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Abstract. Direct theorems for approximation by positive linear operators in
terms of the second order Ditzian-Totik modulus of smoothness are proved.
Special emphasis is on the magnitude of the absolute constants. New results
are obtained for Bernstein operators, for piecewise linear interpolation, for gen-
eral Bernstein-Stancu operators and for those of Gavrea.
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1. INTRODUCTION

At the beginning of the 80’s it had become clear that for characterizing those
functions f € C|0, 1] for which the quantities ||f — By, f|loc vanish at a given
speed, moduli of smoothness should be used which are based on differences
A2 in which the step u is allowed to depend upon the position of x in the
interval [0, 1]. Here B,, denotes the Bernstein operator given by

Bu(f,2) =Y f(3) (a*(—a)"*, neN,
k=1

and a corresponding statement is also true for similar operators.

At the forefront of the development were authors such as Z. Ditzian, K.
Ivanov, V. Totik and Xin-long Zhou and several others not mentioned here.
Many references to their work can be found in two bibliographies in which
the work on Bernstein-type operators up to the middle of the 80’s (see [17],
[18]) was compiled. What is missing in the latter, though, is an entry with the
important master thesis of Xin-long Zhou [37] finished already in 1981, which
is, however, only available in handwritten Chinese.

The continuing work of the authors mentioned explicitely in the above even-
tually culminated in, among other articles, a book by Ditzian and Totik [9],
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joint work of Ditzian and Zhou (see, e.g., [10]), an important article by Ditzian
and Ivanov [§], a paper by Totik [36], and a significant contribution of Knoop
and Zhou [23], [24]. A somewhat partial, but nonetheless streamlined, account
of what had been achieved up to 1993, say, is given in the book of DeVore and
Lorentz [5].

Knoop and Zhou proved the following strong result: There are constants c;
and ¢y such that for n € N one has

(1.1) c1wi (f; 75) S NBuf = fllso < c2-wf(fs ).

The left inequality is usually called a “strong converse inequality”, while the
right one can be denoted as a “Jackson inequality (in terms of wj)”.

To our knowledge, the Jackson-type inequality was first explicitly presented
in a paper by Xin-long Zhou [3§], an article submitted in 1982 (see also
Ditzian [6], [7]). This historical fact might justify calling the modulus in
question the Ditzian-Totik-Zhou modulus, but we will refrain to do so. In the
same year (1982) a paper by Ivanov [19] was published in which an analogous
direct theorem for approximation by Bernstein operators was given, but in
terms of 7-moduli. This was done independently of Xin-long Zhou, and only
9 years later it was again Ivanov who established the equivalence between the
two types of moduli in his treatise [2I]. An email exchange with Professor
Berens of October 1996 revealed that for him it would be worthwhile to look
for the best value of the constant cy. The present note intends to present,
among other things, a first modest step into this direction.

Before proceeding further, the following need to be mentioned for complete-
ness.

The above quantity wy (f;-) is defined by

wi(fit) = sup [Af fllee,  w(2) = Va(l—a),
0<h<t

where
f(x = hp(x)) = 2f(2) + f(z + he(x)),

Al f(x) = if [z — he(z), © + he(x)] € [0,1];

0, otherwise.

The upper estimate in (1.1) was proved using the K-functional K¥ given, for
fe€C[0,1] and t > 0, by

K$(f. %) = inf {|f = glloc +62 9% " |}

where the infimum is taken over all g such that ¢’ € AC)[0,1] (ie., ¢ is
absolutely continuous in [a,b] for every a,b satisfying 0 < a < b < 1) and

19" lloo < o0.
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Throughout this note we shall use this definition of K3 (f,t?) introduced by
Ditzian and Totik (see (2.11) in [9]). Let W3’ be the corresponding weighted

Sobolev space with weight function ¢? consisting of all such functions g.

REMARK 1.1. There are various different definitions of K3 (f,t?) figuring in
the literature. We mention the following ones:

KS(f.¢%) = if{[|f = gllo + - ¢°¢"lloc - g € AC[0,1]}
ES(f,1%) = if{|If = glloo + 1" 0°9"[loc : g € W,00[0, 1]}

K$(f,.t*) = inf {||f — gllc +* - [|9*¢" |l : g € C*[0,1]}

It appears to be of interest to investigate the differences between these func-
tionals, and also the ones between these and what we are using here, namely

K%O(f, tz) = inf {Hf — Glloo + t* H‘PZQI/HOO g € ACioc[0, 1]} O

No concise description of the relationships is known to us.
In order to arrive at an inequality in terms of ws, the equivalence

caws (f,t) < K5 (f,1%) < cawf (f,1), 0 <t <to,

was used (see [9, Theorem 2.1.1], [5, formula (7.5)]). Since the number to will
be relevant to us, we will specify it later.

As far as we know, the problem to find the best (or at least some) constants
c3, ¢4 for which the above equivalence holds, remains still open. The same
statement can be made about the constants ¢; and ¢y in . The latter state
of the art in regard to wy is in sharp contrast/backlog to what is known/has
been claimed with respect to two related estimates:

(1) In 1998 Paltanea announced on two occasions that the uniform Brud-
nyi-type estimate for the classical Bernstein operators (see [2]) reads

1Buf = flle < 1-w2(fis), feCO1, neN,

where the constant 1 is best possible (see [29] and [15] for details).
(2) The pointwise Cao-type inequality for Bernstein operators (see [4]),
namely

n

|Bn(f;$)—f($)‘§05-w2<f; M)a fEC[O,l],nEN,xG[O,lL

can be made more precise by proving that the best possible value of
¢5 is < 1.5. This is one consequence of a general result of Paltanea [28]
Theorem 2.1] which we cite as

THEOREM A. If L : C[0,1] — BJ0,1], the space of bounded functions, is
a positive linear operator reproducing linear functions, then for f € C]0,1],
x € [0,1] and each 0 < h < %, the following holds:

’L(f;x) — f(x)| < [1 + % -h2. L((el —$)2;x)} ~wa(fih).
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Here e1(t) = t, t € [0,1], and wa(f;-) denotes the (classical) second order
modulus of f.

It is the aim of the present note to derive an analogy of Paltanea’s result

(see also [16]) for estimates in terms of wj, to give a more precise upper

bound for approximation by Bernstein operators and to apply the new general
inequality to further positive linear operators reproducing linear functions. As
a byproduct we will also obtain a more precise form of the equivalence between
K3 and ws.

REMARK 1.2. During the preparation of this paper the authors strived to
obtain more information on the historical roots of w¥ (f;-) and K3 (f;-). This
is not an easy task since, on average, mathematicians hardly care about the
history and the global aspect of their subject. For the time being we decided
to just add references [11] and [31] to the ones give in the book of Ditzian and
Totik. Both were taken from Ivanov’s paper [20]. O

2. AN AUXILIARY RESULT AND SOME REMARKS ON wg’

The following inequality will be indispensable for our later considerations.

LeEMMA 2.1 (Burkill [8, Lemma 5.2]). For a compact interval [a, 5] and
f € Cla, B, let £ denote the linear function interpolating f at o and 3. Then

(@) = ()| < wa(f; 552),  for all 2 € [a, B].

It is clear from the definition of the classical wy that wa(f;h) = wa(f; ’BE—O‘)
for h > ﬁfTa The situation is similar for wj (we focus on [a, 8] = [0, 1] again).
So, as before, p(z) = \/z(1 — ).

Let H > 0. Then differences of the form

flz = Ho(x)) = 2f(2) + f(z + Ho(z)), € [0,1],
contribute to an actual value of ws (f,-) only if
0<xz—H-p(xr) and z+ H - p(x)<1.
As can be seen by inspection, this is the case if and only if

H? < M(x) r=min {22, 21 <1,

x ) l—=x

. 1—
0§H§m1n{\/7$,,/ﬁ}§1.

That is, for ¢ > 1 one has
(2.1) wi (f;t) = wi(f;1).

The functional K3 (f,t?), in contrary, is well-defined for any ¢t > 0. But due
to ([2.1)), in the sequel it will be sufficient to deal with inequalities of the type

ez wi(fit) < K5 (f,t%) < ea- w3 (f31)

or
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for 0 <t <1 only. Also, sometimes it will be advantageous to deal with the
analogous inequality

c3-wi (fit) < KS(f,6%) < ca(y) - w5 (£31),

where t is now restricted to the range 0 < ¢ < ~. In certain instances below,
the latter observation will become relevant for our purposes.
Several papers appeared in the past in which the question was dealt with

of how to bridge the gap between the use of wa(f;-) = wi(f;:) = wfo(f; )

1
and that of w§(f;) = ws (f;-) in estimates for (positive) linear operators.
See [I5] and the references cited there for more information about the historical
background.

The relevant moduli wg A, 0 < X <1, will also figure below. Their definition
is in complete analogy to those of wa(f;-) and wy (f;-), namely

A
W (fi1) = sup A2, flle.
0<h<t

where
flz = he(@)) = 2f(2) + f (2 + he*(2)),
Ay f (@) = if [z — ho* (@), + heM(@)] € [0, 1];
0, otherwise.

For A\ = 0, this is the definition of wa(f;-) = wi(f;-). For A = 1, we get that
of wy(f;-). As was observed earlier, they become constant at different values
of the second parameter ¢:

wa(fit) = wa(f;3)
wy(fit) = wa(f;1)

Considerations similar to those for the case of w§ yield that, for 0 <\ <1,

1
s for t257
, for t>1.

A A _ _
Wi (i) =wi (fi ('), fort > (3)"H
which generalizes the previous two equalities.
A
Associated with ws is the functional

A .
(2.2) K (f;8%) =inf {|f — gllc + - |¢** - "}, >0,

where the infimum is taken over all g such that ¢ € AC)[0,1] and
19> - ¢"[loo < c0.
When considering inequalities of the type

KS (£:12) < ea(Mto) -wf (f58), 0<t<t,



44 Heinz H. Gonska and Gancho T. Tachev 6

it is therefore natural to consider these for ¢t < ( )1~ first and to deal with

values of T > (5) =: tr(na)lx only afterwards. If such T is given, then
o 2 : 2 o )2 2A 1
KE (11 = inf S = glloo+ (5 ) - (1) 16 9l

2 by
< () a0 - wf (),

max

Hence for all ¢ > 0 we have

K%’A(f;tz)Smax{l, (52)2} () - wf (£:0).

max

3. MAIN RESULTS
We recall that it was observed in [§] and [12] that

If = Baflloo <2- KS(f, )

The method from there will also be applied in the first step of the proof of
our main result. In order to formulate it, we need to introduce the following
sequence d(m).

For m a natural number we set

. _ VmA+m24+1-—1
d:=d(m) = e e

It is easy to compute

d(1) ~ 0.268, d(2) ~ 0.4174, d(3) ~ 0.4606, d(10) ~ 0.4962, lim d(m) = 3,
m—0o0

and to note that the sequence (d(m)),>1 is strictly increasing. As a conse-

quence,
()
m-d(m) m>1
strictly decreases to zero.

The significance of d(m) will become clear in the course of the proof of the
following

THEOREM 3.1. If L : C[0,1] — C|0,1] is a linear positive operator which

V2 V2
md(m)’ (m—1)d(m—1)

preserves linear functions, h € [ ), m > 2 a natural number,

then

Lf@) — @) < 2+ (529)° gy Ml | (7, h).

Sketch of proof of Theorem[3.1l As was indicated above, the well-known
smoothing technique will be applied. As in the proof of Theorem 1 in [12]
and Theorem 8.1 in [§] it follows that

|Lf(z) = f(z)] < |L(f—9)(@)|+ |f(z) = g(z)| + |Lg(z) — g(=)|
< 2||f —g|l .+ Mns@? "loo

.’L'
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for arbitrary g € Wy, and taking into account that ||L|| = 1. To choose an
appropriate function g we follow some ideas from [16]. Like there, the function
g will be constructed in a two stage process, will be a spline in Wf’ « (with
non-equidistant knots), and will satisfy here inequalities of the types

£ = glloe < (£, 525

and

%" e < 24m? - (025))

where the natural number m > 2 is related to h as described in the theorem.
Clearly, g will depend on h (via m) and on the function ¢.

As mentioned earlier, g will be constructed in two steps. The first step will
be to define a piecewise linear continuous function based upon an appropriate
sequence of non-equidistant knots. The construction and properties of these
are given in Lemma[3.2] In Lemma [3:3] we will eventually construct the spline
g and prove its quantitative properties listed above. O

We now turn to

LEMMA 3.2. For m > 2, let
Yo = 0, ylzm%ﬂ, y2=y1+%,m,yk+1=yk+%,
k=1,2,...,M—1,

where M is the biggest number, such that

_ o(ym) 1
ZM = YM + TM < 2
(3.1) oy + 22 1
We set
YMm+1 = %7
and, symmetrically,
ym+2=1—ym, ym+s=1—ym-1,-- 21 =1-9y1, yomi2=1

Then, for k=1,2,...,2M and z € [yk, yr+1]|, we have

(3.2) d(m) (yer1 — k) < 22 < V2(yprs — yr).

Proof. By symmetry it is enough to consider £ = 1,2,..., M. First we
consider 1 < k < M — 1, and then the case k = M separately. The function
() is strictly increasing for 0 < = < 1. Hence, for z € [yy, Y11,
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We claim that

(k1) < 20%(yr)
= Yet1(1 — yk+1) < 2yk(1 Yr)
(3.3) = (g + BB (1 -y — 2B < 2y (1 — )
— sO(y’“)( —2y) < ye(l—yr) = ©*(uk)
= 2 < o(yp).
The latter inequality is fulfilled for
we (30— 7B 40+ 7))

So the question remains if all y; satisfy the latter inequality.
After simple calculation we obtain

ykal 1+m2 > 5 (]-_ - )7

m24+4
and so ([3.3)) is proved.
Now we consider the case k = M, so let x € [y, %] It only remains to
prove that

Obviously

(3.4) o < V2(3 —yum)
and
(3.5) d(m) (5 — yur) < £,
The inequalities (3.4)—(3.5]) are satisfied for
_ 1 11 _1

(36) Ym € [ (1 m2d2(m)+1>’ 2 (1 V2m? )] ’
The inequalities (3.1)) and (3.2]) are satisfied for

 om2vmAim241) 1 - 1
(3.7) v e [3(1- e ) 3 (- )
It is not difficult to verify that the interval in (3.6|) contains that in (3.7)). With
this the proof of Lemma [3.2]is completed. O

Having proven Lemma [3.2] we are now in the state to construct the de-
sired function g using an intermediate continuous polygonal spline Si(f),
feCo,1].
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At the points vy, & = 0,...,2M + 2, the function f is interpolated by
the polygonal spline S;(f). Each point (yg, S1(yk)), K = 1,...,2M + 1, we
associate with two other points (ag, Si(ax)), (bg, S1(bk)), such that

alz%a bl_ylzyl_a17

and
:%’ bk;_yk:yk_a’k7 k:172,,M+1

We define the points (ag, Si(ak)), (bg, S1(bk)), &k = M +2,...,2M + 1, by
symmetry according to % Using the definition of the knots {yx} it is clear
that

ay

1 2
y1:1+m2’ y2:1+m2, CLQZbl7
b
ap < Yk <bp < apy1 < Yps1 <bpy1, 2<k <2M, gy = B

b — ar = 2(yr — ak) = Yk — Yr-1 = %-

We are ready to define the function g.

For x € [0, a1] U [banry1, 1], we set g(x) = S1(f)(z).

For z € [ag,bx], k =1,...,2M +1, g(z) is the 2nd degree Bernstein polyno-
mial over the interval [ay, bg], determined by the ordinates S (ax), f(yk), S1(bk)-

For z € [b,ar41], k= 1,...,2M, we set g(z) = S1(f)(x).

Thus, g(z) is uniquely determined by the interpolation conditions, is C*-
continuous and can be composed of “Bernstein parabolas” by the well-known
control point construction, and of some straight line segments.

Let k =1,..., M. From the convex-hull property of Bernstein operator and
the considerations in [16] (see pp. 28-29) for x € [ag, bg], it follows that

(3.8) [(f —9)(@)] < wa(f; W)[ykibykﬂ] < wo(fs Y1 — yk)[

Here wo(f, -)[Qd] denotes the classical second order modulus of f restricted to

the interval [c, d]. We consider two cases:
Case I: = € [y, bi], k=1,..., M.
From (3.2) and (3.8]) we get

[(f = 9)@)| <sup {|f(x +R) = 2/ (2) + f(x = h)

rEh € Yr—1,Y611), [Pl <Yy —yr < %}

Yk—1,Yk+1)

;T € [yk, bi),

(3.9) < sup{\f(:c+h) —2f(@) + f(x—h)|, @ € [yr b,
zEh € [yp-1,yk+1], [h] < %}'
Hence
(3.10) £ (@) = 9(2)| < wE (. smgtmy)-

Case II: x € [ag,y), k=1,..., M.
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Following (3.2)), it is easy to observe that

2(yk — yk-1) < )/niff:)),

Y1 — yp = 2

for « € [ak, yr] C [Yk—1, Ykl
The last inequality and (3.10) yield, for x € [ax, b],

Cases I and II from above cover the cases = € [a1, bys].
Let z € [ar11, 3). Similarly we obtain

|(f = 9)(@)| < wa(fiynrsr — yar) < wf (f, i) -

By the definition of the function g(x), for x € [bg, ag+1], k= 1,..., M, g(x)
S1(f)(z) and in this case

‘(f —g)(l’)| < w2(f ykﬂTyk) < wép(f’ 2mc%(m))
From f we have (|| - [|¢[c,q) denoting the sup norm over [c, d])

(3.11) If = gHC[al <w2(f’md ))

It remains to consider = € [0,a1]. Over the interval [0, a1], using the same
arguments as above we get

(312) |(f —g9)(x)|] < sup{|f(z+h) —2f(x)+ f(z—h)|,
z,x = h €[0,y1], |h| < al}.

From z — h > 0, it follows

(3.13) h<z<a = W

But x < ¢(z)/m holds if and only if < (1 +m?)~!, and the latter is true
due to (3.13). In other words, we have (3.12)) for h < ¢(x)/m. Hence

(3.14) 1f = 9gllco,a < wf(f,%)-

By symmetry, the cases x € [bapr41, 1] and © € | M+1 are analogous to the
ones previously considered. Comblnmg - , we arrive at

(3.15) 1f = glloo < wf(f, mc{fm))-

We consider ¢” next. If z € [0,a1] U [bg, ag+1] U [banr+1, 1], g(x) is a linear
function and thus ¢”(z) = 0.
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Let © € [ag, bg], k=1,...,2M + 1. We use the fact, that
19" (z)] =

_ 2
— (bk—ak)?

< e |1 —2f<yk>+fak\+\g<
(bk_%) |:W2(f b— ak)—|—2w2 7md(m }

= Gty [ (5 28) + 208 (£, 242 |
(3.16)

|l9(bk) — 29(yr) + g(a)|
— J (b + [glar) = far)] |

IN

6 ) V2
< G (o )

In order to arrive at the last inequality we have applied (3.2) and (3.15)).
For z € [ak, yx), from (3.16) and (3.2) we get

©*(@)g" ()] < 12m°wf (£, 5%25)-

For x € [y, by], analogously,

P@)g" (@) < 12m? UL (f, )

= 12m? (%) w2<p (f’ md(m))

24m2w§0 (f, mzl/gn)), by (3.2), and since yx € [yx—1, Yi]-

IN

Hence,

2 2 2
1% oo < 24m*u (£, i)
By the previous considerations we have shown the validity of

LEMMA 3.3. Let g = gm,, be the above quadratic Cl-spline based upon the
knot sequence

T=0=go<y1 <...<ym <ym+1=73 <Ym2 < ... <yms2=1).

Then
(i) If =gllo < w§(fimsly), ond
(ii) 6% oo < 24m® - f (f; 7425)-

Here m > 2 is any natural number, and d(m) denotes the sequence defined
prior to Theorem [3.].

REMARK 3.1. (i) We recall our earlier observation that

wy (fit) =ws(f;1), fort>1.
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This means that Lemma [3.3| can be formulated also in the following

way:
(i) 1f =gl < wB(fimin{73E5.1}),
(i) 162" e < 24m? - wf (£ min {425, 1))

In order to cover the range 0 < ¢ < 1, it will be sufficient to consider
m > mg, where
V2

V2

mod(mo) — 1%

This inequality holds for my = 3, in which case we have

Ls. = — el < 1< 10234574 ~ rs.

V256+16+1+16

(ii) The observation made in (i) is sometimes useful to reduce the magni-
tude of constants. We postpone a confirmation of this until after the
proofs of Theorems [3.1] and 3.4} O

We are now ready to finalize the
Proof of Theorem [3.1] We recall that

2.
Lf(@) = f(@)] <2 1f = glloo + HL5E |6 |
for arbitrary g € Wf ~» and substitute for g the function g, ,, from Lemma
This furnishes, for any m > 2,

Lf@) — f@)] < [2+24m? KOzt e (p; vE)

= [2+2am? 02 Mg L (5 92,

where h > 0 is arbitrary. For every 0 < h < v/2/d(1), there exists m > 2 such
that

V2 V2
mdmy = 1< sy dm=)

Substituting these bounds for h shows the validity of Theorem O
As was mentioned in the introduction, we also have the following
THEOREM 3.4. For the K-functional K3 defined above, m > 2, and h €

[m'\d/(im), (m_l)\ﬁm_l)), the following inequalities hold for any f € C10,1]:

%6 ‘wi (fih) < Kf(ﬁhZ) < [1 + (mnzl)2 ' d2(:7118—1)} -ws (fh).
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Proof. In order to derive the lower bound we follow the proof of Theorem 6.1
in [5] (see pp. 187-188). This shows that it is possible to take 7= as a possible
value for the constant cs.

For getting the upper bound, we choose m as determined by h and use the
function g, , in order to find

Kg;(f? h2) <|If- gm,cpHoo +h2 H‘Pz : g:vll,cp

< OJ;O (f’ m\d/(im)) + (m71)428-7;22(m71) .wép (f’ #(2771))

|oo

m \2
< <1+ (m—l) ’ d2(§§—1)> -ws (fh). g
COROLLARY 3.5. (i)  Forh e (0, W\/li)) ~ (0,5.2769) we have

L w8 (fih) < KS(f;h?) < 2675 - wl(f;h).

(ii)  Defining C : (0, W\/li)) — R by

mo\2 .
C(h) =1+ (5%4)" - poayy> Wfhe [m-\d/(im)’ (mfl)-\/di(mfl))’

we have
lim C'(h) = 193.
h—0

REMARK 3.2. In both Theorems and the upper bound used for h
was v/2/d(1) ~ 5.2769. However, we observed earlier that wy (f;h) = ws(f;1)
for h > 1. If we restrict our attention to values h < 1, then such h is always

< W\/(ig) ~ 1.0234574. That is, we may change “m > 2” in both theorems men-

tioned to “m > 4”, and hence the (smaller) relevant bound for the sequence

T(m) = (;25)" - w2

m—1 m—1)

figuring there will be
sup (5 ) iy = (4 42 ~ 402.22659.

m—1/) = d2(m—1 d2(3)

In some instances, it will be enough to consider 0 < h < hg < 1. In such case
it will be possible to increase the lower bound for m to some mgo = mg(ho)
and thus decrease the upper bound to sup,,>,,, I'(m). O

4. THE MAIN RESULT MODIFIED

In this section we present an alternative method to derive estimates for
positive linear operators in terms of w§. The following was communicated to
us by Ding-xuan Zhou already early in 1994.

THEOREM 4.1. Let L : Cla,b] — Cl|a,b], be a positive linear operator re-

producing linear functions, and let ¢(x) = /(x —a)(b— x). Suppose that for

some o > 0 one has

L((t—2)% ) <dp - (M)Q,

nOé
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where dy, may depend on L. Then
(1) |L(fs )~ f(@)] < 2ea (A2 (559) ) (£ /25 0 () )
for 0 < XA < 1. Here c4(\ tg) is chosen such that
K (£,42) < ca(Mto) -wl (f,1) for 0<t <t
where KS)A is defined for [a,b] analogously to 1)

Proof. Let g € Wg;[a,b] = {g: ¢ € ACic[a,b] and [[¢**¢"||c < 00}, z €
(a,b). Then

Lo =g = | [t )
< L(455m) 1™ 0o

)2(1-3)
< dp -2 6
\

Here we used the fact that ;é;& )

Taking the infimum over g € Wf; [a, b], we have for f € Cla,b],n € N, z €
(a,b),
IL(f,z) = fz)] <

. 2(
< nf {200 = glloo +do - 6% gl }

is monotone for u € [x,t] or [t, z].

g€C?[a,b]
_ + B@)?0N L ox o }
=2. eggf {Hf 9o a 67" - 9" || o

<9. K;’ (f; %L nT2 . p(x)? 1—/\))
§2.04()\ maX\[ () ) WgA(f;\/g'nia'(b(x)liA)
<2.0 ()\, ‘ H¢1_/\H> -wg’k (f; \/g_n—a ) ¢(x)1—/\>

=2 c(A /4 (559" 7) b (F/E e o) )

So inequality (4.1)) holds. O

[NisH

COROLLARY 4.2. For a positive linear operator L : C[0,1] — C10, 1] repro-
ducing linear functions and satisfying

L((t—2)a) < dy - (22

nOé

1 = flle <2-en(1/ %) -t (/% - ).

we have
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5. APPLICATION TO CLASSICAL BERNSTEIN OPERATORS

In this section we first give an application of the general Theorem to
classical Bernstein operators. In order to prove a result that parallels the
development in the introduction, we choose h = ﬁ

COROLLARY 5.1. If L in Theorem is the Bernstein operator By, and
h = n > 1, then we have

=L,
1Baf = flloo < 405 w5 (f, 7).

Proof. 1t is well-known that B, ((e; —z)% z) = ell=e) _ eoigm)_ We are thus
lead to

1Buf = flloo < 24+ (320)° - iigs] - w5, 20),
where m = m(f) > 2 is such that

V2 1 V2
mdm) = vn < m=D-dm=1)"

It has to be kept in mind, though, that 1/y/n < 1. That is, we may restrict

our attention to values m —1 > 3, i.e., m >4 (cf. R mark - ). Therefore,

we obtain

1B = flle < [2+ sup (7225)" - iy -5 (. )

§405~w§’(f,ﬁ), n>1. O

REMARK 5.1. The limiting constant in a statement akin to that of Corol-

lary [5.1] is

lim 24 (;20)" priig =241 48 =104 O

m—o0

If L in Corollary is substituted by B, then we obtain
1Bnf = flloo <27 ea(1, 5) - wf (f =)

We thus have to determine a bound for 04(1, %), where % ~ 0.7071067. As

5.}{(2;) ~ 0.5828223 < 0.7071067 < 0.740754 ~

[N

S

W~

4-d(4)°
we get

ca(1, f) <1+ sup I'(m) < 330.5,

m>5

whence we conclude the validity of
COROLLARY 5.2.
IBnf — flloo < 661wy (f, &), n>1.
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REMARK 5.2. (i) The constant 405 = 2+ 403 from Corollary [5.1is not
directly comparable to 661 from Corollary since wy ( 1 ﬁ) figures

in the former, and w¥(f, \/%) in the latter.
(ii) The limiting constant in inequalities similar to that in Corollary is

2-(1+ lim I'(m)) =2-(1+192) = 386. O

6. FURTHER APPLICATIONS

6.1. Piecewise linear interpolation. Let A, :a =2 <11 < ... <2y =
be a partition of the interval [a, b], and let Sa, be the positive linear operator
associating with each f € C|[a, b] the piecewise linear and continuous function
interpolating f at x;, i = 0,...,n. As was observed by T. Popoviciu [30], Sa,,
can be represented in the following way:

Sa,(fix) = f(zo) + (z — z0) - [0, 21; f]

n
+Y B2 (- g | 4 @ — @) - [h-2, TRt 23 £
h—2

where [a, b; f] and [a, b, ¢; f] denote divided differences of f.
Since Sa,, reproduces linear functions, determining S, ((t—ar)2; x) amounts
to representing

Sa, (e, x) — 22, for x € [a,b], or for & € [z}, 2pp1], 0<k <n—1.
But for x € [z, Trr1], Sa, (€2, ) — 2% is just the remainder of linear Lagrange
interpolation at z; and =1, and thus

Sa, (t —2)%2) = (v — xp) (Tpgr — 2), for © € [h, Tppq].

The latter is a piecewise quadratic polynomial, and we have to find out its
relationship to ¢?(z) = (x — a)(b — ), depending on the structure of the
partition A,,. For simplicity we consider again the case [a,b] = [0, 1]. Let

tn(u) = (u — xg) (T —u), foru € [zg,xp1], 0<k<n-—1.
We are thus looking for sufficient conditions on A, under which
ta(u) < C- 220 0 <u <1,

where C'= C(A,,) and a = a(A,,) are suitably chosen.

In Theorem 12 of [14] the following necessary and sufficient conditions on
A, are given for the existence of positive linear operators solving the so-called
“strong form of Butzer’s problem”:

There exists a sequence of partitions of the interval [0, 5],

0p:0=00<b1<...<0,=73,
such that
(i) o =sin®6, k=0,...,n;
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(ii) Op41 — 0 < =, k=0,...,n —1, where c is a constant independent
of n and k.
Let us define

ek:(j(’fn‘jl);f, k=1,....n—1, n>2 6,=0, 6,=5.

In this case the zj are obtained from the zeros of the Chebyshev polynomial
Tn—1(z) = cos ((n — 1) - arccos z) after a linear transformation of [—1, 1] onto
the interval [0, 1].

We have
1 1
Ohir =0 =5y =2 a1 n ST k=1...,m=2, n>2,
as well as
_ _ s T n 1 T 1
O —bo=bn—bh 1=y =1 521 2 <2 n

So we get ¢ = 7 in (ii) above.

Here we point out that in Theorem 9 in [22] sufficient conditions on the
nodes are given, such that a certain operator satisfies the DeVore-Gopengauz
inequality.

The nodes

yp=2xp—1, k=0,...,n,
satisfy these conditions if the range [—1, 1] is considered instead of [0, 1]. For
our choice of 0y, it is easy to compute that in Theorem 9 in [22] we can take
c=2m and 8 = 3.
We go on with the estimate of the function

gn(u) := utﬁ(fi), u € [rg, xp41], 0<k<n-—1.

First we consider 1 < k < n — 2. It is easy to compute that

max  gn(u) = sin?(Opy1 — Op) < (Opp1 — 01)* = (2(%_1))2 < L.
ue[a:k,xk+1]

Let u € [0, z]. Then

ulri—u - 2

The same holds for u € [z,_1, 1].
Similar estimates for g, (u) are given in [22], but without explicit description
of the constants appearing in the proof.
We thus proved that
SAn ((t . ZL‘)Q; ZL’) < 7'(2 . u(lfu)‘

n2

Setting h = %, n > 2, and choosing my = mgp(n) € N such that

m0~d(m0) ’ (m0—1)~d(m0—1)

as a straightforward corollary from Theorem [3.1] we obtain the following
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COROLLARY 6.1. For n > 2 and Sa,(f;x), the piecewise linear function
interpolating f at the nodes {xy} defined above, we have

[Sanf = flloo < en-wi(f,7)
where

2 2
cn =2+ (5027)" " imnmyy — 2+192- 7%, n - co.

Next we consider a different way to obtain an estimate for [Sa,, (f;z)— f(z)|,
i.e., one with a constant smaller than ¢,, and without using Theorem We

follow the proof of (3.8)—(3.10). For k = 1,...,n — 2, = € [vk, Tkt1], in the
same way as there we verify that

|Sa, (f;2) = f(2)] < sup{!f(a:+h) —2f(x) + f(z — h)],

z, v+ h € [z, Tr11], | < f’fk+12*xk _ ykﬂ*yk}’

where y;, are the zeros of T),_1(z).
To estimate yx1 — yx we use (7.8) in Chapter 8 of [5]. We get

n 2 n )

h| < 9. Vi=y? _ oor  Vz(l=z)
=7
where y = 22 — 1. Hence

1Sanf = flloo < wg)( ;g%), for x € [x1, xp—1].

An analogous estimate holds for = € [0,21] U [x5,—1,1]. To the best of our
knowledge it is not known how to take the constant 97” out of the modulus wy
without using Theorem [3.1], while the latter leads to an enormous increase of
the constant multiplying ws.

Considering the last inequality and Corollary [6.1] the following question
arises: Can we obtain an estimate of the type

1580 f = flloo < B- w8 (f;2)

with positive constants S and v as small as possible?

In the next to the last inequality we have v = 97/2, 8 = 1, and in Corol-
lary we got y =1, B =c¢, = 2+ 19272, It is clear that a smaller value
of 3 leads to a bigger one of v and vice versa.

REMARK 6.1. The number of nodes {zy} of Sa, (f; ) is n+1 in this section,
while the number of nodes in Lemma is O(n?), if we write m = n there.
Obviously, increasing the number of nodes, i.e., using {yx} from Lemma
instead of {z}, leads to a constant better than 97/2, obtained in the second
estimate of this section. O
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6.2. Bernstein-Stancu operators. In the article [32] published in 1972, D. D.
Stancu introduced a multiparameter generalization of the classical Bernstein
operator which was further investigated, generalized and modified in some 40

papers since then. One recent contribution is due to Stancu himself (see [35]),

who presented certain even more general mappings Ln’gﬁ , thus unifying se-

veral earlier approaches.

In this section we focus on those cases of the above operators which preserve
eg and e;, namely Lg:g”g , and which we will write as Lj . for brevity. These
were first investigated in [33] and [34], and are given as follows.

Let r be a non-negative integer parameter, n is a natural number such that
n > 2r, while « is a non-negative parameter which may depend on n. To each

f:10,1] = R we associate

an @ { L=+ =r=k)a] - f(5) + (@ +ka)- () ],

where, in terms of factorial powers
tmhl = ¢t —h) ... (t — (m—1)h), tOM =1,

we have el [ -
(@) o (n—r\ zFTM(Q—g)nTror e
pn—r,k(‘r) . ( k ) ’ (1+a)ln—=r,—a] :

For (a,r) = (0,0) and (o, r) = (0, 1) the operator becomes the classical Bern-
stein operator. For a > 0 and r given as above, it is a positive linear operator.
Stancu showed that

Ly,ei = e, i=0,1, and that

Ly p(ex;x) —a® = Ly ((ex — 2)*2)

n

_ =] alize) _, @)
= [1 +on + =5 } ' 2(1+z) =idig, - (90172) :
We apply Theorem [3.1] first, putting there again h = f’ n > 1. This gives

Le(Fi2) = F@)] < 24 (29) gy - dig, | -5 (£ %),

As in the proof of Corollary we note that we can restrict our attention to
values m > 4. This implies, using I'(m) from Remark [3.2] again,

Lo f = fll < [2"‘:;12%11( m) - 1+a-(1+an+r( )”-w‘;(f;ﬁ)

2

IN

[2+ 1{9?1 . <1+an+7r(rn_1)>} ~w§ (f; ﬁ) .
Furthermore, if 0 < a = a(n) < A- =, then

ILorf = fl < [2+403- (1 +A+"“‘ D] e (£L), n>t
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For (a,r) = (0,0) or (a,r) = (0,1) we arrive again at the statement of
Corollary
Applying Corollary [4.2] yields

L5 f = flloo <2 C4<1= V %dL%,r> ‘w§0<f; %dL%,T)-

r(r—1
3drg, = gray - (L+an+ reel),

Here

It is meaningful to also assume here that « = a(n) < A - %, so that

drg .

5 S%[l—&—A—i—r(r—l)],

whence

1260 = Fllo < 2-ea (1 D) i (£ T+ A+ (= 1) ).
For (a,r) = (0,0) or (c,r) = (0,1) we have again
1Buf = fllo = 2- (L, 5) - (f: 757)
< 661w (f; \/#271) (cf. Corollary [5.2) O

Inequalities similar to the ones from this section can also be obtained for
a certain class of Bernstein-type operators introduced and investigated by
Brass [I]. These are related to the above Bernstein—-Stancu operators and also
generalize other operators. For further results on Brass operators see [25], [26]
and [27].

6.3. Gavrea operators. In 1996 Gavrea published the article [13] in which a
long-standing problem on positive linear operators was solved. Among other
things, he introduced a sequence of positive linear polynomial operators Hoy, 1 :
C'[0, 1] — 25,41 which reproduce linear functions and for which one has

Hosa((e1 — 2)%2) < 21— ) (1— 2)
< z2(1—-2)- &

> nZ*
Here x, < 1 is the largest root of the Jacobi polynomial Jy(ll’o) (defined on
[0,1]) and K is a constant independent of n. A numerical value for K was
not given in Gavrea’s paper. We refrain from giving the rather complicated
definition of Hay, 1 here and refer the reader instead to [13].
Applying Theorem using h = % now, shows that

|Hons1f — flloo < (2 +T'(m) - K) 'wf(fa %)7
V2 1 V2
md(m) = 7 < e1)dm=1)"
Again it suffices to consider m > 4 so that we arrive at

| Hons1f = flloo < (2+403- K) w8 (f,7), n>1.

where
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It is also possible to apply Theorem to Ho,yq in order to derive similar
A
estimates in terms of w%p ,0< A<
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