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THE COMBINED SHEPARD-ABEL-GONCHAROV
UNIVARIATE OPERATOR*
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Abstract. We extend the Shepard operator by combining it with the Abel-
Goncharov univariate operator in order to increase the degree of exactness and
to use some specific functionals. We study this combined operator and give
some of its properties. We introduce the corresponding interpolation formula
and study its remainder term.
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1. INTRODUCTION

1.1. The Shepard univariate operator. Recall first some results regarding
the multivariate Shepard operator for the univariate case. Let f be a real
valued function defined on X C R and z; € X, i =0, ..., N, be some distinct
points. The univariate Shepard operator is defined by

N
(1) (Sf) (x) =D Ai(x) f (22),
=0

where
N
| (}T#Wﬂf—%\”
=U, ¥
(2) A () = % ;
> I | —ay”
k=0 j=0, j#k

with © € Ry (see, e.g., [I2]). The basis functions A; may be written in
barycentric form
|z — x| "

_ —.
o o — x|
k=0

It is easy to check that
Ai(xv)Z(Sw, i,UZO,...,N,
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and
N

(3) S 4 (z) =1
=0

The main properties of the operator S are:

e The interpolation property
(Sf) (@) = f(xi), i=0,...,N;

e The degree of exactness is gex (S) = 0.

The goal when extending the operator S by combining with other operators
is to increase the degree of exactness and to use other sets of functionals. Let
A:={\|i=0,...,N} beaset of functionals and let P be the corresponding
interpolation operator. We consider that A; C A are the subsets associated
to the functionals );, i = 0,...,N. We have JN,A; = A and A;NA; # 0,
excepting the case A; = {\;}, i =0,...,N, when A;A; =0, for i # j. We
associate the interpolation operator P; to each subset A;, i =0,..., N.

The operator Sp defined by

N
(4) (Spf) (@) = 3 Ai (2) (P f) (x)
i=0

)

is the combined operator of S and P (see, e.g., [12]).

REMARK 1. As noted in [12], if P;, ¢ =0,..., N, are linear operators, then
Sp is a linear operator. ]
REMARK 2. [12]. Let P;, i =0,..., N, be some arbitrary linear operators.

If gex (P;)) = 13,1 =0,...,N, then
gex (Sp) = :=min{rg,...,rn}. O
Assume that A is a set of Birkhoff type functional, i.e.,
A ={Mej | M f =D (), jely, k=1,...,N},
where I, C {0,1,...,7,}, for i € N. Denote rp; = max {ry,...,7n}.

REMARK 3. [12]. If u > 7pr then Ay (Spf) = Mg (f),j € I, k=0,...,N,
where P is the interpolation operator corresponding to the set Ap.
In the proof of this result the following relations are used:

A () =0, vel, k=0,....N, k#i,
(5) A (z) =0, vel,v>1,
AD (@) =1. O
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1.2. The Abel-Goncharov univariate operator. Let n € N, a,b € R,
a < b, and f : [a,b] — R be a function having the first n derivatives f@®,
i=1,2,...,n. Given the nodes z; € [a,b], 0 < i < n, and the values f®(x;),
0 < ¢ < n, we consider the Abel-Goncharov interpolation problem of finding
a polynomial P, f of degree n such that (see, e.g., [8] and [10])

(6) (Puf) (i) = fD(2;), 0<i<n.

The determinant of this linear system

1 =z a:(z) xy
0 11 2z ... na’ !

(71 D=[0 0 2 . am-Dah? 1.9 )
00 0 .. n!

is always nonzero and the problem @ has therefore a unique solution. The
Abel-Goncharov interpolation polynomial P, f can be written in the form

D=3 o) fP(a
k=0

where g, K = 0,...,n are called Goncharov polynomials of degree k [9],
determined by the conditions

According to [8], [9] and [I0], we have:
x) =1,

(
(8) g1(x) =
(

Zo,

xTr —
te—1
/ dt1 dtg / ditg
Tk—1
:kl[g; —Zgj }, k‘:2,...,7’L.

REMARK 4. [I0]. When all the nodes coincide, then the problem (6] is a
Taylor interpolation problem and P, f takes the form

)

B
8

~—
I

n

(Puf)(w) = 3 L2520l 8) (55, O

k=0
Regarding the degree of exactness, we obtain the following result.
THEOREM 1. The Abel-Goncharov operator P, has the degree of exactness

n, i.e.,
dex(P,) = n.
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Proof. Tt is easily seen that for the test functions e;(z) = 2%, x € [a, ], we
have
(Phei)(z) =ei(z), i=0,...,n,
while

(Paeni)(@) = (@)1 (@) 1)l 44 (4120 # (o)

We obtain the following result regarding the remainder R, f of the Abel-
Goncharov interpolation formula

f=P.f+Ryf.
THEOREM 2. If f € H"[a,b] then
b
(Ruf)(@) = [ ul, )£ (s)ds
with

—k

z—5)7 “ (zr—8)"
(9) pnl,5) = T 3 g () T
k=0

Proof. From Theorem [I| we have that gex(P,,) = n. By Peano’s theorem we

obtain
b

(Ra)@) = [ pula, )/ s)ds

a

with

For all x € [a, b] we have

r—38)" n Tp—S (k)
eule5) = 57 = St |5

k=0

which, after some immediate manipulations, implies @D O

2. THE COMBINED SHEPARD-ABEL-GONCHAROV UNIVARIATE OPERATOR

In this section we shall assume that there exists f®)(z;), i = 0,...,N, on
the set of N + 1 pairwise distinct points z; € [a,b], 0 < i < N. Let us consider
the set of linear functionals of Abel-Goncharov type:

Aac(f) = {N(f) s Mi(f) = O (@), i = 0,..., N},
We attach to each node z;, i = 0,..., N, a set of nodes X;,, n € N, n <N,
1=0,..., N, defined by
(10)  Xin={zi,Tit1,-- -, Titn} = {Tito:v=0,...,n}, i=0,...,N,
where TN 1k4+1 = 2k, K =0,...,n.

We associate to each set of nodes X; ,, i = 0,..., N, the Abel-Goncharov
interpolation operator, denoted P, i = 0,..., N, corresponding to the set
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of functionals Asg. The operators P*, i = 0,..., N, exist and are unique
because the points of the sets X;,, ¢ = 0,..., N, are pairwise distinct so the
determinant of the interpolation system of the form is always different

from zero. We have
(11) (PP (@) = fF (@), i<k<i+n, 0<i<N.

REMARK 5. The set of linear functional of Abel-Goncharov type, Aag,
is included in the set of linear functional of Birkhoff type. We notice that
in case of the Abel-Goncharov interpolation we have the advantage that the
determinant of the interpolation system of the form is always different
from zero, thus the interpolation polynomial always exists and is unique. [

We consider the Abel-Goncharov polynomials of degree n, associated to the
sets of nodes X;,, ¢ = 0,..., N, and the sets of linear functionals of Abel-
Goncharov type given by

i+n

(12) (P f) (= Zgﬁz )Y (x;), i=0,...,N,
with the Goncharov polynomials given by

g (@) =1,

g (z) = & — i,

919( - l%{x - Zg] ]-H} k=1

THEOREM 3. The Abel-Goncharov operators Pj*, i = 0,...,N, have the
degree of exactness n, i.e.,

(13) dex(P")=n, i=0,...,N
The proof is obtained similarly to that of Theorem

REMARK 6. If we consider the sets X;,,, ¢ = 0,...,N, of the form
such that each of them has n; + 1 elements, n; € N, then

dex(P") =mn;, i=0,...,N. O
We denote by SAE the Shepard operator of Abel-Goncharov type, given by
(82 f) (@ Z Ai(2)(P]'f)(@),

where A;, i = 0,..., N, are given by and P, i =0,...,N, are given by
. We call S2¢ the combined Shepard-Abel-Goncharov operator.
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PARTICULAR CASE. When all the nodes coincide, g = ... = x, we obtain
the Shepard operator of Taylor type:

n

(Tif)(@) = (PP @) = 3“2 fO (@), i=0,...,N,

Jj=0

and the combined Shepard—Taylor Operator given by

(ST f)(x ZA
The main properties of the ShepardfTaylor operator ST, are:
e For yu>n
o gex(ST,) =n. O

THEOREM 4. The operator S{\C is linear.

Proof. For arbitrary hi, ha : [a,b] — R and «a, 5 € R, one gets
S1% (ahy + Bha)(x) =

N i+n
= Az ZQJ i) (ahy + Bha) ()

i=0

i+n (i) (i) N i+n i) o
= Z Ai(x) Z gj—i(37)h1] (z5) + B Z Ai(x) Z gj_z‘(l’)hz(]ﬂ) (%)
i=0 j=i i=0 j=i
= aS;%(h)(x) + 8BS (ha) (),
which shows the linearity of S/\C. O

THEOREM 5. If u > N, the operator S;?G has the interpolation property:
(14) (SN (@r) = fP (@), 0<k<N.
Proof. Taking into account that ,u > N, we have

(S9N Z Z AP ) (PP ) F) ().
=0 v=0
By and we obtain ([14]). O

THEOREM 6. SJCf = f, for all f € P, where P, is the set of polynomials
of degree at most n.

Proof. From Theorem [2] we have
gex(SAY) = min { gex(P") | i = 0,..., N},
and, taking into account , we obtain gex(SAG) = n. O
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REMARK 7. If the conditions of Remark |§| are verified, i.e., gex(P") = n;,
1=0,...,N, then by Theorem [2] we have

gex(S49) = min _n,. O
The Shepard—Abel-Goncharov interpolation formula is

f=82F+ RIC Y,

where RAC f denotes the remainder.
When all the nodes coincide we have the Shepard—Taylor interpolation for-
mula and the following result is known.

THEOREM 7. []. If f € H"[a,b] and zo = v, = ... = xn, then
(RAC f)(x / on(z, ) f™ (5)ds,
where
onlz,s) = H{(z— ) ZA — )Y@ —z) + (2 - 2)4]" )
THEOREM 8. If f € H"[a,b] then

(RAC f)(x / on(@,5)f") (s)ds,

with

i+n yroat

(15) o, s) = L Z Z%z e
1=0

Proof. Theorem |§| implies gex(SA%) = n. Applying the Peano’s theorem,
we obtain

RAGf / ‘pn z, 8 n+1)( )d
with

RAG

(Pn('v S) =

] - ZA P[],

For all x € [a, b] we have

and finally . O
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PARTICULAR CASE. We consider n = 1. We have the corresponding She-
pard—Abel-Goncharov operator given by

N
(S79f)(@) = D Ai(2) (P f)
1=0

N . .
=A@ [0 @) f (@) + ot (@) (@iyn)]
1=0

The interpolation formula is
f=5{F + R{“f,

where R{‘G f is the remainder, which according with Theorem [§| has the fol-
lowing form:

b
(RICD@) = [ er@.)f"(s)ds.

with
N . .
(@) = (@ = 5)p = Y Ai(@) g (@) (@i — 9)1 + 9 (@) (@i = )0 O
i=0
ExaMPLE 1. Consider f:[0,4] — R, f(x) = 3sin Zf, and the nodes z; = i,
1=0,...,4. Figure 1 shows the Shepard approximation corresponding to these
data, while Figure 2 shows the Shepard—-Abel-Goncharov approximation. The
figures were drawn using Matlab. ([l
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Fig. 1. Shepard interpolation.
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