) < wzlle”lh-

Combining (14), (16) and the estimate [¢/li < C - (%" |li + [lglx) of
[3, (a), p. 135] we obtain

1559 — Kuglli < S(llalls + 9% 1+ 5 19" 1)
Then, by Lemma [2]
(17) KR f = Knfll <
<|KRf = Kyglh + [|K5g — Knglli + [[Kng — Knfll1
<Of =gl +C- G+ 5 1F =gl + Ll I + 719" 1)
<C- (Ml 1F =gl + 5 10%0" 1 + =119 [11)

for every g € C2[0,1]. Hence
1K f = Knflls < C - (07| flh + Kz (f,n7 1)

Using the equivalence of Ks,(f,n"!); and w3 (f, n=12);  (see
[3, Th. 3.1.1, p. 24]) and [3, Th. 9.3.2, p. 117] we get the assertion of (ii).
O

REMARK 1. We can establish another direct result which derive from the
estimation of || K f — Ky, f||, using the same ideas as in the proof of Theorem
More exactly the following result holds. ([l

THEOREM 3. (i) If a = a(n) = O(n™*79), 6 > 0 and f € LP[0,1],
1 <p < oo, then | K f = fllp < C W?(f,n %)y + | Knf = fllp;
(ii) Ifa=a(n) = O(n=%) and f € LP[0,1], 1 < p < oo, then |[KSf—f|, <
Cwi(fin p + 1 Knf = fllps
(iii) Ifa =a(n) = O(n=2) and f € C[0,1],1 < p < oo, then |[K2f— £, <

C [Knf = flloo
(iv) Ifa=a(n) =0OMn 1Y) and f € LP[0,1], 1 < p < oo, then ||K2f—fll, <
ClKnf = flip-

In the above theorem C' denotes a constant independent of n and f.
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3. A CONVERSE RESULT

In this section we establish the following result

THEOREM 4. Let a = a(n) and Cy-c(p)-an <y <1 forn=1,2,..., where
Cy is the constant from Lemma [5] below and c(p) = p/(p — 1). If f € LP[0,1]
for 1 <p < oo then

(1) (L= NNEnf = fllp < IEZSF = fllp < X+ )[[Enf = fllp;
(ii) there exists a constant C' > 0 independent of n and f such that
_ _1 _ a _1 _
O wo(fon 2 )p+w(fon™ )] S IERf = fllp < Clwp(fin™2)p+w(f,n™h),).
Proof of Theorem [ Again we need a lemma:

LEMMA 5. For f € L?[0,1], 1 < p < 0o and K, f defined by (3), there exists
Co independent of n and f such that

(18) 3 1K (llp < Coll Knf = fllp-

Proof of Lemma Bl Indeed, in view of [5, Thms 1.1 and 1.2, p. 104] we have
1Enf = fllp ~ K(f.n )y, 1 < p < 00 and K(f,n~ %), ~ w2 (f,n712), +
w(f, n_l)p, 1 < p < oo. Then there exists an absolute constant C' > 0 such
that for all f € LP[0,1], 1 < p < oo we have

(19) K(fin~2)y > C W2 (fin 2)p + w(fin b))
and
(20) K(f,n %), < C|IKnf — flps

where K (f,n~'/?), is defined by (6). Using [3, (9.3.5) and (9.3.7), p. 118] we
obtain for g € C?[0,1], by :

LK ()l (le* K71 (f = 9)llp + 1> K71 (9)]1p)
(nllf = gllp + 19" [Ip) =
C-(If = gllp+ 2% Ip)-

Hence, by [3, Th. 2.1.1, p. 11], and we get

IN A

1
n
¢
n

%"@2-&2(]0)”17 < C'Wi(fﬂflﬂ)p
< C- (Wi(f, ”71/2)1? + w(f, nil)p)
< C-K(f, n71/2)p
< C-[Enf = flp-

Thus there exists Cj such that is satisfied. O
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Now the proof of the theorem is immediately. By and Lemma we get
IEKnf = fllp < KRS — Knfllp + K5 f = fllp

< olp) - 1ie 1K (Pl + KR f = fllp
< Co-gig o) nllEnf = fllp + 1K f = flip
< v Enf = fllp + IS = Fllp-
Then
(21) (L =) 1Enf = fllp < 1EKZS = fllp-
Analogously:
(22) IS = fllp < A+ KRS = fllp-

So (21)) and imply the conclusion of (i).
For (ii) it is sufficient to observe that (i), and imply the assertion.

Thus the theorem is proved. O

REMARK 2. Lemma [5 does not hold for p = 1. O
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